
Chin. Phys. B Vol. 26, No. 9 (2017) 093107

First principles study and comparison of vibrational and
thermodynamic properties of 𝑋Bi (𝑋 = In, Ga, B, Al)
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In the present work, vibrational and thermodynamic properties of XBi (X = B, Al, Ga, In) compounds are compared
and investigated. The calculation is carried out using density functional theory (DFT) within the generalized gradient
approximation (GGA) in a plane wave basis, with ultrasoft pseudopotentials. The lattice dynamical properties are calculated
using density functional perturbation theory (DFPT) as implemented in Quantum ESPRESSO (QE) code. Thermodynamic
properties involving phonon density of states (DOS) and specific heat at constant volume are investigated using quasi-
harmonic approximation (QHA) package within QE. The phonon dispersion diagrams for InBi, GaBi, BBi, and AlBi
indicate that there is no imaginary phonon frequency in the entire Brillouin zone, which proves the dynamical stability of
these materials. BBi has the highest thermal conductivity and InBi has the lowest thermal conductivity. AlBi has the largest
and GaBi has the smallest reststrahlen band which somehow suggests the polar property of XBi materials. The phonon gaps
for InBi, GaBi, BBi and AlBi are about 160 cm−1, 150 cm−1, 300 cm−1, and 150 cm−1, respectively. For all compounds,
the three acoustic modes near the gamma point have a linear behavior. CV is a function of T 3 at low temperatures while for
higher temperatures it asymptotically tends to a constant as expected.
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1. Introduction

The III–V semiconductors containing heavy bismuth (Bi)
anion such as BBi, AlBi, GaBi, and InBi as well as their al-
loys have attracted technological interests in recent years due
to applications in diode lasers, infrared photo-detectors and
quadruple junction solar cells.[1–7] Most of the III–Bi com-
pounds are expected to have a small energy gap, low ionicity,
short bond length, high mechanical strength,[8–12] and high
melting point.[13] Hence these materials are of great impor-
tance for numerous optoelectronic applications such as lasers,
solar cells, transistors, and spintronic devices.[8,12,14–16] Bi is
a key element for reduction of the band gap in GaAsBi and
giant spin–orbit bowing.[5,17,18]

From experimental point of view, the III–Bi compounds
are rarely studied. To our knowledge, only InBi and GaBi
have been synthesized which of the latter has been incorpo-
rated in GaAs1−xBix alloys.[17,19–21] The lack of experimen-
tal data as well as their promising applications, have moti-
vated theoretical scientists to explore structural, electronic,
optical and mechanical properties of these compounds ex-
tensively during the past two decades.[8,14,16,22–24] Although
considerable progress has been made in theoretical descrip-
tion of the structural and electronic background of these com-
pounds and predicting new alloys,[22,25–28] many of their dy-
namical properties are still not well established and studies are
in progress.Understanding the dynamical properties of these
systems is important for characterization purposes and explor-

ing their thermodynamic properties. Besides that, phonon dis-
persion diagram shows whether the structural phase is sta-
ble when no negative frequency is revealed. Hence detailed
knowledge of the bulk phonon dispersion and thermodynamic
properties of pure materials will be invaluable. Previous work
has performed first-principles calculations of the structural
and lattice-dynamical properties for the zinc-blend structure
of BBi, AlBi, and GaBi while dynamical properties of InBi
has not been considered.[23]

In this paper our aim is to briefly describe and compare
these properties for XBi (X = In, Ga, B, Al) compounds. First
we calculate force constants for the materials which are used
to compute the phonon dispersion and group velocity. Then
by performing quasi-harmonic approximation, we investigate
thermodynamic properties such as specific heat, entropy, free
energy, and internal energy at the constant volume.

2. Methodologies
We have applied density functional theory (DFT) us-

ing the Perdew–Burke–Ernzerhof (PBE) parameterization of
the generalized gradient approximation (GGA)[29] for the
exchange–correlation functional and a plane-wave basis, with
ultrasoft Vanderbilt pseudopotentials,[30] as implemented in
Quantum ESPRESSO (QE) code.[31] The cutoff energy for
the wave function and the charge density are chosen to be
40 and 400 Ry, respectively. The mesh sampling for Bril-
louin zone integrations is performed by 15×15×15 k-points
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mesh of Monkhorst and Pack.[32] The lattice dynamical prop-
erties are calculated using density functional perturbation the-
ory (DFPT).[31] In particular, two dynamical matrices are cal-
culated for 2× 2× 2 q-points mesh. These matrices are then
Fourier interpolated to obtain the phonon dispersion curves.
Thermodynamic properties involving phonon density of states
(DOS) and specific heat at constant volume are investigated
using quasi-harmonic approximation (QHA) package within
QE.[33]

3. Results and discussion

XBi (X = Ga, B, Al) compounds have zinc blend
structure. Although InBi has a tetragonal structure
experimentally,[19,20] here we studied its properties in assumed
zinc blend structure for comparison purpose. To check the sta-
bility of these compounds in zinc blend structure, we first
studied their dynamical stability by calculating the phonon
spectra. Then thermodynamic properties are calculated. For
the optimization, the force tolerance is 1.0× 10−3 Ry/Bohr
on each atom and the maximum stress closes to zero within
0.5 kbar threshold. The relaxed lattice constants are obtained
as 6.4407 Å, 5.5166 Å, and 6.4567 Å for AlBi, BBi, and GaBi
respectively which are in agreement with the reported results

in the Ref. [23] and 6.8382 Å for the zinc blend structure of
InBi.

Before starting the analysis of vibrational properties for
bulk XBi (X = In, Ga, B, Al), we are going to discuss the
general aspects of the phonon dispersions. Figure 1 repre-
sents the phonon dispersion diagrams for InBi, GaBi, BBi,
and AlBi in high symmetry directions in Brillouin zone. The
non-negative frequency of the phonon dispersions for all struc-
tures indicates that there is no imaginary phonon frequency in
the entire Brillouin zone, which proves the dynamical stabil-
ity of these materials. Considering two atoms in a primitive
cell of these structures, there should exist six corresponding
vibrational modes, in which three of them are acoustic and the
others are optical modes. The interval between acoustic and
optical branches where there is not any dispersion, is called
phonon band gap. The gaps of InBi, GaBi, BBi, and AlBi are
about 160 cm−1, 150 cm−1, 300 cm−1, and 150 cm−1, respec-
tively. For all three acoustic modes near the gamma point, a
linear behavior is observed for both longitudinal acoustic (LA)
and transverse acoustic (TA) modes where TA mode has two-
fold degeneracy in X–Γ direction. Furthermore, the slope of
the dispersion diagram gives the wave group velocity in the
corresponding modes. The calculated TA and LA group ve-
locities for each structure are plotted in Fig. 2.
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Fig. 1. (color online) Phonon dispersion in high symmetric directions for (a) InBi, (b) GaBi, (c) BBi, and (d) AlBi.

From Fig. 2 one can see that in Γ point, the highest

group velocity corresponds to LA mode of BBi and the low-

est one corresponds to TA mode of InBi structure. Acous-

tic region dispersion with respect to q (in mathematical words

vg = dω/dq) indicates the sound speed and thermal conduc-

tivity of the material. Therefore, BBi has the highest and InBi

has the lowest thermal conductivity in Γ point. However, the

values of the group velocity are not generally large and there-

fore the materials have got low thermal conductivity. Another

point worth mentioning is that the slope of dispersion diagram
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at the edge of the first Brillouin zone (X) is zero (see Fig. 1)
which leads to vg = 0. Consequently, there is not any trans-
mission or thermal conductivity at the edge of the Brillouin
zone.
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Fig. 2. (color online) First derivative of phonon dispersion diagram
(Fig. 1) in Γ –X direction.

In the presence of a transverse electric field, transverse
optical (TO) phonons of a polar medium couple strongly to
the electric field. When the wave vectors and frequencies of
the external electric field and the transverse optical phonons
are in resonance with each other, a coupled phonon–photon
field is necessary to describe the system. The quantum of this
coupled field is known as the polariton. We have

ε(0)
ε(∞)

=
ω2

LO−ω2

ω2
TO−ω2 , (1)

where ε(0) and ε(∞) are static and high frequency dielec-
tric functions, and ωLO and ωTO are LO and TO phonon
modes frequencies, respectively. In the special case ω = 0
this relation reduces to the celebrated Lyddane–Sachs–Teller
relationship[34]

ε(0)
ε(∞)

=
ω2

LO

ω2
TO

. (2)

From phonon band diagram the calculated ratio of ω2
LO/ω2

TO
are 1.0325, 1.0221, 1.0213, and 1.0627 for InBi, GaBi, BBi,
and AlBi, respectively, which are presented in Table 1. The
gap between ωLO and ωTO is called reststrahlen band in which
no electromagnetic wave can propagate in the medium. From
Table 1, the existence of reststrahlen band for XBi materials
suggests their polar property. AlBi has the largest and GaBi
has the smallest reststrahlen band. Also it is obvious that the
materials exhibit optical properties for far-infrared spectrum
except a narrow gap in which the wave is reflected which is
called restrahlen band.

Table 1. Calculated Lyddane–Sachs–Teller relationship and rest-
strahlen band.

Structure ωLO ωTO ω2
LO/ω2

TO Reststrahlen band
InBi 171.4491 cm−1 168.7323 cm−1 1.0325 2.7168 cm−1

GaBi 172.6407 cm−1 170.7622 cm−1 1.0221 1.8785 cm−1

BBi 522.3212 cm−1 516.8582 cm−1 1.0213 5.4630 cm−1

AlBi 278.6733 cm−1 270.3308 cm−1 1.0627 8.3425 cm−1

To compare the vibrational properties of these materi-
als, we have calculated the total and projected DOS (PDOS)
of phonon plotted in Fig. 3. Firstly from this diagram one
can find out that mentioned vibrational band gaps are consis-
tent with phonon dispersion diagrams. Secondly it is clear
that the states for acoustic modes of all structures locate be-
tween 20 cm−1 to 100 cm−1 except BBi which reaches up
to 150 cm−1. Moreover the optical modes spread over the
interval of 225–300 cm−1 for AlBi, 465–550 cm−1 for BBi,
and about 150–170 cm−1 for both InBi and GaBi. The small-
est atomic mass of boron with respect to Al, Ga, and In is
the main factor for the far spread of the optical frequencies
of BBi. Figure 4 represents phonon PDOS for XBi (X = In,
Ga, B, Al). Almost in all structures only X atoms play role
in optical modes whereas both X and Bi atoms have almost
equal contributions in acoustic modes phonon DOS except for
higher frequencies where Bi contribution is dominant.

To conclude our discussion, thermodynamic properties
of XBi (X = In, Ga, B, Al) have been calculated via QHA
within QE code. QHA is a phonon based model to describe
the volume-dependent thermal effects based on the assump-
tion that the harmonic approximation holds for every value
of the lattice constant. Thermal response of the material can
be understood via thermal properties, so thermodynamic cal-
culations of XBi (X = In, Ga, B, Al) compounds are unde-
niably important because it is useful for the future experi-
ments. Thus we attempt to investigate the thermal properties
of XBi (X = In, Ga, B, Al) compounds through the quasi-
harmonic Debye (QHD) model. According to quantum statis-
tical mechanics for an ensemble consisting of harmonic oscil-
lators, Debye model describes the specific heat of solids at low
temperature where the model assumes an assemblage of non-
interacting quasi-particles such as phonons (lattice vibrations)
which obey the Bose–Einstein statistics. In thermal equilib-
rium, a collection of harmonic oscillators with the angular fre-
quency ω at temperature T has the internal energy of

〈E〉= h̄ω

2
+

h̄ω

e h̄ω/kBT −1
, (3)

where kB is Boltzmann constant. At low temperatures, one
could consider three degenerate modes in every Brillouin zone
point, with the frequency of ω(𝑞,ν)= c𝑞, where c is the sound
velocity. The expression for the heat capacity, which is valid
for low-temperatures would be found as

CV (T ) =
1
Ω

12π4

5
kB

(
T
Θ

)3

, (4)

where Ω and ΘD = (2π ∼ /kB)c(3/4πΩ)1/3 are the volume
of the crystal’s unit cell and Debye temperature, respectively.
As mentioned earlier to study the thermodynamic properties of

093107-3



Chin. Phys. B Vol. 26, No. 9 (2017) 093107

XBi (X = In, Ga, B, Al) we have applied QHA. For this pur-
pose, non-equilibrium Helmholtz free energy (F(V,T )) will
be the starting point of analysis as it follows

F (V,T ) = Esta (V )+F∗vib(V,T ), (5)

where it has two terms, namely, the crystal’s static energy
for a given volume (Esta (V )) and the vibrational contribution
(F∗vib(V,T )). F∗vib (V,T ) is expressed as

F∗vib (V,T ) =
∫

∞

0

[
h̄ω

2
+ kBT ln

(
1− e h̄ω/kBT

)]
g(ω) dω, (6)

where it links to the lattice vibrations via the phonon den-
sity of states g(ω). Thus solving Eq. (6), desired thermody-
namic properties are obtained using the equilibrium volume
V (p,T ), the static energy Esta(V ) and the phonon density of
states g(ω). From thermodynamics we know that with the
knowledge of F∗, one can calculate a set of thermodynamic
properties, such as the equilibrium entropy S, Helmholtz free
energy F , internal energy U , and the constant-volume heat ca-
pacity CV , as

F = F∗(V (P,T ) ,T ), (7)

S = S (V (P,T ) ,T ) =−
(

∂F
∂T

)
V
, (8)

Cvib
V =

(
∂U
∂T

)
V
, (9)

U = F +T S. (10)

Using these equations, the curves of CV for XBi (X = In, Ga,
B, Al) are plotted in Fig. 5(a). At low temperatures, CV is a

function of T 3, and for higher temperatures it asymptotically
tends to a constant. Finally, to study the thermal properties
of matter, one has to exploit the entropy and free energy as
a function of temperature. The obtained results for tempera-
ture dependence of the entropy Svib, free energy Fvib, and in-
ternal energy Eint for XBi (X = In, Ga, B, Al) are presented
in Fig. 5(b) and Fig. 5(c), respectively. From Fig. 5(b), we
find that the calculated entropy Svib gradually increases with
increasing temperature which suggests that raising tempera-
ture causes the crystal plates to have more intense oscillations.
Moreover, figure 5(c) depicts that as temperature increases the
free energy Fvib gradually decreases and tends to zero and neg-
ative values while the internal energy increases.
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Fig. 3. (color online) Total vibrational density of states for XBi (X = In,
Ga, B, Al).
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Fig. 5. (color online) (a) Specific heat, (b) entropy Svib, (c) free energy
Fvib and internal energy Eint at constant volume for XBi (X = In, Ga, B,
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4. Conclusion
In the present work based on DFT, DFPT, and QHA study,

vibrational and thermodynamic properties of XBi (X = In, Ga,
B, Al) are investigated. Phonon dispersion calculations have
revealed that the zinc blende phases of BBi, AlBi, GaBi, and
InB compounds are dynamically stable. BBi has the highest
and InBi has the lowest thermal conductivity. The largest and
the smallest reststrahlen bands are for AlBi and GaBi respec-
tively which suggests the polar property of XBi materials. The
vibrational gaps are about 160 cm−1, 150 cm−1, 300 cm−1,

and 150 cm−1 for InBi, GaBi, BBi, and AlBi, respectively.
The three acoustic modes near the gamma point have got a lin-
ear behavior. At low temperatures, CV is a function of T 3, and
for higher temperatures it asymptotically tends to a constant
value as expected. Generally, these materials exhibit appeal-
ing optical properties that can be exploited for infrared and
near infrared optoelectronic applications.
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