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Lattice stability and the effect of Co and Re on
the ideal strength of Ni: First-principles study of
uniaxial tensile deformation*
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Using first-principles density functional calculations, lattice stability of y-Ni under [001], [110], and [111] uniaxial
tensions and the effect of alloying elements Co and Re on the uniaxial tensile behavior of y-Ni were studied in this paper.
With elastic constants and phonon spectra calculations, we examined the mechanical stability and phonon stability of Ni
during the uniaxial tensions along the three characteristic directions. The results show that the mechanical stability and
phonon stability of a lattice occurs before the maximum stress—strain point under the [001] and [111] tension, respectively.
The effects of Co and Re on the ideal tensile strength of y-Ni show a significant directivity: Co and Re have little effect
on the stresses in [001] and [111] directions, but increases the ideal strength of the system in the weakest uniaxial tensile
direction. Moreover, the strengthening effect of Re is significantly better than that of Co. By further analyzing electronic
structure, it is found that the effect of alloying elements on the uniaxial tensile behavior of y-Ni comes from their interactions

with host atoms.
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1. Introduction

The ideal strength of solid materials is the minimum
stress required to make a defect-free crystal instable.!!?! The
ideal strength, which is related to the fracture of chemical bond
and the initiation of cracks and dislocations, is an intrinsic me-
chanical parameter of the crystal material. Besides discussing
the gap between the ideal strength and real strength of a ma-
terial, the studying of ideal strength is also important for the
investigation of fractures in applications.!”) For example, in
some special materials, the width of the dislocation core is re-
lated to the size of its ideal shear strength, and the local stress
of cleavage crack nucleation must be greater than its ideal uni-
axial tensile strength. 3]

The ideal strength sets an upper bound for the strength of
a real material. The simplest approach to determine the ideal
strength is calculating the stress—strain curve of a system in
the deformation process, and takes the first maximum or min-
imum point of the stress—strain curves as the ideal strength of

5.16-141 Herein, the corresponding stress at this point is

material
defined as the ideal peak stress (oip). However, instability in
other forms may occur before the lattice reaches the ideal peak
stress , such as mechanical instability (also known as elastic in-
stability) and phonon instability (also known as dynamic insta-
bility). Born and Fiirth!!>1%! first proposed that a series of sta-
bility conditions should be examined during the deformation
processes. These stability conditions are called the mechani-

cal stability conditions (or elastic stability conditions), which
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are obtained by the positive definiteness of the elastic stiff-
ness coefficient matrix. Mechanical stability is examined for
many crystal structures.!!’->6] Milstein and Farber>>! found
that Fe and Ni have an elastic instability mode of Cy, = Cy3 be-
fore reaching their stress—strain maximum when they studied
the phase transition of Fe and Ni under [100] tensile loading.
Breidi et al.>*! also verified the mechanical stability during
compression when they studied the (001) uniaxial compres-
sion of FCC-Ni , and found that the mechanical instability oc-
curs after the ideal peak stress.

Mechanical stability considers the lattice stability of ad-
jacent atoms in crystal under the action of central force, which
is related to the macroscopic deformation of crystal. How-
ever, microscopic deformation in a solid material, such as soft
phonon, may also reduce the energy of crystal.[>?8-39 This
microscopic deformation leads to spatially periodic lattice dis-
tortion, which reduces the energy of crystal and results in lat-
tice instability. In the first-principles calculations, soft phonon
corresponds to the virtual frequency phonon, and such lattice
instability is called phonon instability. Clatterbuck et al.[!
found that the phonon instability of a lattice occurs earlier than
the maximum point of its stress—strain curve for Al during the
(100), (110), and (111) tensile and {111} (112) shear pro-
cesses. It can be seen that calculating other instability (such as
mechanical instability and phonon instability) in crystal defor-
mation is very important for the study of ideal strength. How-
ever, no theoretical study has focused on the lattice stability of
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Ni under the (110) and (111) uniaxial tensions.

As important structural materials, nickel-based single-
crystal superalloys have been widely used as turbine blades
for advanced aeroplanes and gas turbines.3!*21 A variety of
alloying elements (such as Ta, W, Ti, Co, Cr, Re, Mo, and Ru)
are added to modern commercial nickel-based superalloys to
improve mechanical properties of alloys. The investigation of
mechanical properties of y-Ni, which is the matrix phase in
nickel-based single-crystal superalloys, is extremely important
for the applications of alloys. Previous studies of the effects of
alloying elements on the mechanical properties mainly focus
on the elastic constants and modulus.*3-37 However, scant
attention has been paid to the ideal strength. In fact, alloying
elements can have a significant influence on the strength of
alloys.[38-40]

Using the first-principles calculations and combining
with mechanical stability and phonon stability examinations,
this paper studied uniaxial tensile behaviors of y-Ni along the
[001], [110], and [111] directions and the effects of alloying
element Re and Co on the ideal tensile strength of y-Ni. Fur-
thermore, the electronic mechanism underlying the strength-
ening effect of Re and Co is determined by analyzing the
charge density difference.

2. Computational methodology

For uniaxial tensile deformation, the stress o is obtained
from the derivation of energy to strain
1 JE(e)

G:@ ae 5 (l)

where E(g) and V (€) are the total energy and the volume of a
crystal when strain is €. To simulate the stress—strain curve, we
apply an increasing uniaxial tensile strain to crystals. The lat-
tice basis vectors perpendicular to the loading direction were
sufficiently relaxed. To ensure the continuity of stress—strain
curves, the initial atomic positions of each step in the defor-
mation process are taken from the relaxed configurations of
the previous step.

For a crystal under zero loading, the mechanical stability

criteria can be expressed in terms of elastic constants.[4!]

det|Cijk[| >0, 2)

_1_9*F .
where Ciji = e 080 1S the second-order elastic constant, F’
is the free energy of a crystal, &; and & (where i, j,k,I =
{1,2,3}) are the infinitesimal strains. Under an external load-
ing 7;;, the elastic stability criteria need to be modified since

the elastic constants are dependent on the applied stress(*?!

det|B;ji| >0, 3

where B;jiy = Ciju + % (G Tjt + 8 Tjk + 8T + 81 T — 28 Tij)
is the elastic stiffness constant. In general, the elastic stiffness

constant is asymmetric (i.e., B;jx # Bu;j) and does not have
full Voigt symmetry. By introducing a new tensor A [>3]

1
Aijit = 5 (Biji + Buiij)

2
1
= Ciju + 5(551{‘5;1 + 5ilTjk + 5jkTiz
+ 81 Ti — S Tij — Oij ), 4

we get a symmetric tensor A. The tensor A has full Voigt sym-
metry and its positive definiteness is the same as that of the
elastic stiffness tensor. Consequently, by using Voigt notation
(11 —=1,22-2,33 33,23 54,13 = 5,12 —6),[* the
conditions of elastic stability can also be expressed in the ele-
ments of 4

det|kaﬁ| >0, (5)

where o, f = {1,2,3,4,5,6}.
Under a [100] uniaxial loading,

c 0 O
t=| 0 0 0|,
0 0 O

initial FCC-Ni becomes tetragonal (422, 4mm, 42m, 4 /mmm)
and the tensor A takes the following form:

At A2 Az OO

A2 A A3 0 O

(Ap ) = A2 A3 Ap 0O
p 0 0 0 A4 O
0 0 0 0 As O

0 0 0 0 0 Ass

0
0
0
0 (©)

According to Eq. (4), the relation between Ay and Cyp is

M1 =Ci+o0,
A2=Cin—0/2, )
Ass =Css+0/2,

Aop =Cqp, all others.
The determinant of A is
det|A| = (M2 — Ao3)[A11 (A2 + A3) — 225 Aadds. (8)

Consequently, the elastic stability criteria of tetragonal lattice
under [100] uniaxial stress are

Ags > 0= Cyq >0, (9a)
155>0:c55+§>0, (9b)
)Qz — 2,23 >0= Cyy—Crz > O7 (9C)
A (/122 +7Lz3) > 27L]22 =
o2
(Ci14+0)(Cn+C) >2(C12—§) : (9d)
Under a [110] uniaxial tension
2
gc 0 0
T= 2 ,
0o Y25 o
2
0 0 0
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and [111] tension

3
gc 0 0
= o ?a 0
3
0 0 gc

an initial FCC-Ni becomes orthorhombic and trigonal (32, 3m,
3m). The corresponding tensor A takes the following form:

A A2 A3 0 0 O
Az An A3 0 0 O
] Az A3 A3 0O 0O
Aap} = 0 0 0 Auw O 0 |’ (10)
0 0 0 0 A5 O
0 0 0 0 0 A
AMi Az Az Aig O 0
A2 At Az —Aig O 0
Az A3 A3 00 0
{Rap} = AMa —Aa 0 Ay O 0 (b
0 0 0 0 Au Ala
0 0 0 0 Au(dn—An)/2

for orthorhombic and trigonal (32, 3m, 3m) lattice, respec-
tively.

Similar to the [100] tension, we obtain the relation be-
tween Ayp and Cpp of orthorhombic lattice under [110] ten-

sion as
A1 =C +g0',/112 =Cpp— ?6,113 =Ci3— gcv
A2 :CZZJFgG’/IB =Cy3— ?0,133 = Cs3, (12)
Ads =C44+?0,/155 =C55+?G,7%6 :C66+¥G-

Thus, the mechanical stability criteria of an orthorhombic lat-

tice are
111>0:>C11+?G>0, (13a)
144>0:C44+¥6>0, (13b)
Ass >O:>C55+?6>0, (13¢)
166>0:>C66+g6>0, (13d)
Midn > AL =
(Cn +\f6) (sz—i—\fa) > (Clz— ?0‘)2, (13e)

122233 + 202413003 — A Ads — A — A33Ah > 0=
2 2
(Cn + \2/6) (sz + {G) Cs3

+2<C12 — ?G) (C13 — ?G) (ng — ?G)

5 2
—Cs3 <C12 — {0’) > 0.

Finally, the relations between the A, and C,p of the trigonal

(13f)

lattice under [111] tension are

V3 V3 V3
A =Cni +70>l12 =Cip— 70,113 =C;3— 3%
7 (14)
A3z = C33 + 70,114 =Ci4,Ma4 =Ca4+ =0

The corresponding mechanical stability criteria of a trigonal
lattice are given by

V3
111>‘112|:>C11+TG>|C11—76|, (15a)

3
7L33>0éC33+£6>0,

3 (15b)

3
144>0=>C44+§0>0, (15¢)

(lll +112)A33 > ZA% =
2
(Cll +C|2) <C33+\66/> > 2<C]3 — ?G) , (15d)

3
7L]1 7/112)144 > 21124 =
2v/3 3
<C11+C12+\{6> <C44+\3f6> >2C3,.  (15e)

To test the mechanical stability of a lattice during the tensile
processes, we calculate the elastic constants C;; of the lattice
at every tensile strain and examine the mechanical stability
conditions for the corresponding crystal according to Egs. (9),
(13), and (15). To calculate elastic constants of tetragonal,
orthorhombic, and trigonal crystals, we apply specific defor-
mation tensors listed in Ref. [44] to each crystal and calculate
the energy—strain relationship, where the deformation param-
eter § increases from —0.03 to 0.03 in steps of 0.005. Then
the elastic constant of each crystal is obtained by fitting the
energy—strain curve by polynomial.

In the present study, we adopt a 2 x 2 x 2 supercell
model to investigate the effect of alloying elements Re and
Co on the uniaxial tensile behavior of y-Ni. The alloying el-
ements are located at the center of the supercell. Based on
the density functional theory (DFT),[*>¢1 our calculations are
carried out using the VASP package.*”! The generalized gra-
dient approximation of PBE potential*®! is used to describe
the exchange-correlation function. The projector augmented
wave (PAW) method!*! is used to describe the ion—electron
interaction. The plane wave cutoff is set to 350 eV. Follow-
ing the Monkhorst-Pack scheme,”% we adopt an 11 x 11 x
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11 k-point mesh. The convergence condition of electron self-
consistent energy is 10~ eV. The ionic relaxation is stopped
until the forces on all of the atoms are less than 0.01 eV/A.

The phonon spectrum is calculated with the density func-
tional perturbation theory, ! which was achieved via VASP-
PHONOPY using a 2 x 2 x 2 supercell.[47°2331 As the
phonon spectrum calculation requires high precision, 500 eV
is taken as the plane wave cutoff and the k-point mesh is 11 x
11 x 11 for phonon calculations. The convergence conditions
of electron self-consistent and ionic relaxation are 10~8 eV
and 107 eV, respectively.

3. Results and discussion
3.1. Lattice stability of Ni under uniaxial tensile deforma-

tion

The energy-strain relationships of y-Ni under [001],
[110], and [111] tensile loadings are shown in Fig. 1(a), and
the corresponding stress—strain curves (Fig. 1(b)) are obtained
by Eq. (1). As shown in Fig. 1, the energy and stress of -
Ni under [001] uniaxial tension increase with the increase in
strain. At the strain € = 0.32, the stress reaches the maximum
value of 26.76 GPa. This point is the ideal peak stress opp in
the [001] direction. Similar to the [001] direction, the stress
reaches the ideal peak stress of 26.61 GPa at the strain of 0.22
under [111] tension. For the [110] tensile process, the stress
of Ni gets its peak point at small strain (¢ = 0.08), and its ideal

0.9
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08 i ———t——e— NiglcO
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0 0.08 0.16 0.2 0.32 0.40
Strain

28 -
24+
20

L [111]

16t [001]

12

Stress/ GPa

8: —~ [110] —e——a——a—Ni

4L —e——e——e— Ni3100
—.——A A Nlle,e

00 0.08 0.16 0.24
Strain

0.32 040 048
Fig. 1. (color online) (a) Energy—strain curve and (b) stress—strain curve
of Ni3; X (X = Ni, Co, and Re). The black, red, and blue data represent
the [001], [110], and [111] tension, respectively.

peak stress is only 6.03 GPa. Obviously, compared to the large
orp in [001] and [111] directions, [110] is the weakest uniaxial
tensile direction for y-Ni. Table 1 summarizes our calculated
ideal peak stresses of y-Niin [001], [110], and [111] directions
along with calculation results of Milstein et al.>! As shown
in the table, our calculated results are in good agreement with
that of Milstein et al.!*!
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Fig. 2. (color online) (a)-(c) Element of tensor A (upper half) and the
corresponding mechanical stability conditions (lower half) of y-Ni un-
der [001], [110], and [111] tension, respectively. The vertical dashed
line marks the maximum mechanical stability point of the lattice.
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Furthermore, we calculate elastic constants of the lattice
during the tensile tests to examine the mechanical stability
conditions of crystal (Egs. (9), (13), and (15)). Figures 2(a)-
2(c) show A;; and the corresponding mechanical stability cri-
teria of crystal along the [001], [110], and [111] loading, re-
spectively. As shown in Fig. 2(a), when the strain is not ap-
plied to the lattice, the crystal only has three independent 4;;:
l]] = )Lzz, 112 = 123, and 7L44 = 155. As loading strain € in-
creases in the [001] direction, elastic modulus A1, A2, 442,
and Ass decrease, and A44 and A3 increase. When tensile
strain € = 0.11, Ay, is equal to A»3. After this strain (€ > 0.11),
the elastic modulus Ay, is less than A3 and the mechanical
stability condition Eq. (9c) of the tetragonal system is invalid.
Herein, the corresponding point and stress at which the me-
chanical stability conditions are first violated are defined as
the maximum mechanical stability point and maximum me-
chanical stability stress (Omms). As shown in Fig. 1(b), the
stress at the strain € = 0.11 is 14.11 GPa under [001] ten-
sion, so the maximum mechanical stability stress of [001] uni-
axial tension is opms = 14.11 GPa. Similarly, as shown in
Figs. 2(b) and 2(c), the maximum mechanical stability points
are at € = 0.07 and &€ = 0.23 during tension in the [110]
and [111] directions, respectively. The instability modes are
Mi1A22233 + 2A12A13 03 — A1 A — AaA — 2334 = 0 and
Aaq =0 for [110] and [111] loading, respectively. Correspond-
ingly, the maximum mechanical stability stresses in the [110]
and [111] directions are 6.03 GPa and 25.56 GPa, respectively,
according to Fig. 1(b).

Table 1. Calculated ideal peak stress ofp, maximum mechanical sta-
bility stress oyms, and maximum phonon stability stress oyps of y-Ni
under [001], [110], and [111] tensions. Numbers in round brackets rep-
resent the strain corresponding to each stress.

Directions orp(€) Oomms (€) owmps (€)
26.76 (0.32) 14.11 (0.11) 21.90(0.19)
[001] 25 25
25.75 (0.26)1? 17.03 (0.11)[23 -
[110] 6.03 (0.08) 6.03 (0.08) 4.68(0.12)
[111] 26.61 (0.22) 26.56 (0.23) 25.47(0.17)

Furthermore, we calculate the phonon spectra of y-Ni
during the tensile loading in [001], [110], and [111] direc-
tions to examine the phonon stability. Figures 3(a)-3(c) show
phonon frequencies of y-Ni as a function of strain for [001],
[110], and [111] tension, respectively. Note that we have in-
cluded only the first band and the high symmetry directions in
the Brillouin zone along which phonon instabilities are found
to occur. As shown in Fig. 3(a), a softening occurs between
I' - X (¢=1[0.5,0.5,1]) as the tensile strain € increases in the
[001] direction. When € = 0.19, imaginary frequency first oc-
curs in Fig. 3(a), which is exactly the phonon instability point
of the system. Herein, the corresponding stress and strain at
which the phonon frequency is firstly imaginary is defined as
the maximum phonon stability stress (Omps) and maximum

mechanical stability strain (emps), respectively. As shown in
Figs. 1 and 2, the phonon instability point in the [001] direc-
tion occurs earlier than that of the peak stress point, but later
than the occurrence of the mechanical instability point. Sim-
ilarly, it can be seen from Figs. 3(b) and 3(c) that phonon in-
stability of Ni occurs at € =0.12 and € = 0.17 during tension
along the [110] and [111] directions, respectively.

Table 1 summarizes op, OmMms, and Opps along with their
corresponding strain for y-Ni under the [001], [110], and [111]
tensile deformations. It can be seen that &yms < emps < €Is
for [001] tension and &yps < &s < eums for [111] tension.
Therefore, the ideal strength ois of Ni under [001] and [111]
tensions is determined by the oyms and Owps, respectively.
Unlike the [001] and [111] directions, the lattice instability
point of Ni under [110] loading is equal to its ideal peak point.
After considering mechanical stability and phonon stability of
lattice during the deformations, the ideal tensile strengths of
¥-Ni in [001], [110], and [111] directions are 14.11 GPa, 6.03
GPa, and 25.47 GPa, respectively.

5
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Fig. 3. (color online) (a)—(c) First band of phonon of y-Ni as a function
of strain for [001], [110], and [111] tension, respectively.

093106-5



Chin. Phys. B  Vol. 26, No. 9 (2017) 093106

3.2. Effects of Re and Co on the ideal tensile strength

The response of energy and stress to strain for Niz; Co and
Niz Re are also shown in Fig. 1. As shown in the figure, ef-
fects of alloying elements Co and Re on the stress show obvi-
ous directionality. Compared to the stress of pure Ni, stresses
of Ni3; Co and Niz;Re show only a very small increase before
the yield point for the [001] and [111] directions. Note that
by doping with Co and Re, the systems reach their ideal peak
stress at a smaller strain as compared with pure y-Ni. There-
fore, doping with Co and Re decreases the ideal peak stress
of the system. Unlike the [001] and [111] directions, doping
with Co and Re can significantly increase the ideal peak stress
in the [110] direction. The value of o in the [110] direc-
tion increases from 6.03 GPa to 6.32 GPa for Ni3;Co and to
7.50 GPa for NizjRe. It can be seen that refractory elements
Co and Re can significantly improve the ideal strength of y-Ni
in the weakest tensile direction, and the strengthening effect of
Re is significantly stronger than that of Co.

To understand the different improvements due to Co and
Re on the weakest tensile direction and the anisotropy effects
of alloying elements on the ideal strength, we further calcu-
late and analyze the charge density difference (Ap) of Niz; X.
Charge density difference reflects the charge transfer before
and after atomic bonding, which shows the interaction be-
tween atoms. Figures 4(a)—4(c) show the charge density dif-
ference of Ni3; X (X = Ni, Co, and Re) without strain loaded,
where yellow and cyan isosurface represents charge accumula-
tion and depletion, respectively. As shown in Fig. 4, the Apof
Ni3; Co exhibits nearly the same feature as the Ap of un-doped
Ni. However, there is a strong redistribution of charge density

OO

[001] [001]
[110] [110]
[110]
€
(b) @ T

[oo1] @

[110]
[110] e=

@ [001]
[110]
0 [110] *

[001] tension, & = 0.06

@ [001]

around Re atoms in Ni3;Re. Moreover, the charge redistribu-
tion in Niz;Re shows obvious directionality: Ap mainly ac-
cumulates between Re and the host atoms (i.e., in the [110]
direction), while there is very little charge redistribution in the
[001] and [111] directions. In addition, the bonding between
Re and Ni atoms significantly exhibits covalent-like bond fea-
tures. This feature of charge redistribution suggests that the
addition of refractory element Re can enhance bonding in the
[110] direction and has little effect on the bonding of [001]
and [111] directions. This is consistent with the results of our
calculated stress—strain curves (Fig. 1(b)). The strengthening
effect of Re on the ideal strength along the [110] direction is
significantly greater than that of Co, but enhancement in [001]
and [111] directions is negligible.

Figures 4(d)—4(f) show Ap of Ni3;Re under tension along
the [001], [110], and [111] directions at strain € = 0.06, re-
spectively. As shown in Figs. 4(d)—4(f), the redistribution of
charge density of Ni3;Re decreases in the loading direction for
the three characteristic directional deformations. However, al-
though under the same tensile strain, the decrease of Ap in the
loading direction varies to certain extents for the three char-
acteristic directions. The decrease of Ap caused by the [110]
tension is the largest, followed by that due to the [111] tension,
and variation of Ap caused by [001] loading is the weakest. It
can be implied that the deformation resistance of Ni3jRe in
[001] and [111] directions is obviously better than that in the
[110] direction. This is consistent with the previous results of
stress—strain curves (Fig. 1(b)): the yield point of [110] tension

occurs much earlier than those of the [001] and [111] tensions.

©

Re Ni [110]

[110]
[110]

[111] tension, & = 0.06

Fig. 4. (color online) Charge density differences of Niz; X (isosurface £0.0695 e/A3). (a) X = Ni, € =0.00; (b) X = Co, € =0.00;
(c) X =Re, € =0.00; (d) X =Re, € =0.06, [001] tension; (¢) X = Re, € = 0.06, [110] tension; (f) X = Re, € = 0.06, [111] tension.
Yellow (cyan) isosurface represents charge accumulation (depletion). Each structure is a central X atom surrounded by 12 Ni atoms.
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4. Conclusions

Using density functional theory, we studied the lattice sta-
bility and the effect of alloying elements on the tensile strength
of y-Ni under three uniaxial characteristic directions. With
mechanical stability and phonon stability examinations, it is
found that mechanical instability and phonon instability of y-
Ni under uniaxial tension occurs before the ideal peak stress
for the [001] and [111] directions, respectively. The ideal ten-
sile strengths of y-Ni in [001], [110] and [111] directions are
determined to be 14.11 GPa, 6.03 GPa, and 25.47 GPa, re-
spectively. Doping with Co and Re can increase the ideal peak
stress of y-Ni in the [110] direction by 4.8% and 24.4%, re-
spectively. However, Re and Co have a negligible effect on the
ideal strength in [001] and [111] directions. Further analysis
of charge density difference of these alloying systems showed
that the effects of alloying elements on the uniaxial tensile
behavior arise from their interaction with host atoms. There
is a strong charge redistribution around the Re atom along
the (110) direction in Ni3;Re, while charge redistribution of
Ni3;Co is nearly the same as that of un-doped Ni.
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