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To understand and develop new nanostructure materials with specific mechanical properties, a good knowledge of the
elastic strain response is mandatory. Here we investigate the linear elasticity response in the modified phase-field-crystal
(MPFC) model. The results show that two different propagation modes control the elastic interaction length and time, which
determine whether the density waves can propagate or not. By quantitatively calculating the strain field, we find that the
strain distribution is indeed extremely uniform in case of elasticity. Further, we present a detailed theoretical analysis for the
orientation dependence and temperature dependence of shear modulus. The simulation results show that the shear modulus
reveals strong anisotropy and the one-mode analysis provides a good guideline for determining elastic shear constants until

the system temperature falls below a certain value.
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1. Introduction

The elasticity of materials is important for understanding
processes ranging from the propagation of elastic waves, to
flexure, and to brittle failure.!'* A complete parameteriza-
tion of elastic properties in experiments is however challeng-
ing, especially for the deformation of a solid which operates
across several length and time scales. Usually, the elastic de-
formation dynamics on atomic length (~ 1019 m) and time
(~ 10712 5) scales can be captured by molecular dynamics
(MD) simulations.! However, due to very short time scales,
only high stresses (GPa) and strain rates (107 s~!') can be
probed in the dynamical deformation process. These are to
be contrasted with much slower experimental strain rates of
10759 s to 1073 s~ 110

Recently, based on the density functional theory,!”! Elder
and Grant®°! proposed a new methodology, called the phase
field crystal (PFC) model, which provides a natural description
of slow, diffusive dynamics in interacting systems while still
maintaining the atomic-level resolution, including topological
defects, elasticity, and plasticity. This method has powerful

capabilities in describing polycrystalline solidification,!'%!1]

[12] yacancy diffusion dynamics,!!3! disloca-

14,15 e 116,171

phase transitions,
tion (annihilation, glides and climb),!!*!51 and fractur
As to the elasticity and plasticity behaviors,['®!°1 the PFC
method can also describe mechanical responses at low stress
and low steady-state strain rate. Considering that the origi-
nal PFC model did not contain a mechanism for describing
elastic interactions sufficiently, Stefanovic et al.!'82%211 pro-
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posed a modified phase-field-crystal (MPFC) model in which
the corresponding dynamic equation includes the inertia effect
or wave-like term 92¢/dt? originated from the second order
term of time. Thus this MPFC can facilitate rapid elastic re-
laxations. After comparing results from MPFC to those from
PFC, Stefanovic et al. found that the elastic relaxation pre-
sented in the MPFC is consistent with the linear elasticity the-
ory. However, the details of a parameter interval for the elastic-
ity behavior are still lacking and how the crystal lattice orien-
tation or system temperature influences the elastic coefficients
is also unclear. Therefore, in this work, we first investigate the
elastodynamic response of the MPFC model by analyzing the
deformation behavior of a strained nano-single crystal speci-
men, and then we quantitatively characterize the strain distri-
bution of the specimen and analyze the effects of the initial
crystal lattice orientation and temperature on the shear modu-
lus. One of the primary goals of this work is to gain new phys-
ical insight into these problems, which will prompt the MPFC
method as a predictive tool to capture the elastic response of

atomic properties for more complicated real materials.

2. Model description and strain characteriza-
tion
2.1. The MPFC model
The PFC model was introduced to describe periodic sys-

tems of a continuum field and can naturally incorporate elas-
tic and plastic behaviors. It relies on a well-known Swift—
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Hohenberg (SH) form free energy functional and an over-
damped equation of motion in describing the temporal evo-
lution of the field ¢ that represents the reduced local particle
density. The simplest dimensionless PFC model for pure sys-
tems follows as a conserved evolution of the free energy

F:/dr{(g[r+(V2+l)2](p+i(p4}, ()

where the order parameter ¢ is the atom number density field
measured from a constant reference value, and r is a phe-
nomenological constant related to the temperature.

The standard dimensionless evolution kinetic equation for
the order parameter ¢ is

e

ot

The above kinetic equation describes time scales in crystals

=V [ro+¢> +(V*+1)20)]. )

near and beyond that of the characteristic vacancy diffusion
time. It does not, however, allow any collective atomic oscil-
lations, which are on a much faster time scale. This omission
of elastic interactions in the model prevents us from study-
ing phenomena involving several time scales of various orders
of magnitude (such as the deformation dynamics of nanocrys-
talline solids). To tackle this problem, the MPFC dynamic
equation is introduced by adding a second order time deriva-

tive to the equation!!®]

2%

:
GBS =V e + (VD2 )

where o and 3 are phenomenological constants related to the
effective sound speed and vacancy diffusion coefficient, re-
spectively. Equation (3) is of the form of a damped wave
equation, and it supports two density propagating solutions:
one diffusional and the other corresponding to a propagation
elastic mode. By choosing effective values of o and 3, finite
elastic interaction length and time can be set.

The thermodynamic properties of the PFC model have

(8.9.22] indicating that this model can

been discussed previously,
yield different crystal phases, such as body-centered-crystal
lattices, hexagonal lattices, and lamellar phase. The periodic

order parameter ¢ can be written in the general form

o(r) = @0+ Y anme' S, “
n,m
where a,,,, is the amplitude of the atomic density, r is the
space position vector, and ¢y is the average atomic density.
G = nb; +mb, , where b and b, are the reciprocal lattice
vectors. For two-dimensional (2D) hexagonal lattices, these
reciprocal lattice vectors can be written as

21 <\/§A 1A) 21
) 2

b= b= g5 5
1 ao\ﬁ/Z + ao\/g/zy’ ()

2Ty

where ag is the crystal lattice constant. Here we employ one-
mode approximation to keep the only critical mode whose
amplitude is equal to A/4 (A is the amplitude of the density
waves). The hexagonal lattice density in two dimensions is
acquired as

@(r) = @o+Alcos(qx) cos(qy/V/3)
— cos(2qy/V/3) /2], (©)

where g is the wave number related to ag, satisfying g =
27/ag. Substituting Eq. (6) into Eq. (1), integrating over a
unit cell, and minimizing the free energy with respect to A and
g lead to

V3 4 1\/72

The physical details of all parameters and the solving pro-
cedure of Eq. (3) spectrally implemented in the Fourier space
can be referenced to Ref. [23]. Here, unless otherwise speci-
fied, all parameters used in the simulation are

(r7 (P(),AX,A_)),A[, a?ﬁ)
= (—0.6,0.3951,7/4,7/4,0.001,20,0.9), (8)

where Ax and Ay are the grid-sizes and At is the time-step size.

2.2. The elastodynamic response in the MPFC model

If we consider a perfect lattice with one “atom” chopped
out, this would correspond to a vacancy in the lattice. Phonon
vibrations would occasionally cause neighboring atoms to
jump into the vacancy and eventually the vacancy would dif-
fuse through the lattice. In the PFC model, the density at the
vacancy slowly fills in and the density at the neighboring sites
slowly decreases as the vacancy diffuses throughout the lattice.
To determine time scales of vacancy diffusion, it is useful to
perform a linear stability analysis,[**! which linearizes Eq. (2)
around an equilibrium state density field @eq according to

(P(T') = Peq + 6(Pa 9)
(peq(']") e (p0+zan7meiGn.m-7" (10)
Q=Y by(t)e'Grmr QT (1)

where @ is a perturbation wave vector and b, ,,(¢) is the cor-
responding amplitude associated with the perturbation of the
steady-state mode (n,m). The resulting linearized equation of
Eq. (2) is obtained by substituting Eqgs. (9)—(11) into Eq. (2)
and expanding the latter to linear order. Then the diffusion
constant can be obtained as

Dprc =303 +r+1+9A%/8. (12)
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This analysis demonstrates that equation (2) admits propagat-
ing solutions for density disturbances with an effective diffu-
sion time fp, which can be written as

aZ

p

= Dorc’ (13)
Take Cu at 1063 °C as an example. With a lattice parame-
ter of a = 3.61 A and the self-diffusivity D ~ 10713 m?.s~1,
it will take about tp = 1.30 us for an atom to diffuse to
On the other hand,

is estimated to be

its original nearest neighbor position.
the bond stretch “vibrational period” (%3]
ty ~2m(ma®/Eg)"/? ~ 1 ps, where m ~ 64 u is the atom mass
and Eg ~ 1 eV is the binding energy due to the interatomic po-
tential. So fp > ty, note that the diffusive motion of an atom
in the crystalline phase is much larger than the elastodynamic
response time of the vibrational motion of an atom. This sug-
gests that elastic strains will relax instantly, implying that the
system would correspond to an over-damped system, which
prevents PFC simulation from direct comparison with faster,
real-world mechanical experiments. In order to overcome this
deficiency, the MPFC model was introduced to make the PFC
model operating on two time scales: one diffusional and the
other corresponding to a propagating elastic mode.'®!

To better understand the diffusive dynamics and elastic
interactions governed by the MPFC equation, a linear stabil-
ity analysis is performed. The linearized equations are the
same as Eqgs. (9)—(11). It is straightforward to repeat the above
calculation in the PFC model. Substitute Eqgs. (9)—(11) into
Eq. (3) and ignore higher-order nonlocal terms retaining only
the contribution by o among the nonlinear coupling terms with
zero modes. By solving the resulting linearized dynamic equa-
tion, the effective elastic interaction length and interaction
time can be obtained (see Ref. [18] for details)

tw=2B"", (14)
L= 4a\/3<pg+r+ 14+9A2/8/B = 4av/A/B, (15)

where A = 3(p§ +r+1+942 /8. Moreover, the effective va-
cancy diffusion coefficient reads
2 2 2
Dyprc = % (3<p§+r+ 14 92) - %A. (16)
By properly tuning the parameters o and 3, finite elastic
interaction length and time can be set. Over this elastic inter-
action time and distance, the density waves will propagate ef-
fectively undamped. Beyond this time and distance, however,
the density evolution becomes diffusive. As an illustration,
considering a system with dimension L, we require the elas-
tic interaction length L = 4Dyprc/ VA > L, which implies
a < 4Dviprc /L\/Z . After choosing an appropriate value for
@, B can be determined from 8 = a?A /Dyprc. Using Cu at

1063 °C as an example (D ~ 10~'%> m?-s~!) and the computa-
tional domain L = 1 pm, one would choose the effective sound
speed a@ = 3.16 x 10~ m/s and the effective vacancy diffusion
coefficient B = 0.16 s~!. If we compare this sound speed with
that in the classical MD simulations (& ~ 10° m/s), we can
obtain amp/cvprc ~ 1019, implying that MD is 10'° times
faster.

In short, the MPFC approach takes advantage of the fact
that elastic relaxation does not need to be instantaneous due to
a separation of elastic relaxation and diffusion time scales.

3. Results and discussion

In this section, several simulation results are shown to
demonstrate the abilities of MPFC formulation in describing
the elasticity response at atomistic scales. Firstly, we will dis-
cuss the shear deformation response of the MPFC model, and
then examine the elastic response of a nano-single crystal. Fi-
nally, the orientation and temperature dependence of the shear
modulus will also be discussed.

All the simulations performed in this part are conducted
in a rectangle domain of size 1024Ax x 1024Ay, i.e., a 1024 x
1024 grid. A nano-single crystal sample with hexagonal lat-
tices (two-dimensional) is placed in the domain L x H =
TTag x 109a¢ = [150Ax, 874Ax] x [Ay, 1024Ay]. A small co-
existing liquid boundary of width 150Ax is included on both
left and right sides of the sample. The reason why we use co-
existing liquid at the boundaries is the requirement of solving
the dynamics equation in the MPFC model efficiently. Usu-
ally, the dynamics equation is spectrally implemented in the
Fourier space, thus the boundary conditions should be peri-
odic in all directions. So, to satisfy this requirement, the free
surfaces are created by choosing chemical potential to vary
spatially over narrow strips near the solid-liquid interfaces of
the system. This is accomplished by choosing values of » and
¢p from the coexistence region of the hexagonal solid and lig-
uid phase diagram.!®! By using a lever rule, the amounts of
liquid and solid in the simulated sample are set with no pref-
erence toward crystallization or melting, i.e., a stable interface
arises at the boundary. Thus the sample could be considered as
having periodic boundary conditions aty = 1 and y = 1024 and
free boundary conditions elsewhere. Several of the following
simulations require the incorporation of external loads. After
the sample has equilibrated (the relaxed state in Fig. 1(a)), the
atoms within the narrow strips (white line with an arrow in
Fig. 1(b)) at x; = 150 and x; = 874 are dragged at a constant
velocity v = 10~* along the y-axis in opposite directions (the
relaxed state in Fig. 1(b)). This is accomplished by adding an
external function to the original free energy functional %!

Fext = / dT‘G(x—xl)[(p<x7y’t) - (PO(xay_Vl‘)]z
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+G(x—x)[@(x,y,1) — go(x,y+v)]>, (A7)

where G(x) = exp(—x?/2062)/v2mc? is the standard Gaus-
sian function with width ¢ = ap/2 and @y (x,y) corresponds to
the analytical expression of the equilibrium ¢ field (Eq. (6)).
This added free-energy term has the effect of coupling the
crystalline field to another field which is translated at a veloc-
ity v. This coupling produces an applied force which causes
the lattice to translate at constant velocity +v.

Fig. 1. (color online) (a) Atom density field of a nano-single crystal
specimen in a relaxed state and (b) in a strained state during shear defor-
mation. Note that only a portion of the simulation sample is shown here.
(c) The white atoms in panel (a) are enlarged, which can schematically
illustrate the (111) plane in a hexagonal close-packed crystal lattice in
two-dimensions.

3.1. Shear deformation response

To demonstrate the presence of elastic relaxation modes
in the MPFC model, we performed simulations of a nano-
single crystal specimen as described above (the initial crys-
tal orientation equals to zero) under shear deformation. In the
PFC paradigm, the crystal atoms can be interpreted as the dis-
crete set of maxima of the continuous density field. Figure 2(a)
shows the position in the case of the row of atoms in [110]
direction (depicted by white atoms in Fig. 1(a)) at four dif-
ferent strain levels. Here, the atom position was extracted by
using the atomic position detection (APD) method,!?’! where
the locations of local maxima in the atom density field were
tabulated after each time-step. When the dragged atoms are
displaced by an amount Dy, which is vertical to the initial
[110] direction, a linear displacement distribution, D(y) =
Dy (y)/(uL) (u is the shear modulus), will be established. The
data (Fig. 2(a) with 8 = 0.9) clearly show that the crystal re-
sponse is consistent with elasticity theories, as shown by the
rigid tilting of atoms in the [110] direction. At the same time,
we can conclude that equation (3) can describe the elastic re-
sponse in strained crystals at finite strain rates.

On the other side, for B = 20, the crystal atoms fail to
react fast enough to the shear deformation and the behavior is
viscoelastic, as shown in Fig. 2(b). What is more, the curve
fails to obey a linear displacement distribution. It means that
the shear strain wave can only propagate with a limited range.
In Fig. 2(c), the propagating range W of the strain wave is
plotted with respect to the parameter 3. When 0 < f8 < 1,
the propagating range stays constant (shown in the insert of
Fig. 2(c)), which indicates that in this parameter range, the
system reveals an elastic response. When 8 > 1, the curve de-
creases dramatically. In this case, the system corresponds to

very overdamped dynamics and could model the viscoelastic
behavior. With the above analysis, we know that if we want
to simulate the elasticity response of the system, we should
choose the parameter f in elasticity regimes (0 < 8 < 1).
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g 520
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Fig. 2. (color online) Precisely detect atomic position along the row of atoms
in [110] direction of the nano-single crystal at four strain levels with differ-
ent effective vacancy diffusion coefficients: (a) § = 0.9, (b) = 20. (c) The
propagating range W of the strain wave is plotted with respect to the param-
eter B. The inset shows the enlarged images of the region enclosed in the
red shadow box.

3.2. Strain distribution in shear deformation

The purpose of this section is to demonstrate that the
MPFC approach can be used to investigate the elastic strain
response at atomic scales. In continuum models of a 2D lat-
tice, distortions of the lattice can be defined by numerical

28]
1 au,- 3uj
b= 2<axﬁaxi)v (18)

where ¢g;; describes the total strain tensor. The strains &, and

differentiation!

&y, represent the isotropic dilation (or compression) compo-
nents, while &, is the shear component (anti-clockwise posi-
tive). In order to obtain these strain components, here we use
a numerical image-processing technique named as the peak
pairs analysis (PPA) to precisely determine the strain field at
atomic length scales. The details of the method can be refer-
enced to Refs. [28] and [29].
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We have characterized the strain distribution for the speci-
men (the initial crystal orientation equals to zero) described in
Fig. 2(a) in Subsection 3.1. Figure 3 shows the shear strain
(&) distribution contours during shear deformation at four
different strain levels. Figures 3(a)-3(c) reveal a gradual in-
crease in the shear strain from the dragged atoms to the core
of the specimen during deformation. This is evidenced by the
gradual change in color from orange to green and to light blue.
Finally, there is an almost homogeneous distribution within the
whole specimen (Fig. 3(c)), which will be confirmed in the
following parts. Figure 3(d) shows the strain response to ex-
ternal applied strains. During the whole deformation process,
the values of &, and &, can be considered to be almost zero,
and &, is a linear function of the applied strain. According
to the linear elastic theory, the theoretical value of the applied
shear strain (engineering) is twice of shear strain &,,. The cor-
responding simulated result is &y = 0.5807&xpplied strain, indi-
cating the quantitative consistency with the elastic theory.

To illustrate the strain distributions in the local areas,
the strain pattern is further examined. Figure 4(a) shows the
variation of the strain extracted from the line regions, par-
allel to the applied shear direction at four fixed x pixels in
Fig. 3(c). The shear patterns in Fig. 4(a) are approximately
linear, which means that the strain wave propagates with the
same velocity along the x direction. In contrast, figure 4(b)
shows the same variation of strain but the line regions vertical
to the applied shear direction at four fixed y pixels in Fig. 3(c).
We can note that all the curves (Fig. 4(b)) are close to a sym-
metric distribution with the minimum strain value at the center
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600 f —0.011
400 !; ~0.020
200 E ~0.029
200 600 : —0.038
0.05- @ 0on
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0.04f  0.038
0.037},.-
0.036f

0.03}
Eyy

Exx

0.02-0— €ay
e linear fit of e, of

€ (Exy,Exe,Eyy)

0.01

0.066  0.069

1 1
0 0.02 0.04 0.06 0.08 0.10

Eapplied strain

Fig. 3. (color online) Shear strain field maps of &, calculated over the nano-
single crystal specimen (Fig. 1(a)) at three different strain levels respectively:
(a) eapplied =0, (b) eapplied = 0.0347, (¢) eapplied = 0.0679. The color bar
represents the variation of the shear strain, the positive value means counter-
clockwise rotation of the lattice and the negative value represents the opposite
rotation. (d) The curves of shear strain € (&, &y, &) response to the ex-
ternal applied strain (&ypplied strain)> € 18 obtained by averaging the strains of
all the atoms across the sample. The inset shows the enlarged images of the
region enclosed in the red shadow box.
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Fig. 4. (color online) Shear strain distributions over the nano-single crystal specimen. Strain data in panels (a) and (b) are extracted
from the four fixed line regions in Fig. 3(c) at different coordinate values (pixels). Strain data in panels (c)—(e) are acquired through
counting the strains of all the atoms in Figs. 3(a)-3(c), respectively, and the red solid line is the Gaussian profile.
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and with the maximum value near the dragged atoms, with
Kt = €qy(max)/Exy(0) = 1.795 (Ky is defined as the strain con-
centration), the value is in excellent agreement with the previ-

B0l in which the value is 1.8. To illus-

ous analysis results,
trate the strain distributions in the whole area of the speci-
men, the shear strain evolving distribution histograms are fur-
ther examined (Figs. 4(c)—4(e)). These histograms are gained
through counting the strains of all the atoms in the specimen
(Fig. 3(c)). From Figs. 4(c)—4(e), we can see that the Gaussian
profile matches the strain distribution extremely well without
regard to those atoms with a strain value very near zero. Fur-
thermore, the widths of the strain distributions are almost the
same. Thus we can confirm that the strain distribution in the
specimen interior is extremely uniform during the whole stage
of deformation.

3.3. Orientation dependence of the shear modulus

The magnitude of the material’s elastic anisotropy plays
an important role in elastic interactions. Here we show how
anisotropy enters into the model. The shear modulus of the
hexagonal crystal can be obtained by calculating the energy
costs for deforming the equilibrium state. First, we can con-
sider perturbations of the density field in an equilibrium state
(Eq. (6)), i.e.,

Punear(7) = @0 +A [COS(q(eréy))cos (\q/yg)

1 2qy
—Ecos (ﬁ)] (19)

In such calculation, & represents the dimensionless strain. Ac-
cording to Wu’s work, 3!l for small strains, we can set the g
value equal to the wave number of the unstrained state, and
assume the amplitude A is the same for simplicity. To deter-
mine the elastic energy, we substitute Eq. (19) into the free
energy functional of Eq. (1), which can be explicitly evaluated
in terms of A, g, and . Then minimizing the resulting free
energy with respect to & yields

o
I:shear:Fmin+(8)§2+"'a (20)

where o = (gA)?. To the lowest order in &, the elastic energy

density can be expressed as
Ca4 oo

AFshear = Fshear - Fmin = 76 . (21)

The elastic constants are then Cs4 = o¢/4 and the shear

modulus 1 = Cy4. But the above analytical calculation has

not considered the orientation dependence of the shear modu-

lus. Characterizing the modulus of the hexagonal crystal needs

two variants, the shear constant C44 and an orientation fac-

tor, as a function of O, where the angle is defined between

the [110] crystal direction and the directions of x-axis (per-
pendicular to the loading direction). For the purpose of cou-
pling the density field and the crystal orientation, we need to
start the calculation from the model. First choose two ba-
sic reciprocal lattice vectors (b; and b,) with the magnitude
described in Eq. (5), and a coordinate rotation maps the two
variables into new variables (b} and b)) so as to determine
the directions. The coordinate rotation can be described as
b, = [btcos(0) — b)sin(6)]2 + [bsin() + bl cos(0)]g (j =
1,2). Then the density field containing crystal orientation can
be obtained as @' (1) = ¥, @, e ™117%2) 4 gy To obtain the

n,m
elastic energy density, we substitute @'(7) into the free en-

ergy functional (Eq. (1)) and again use the same procedure
described in Egs. (1), (9), and (11).
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0 _
.30,[2111
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0.040 9 [170]
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0/(°)

Fig. 5. (color online) (a) Elastic strain energy density calculated from
the MPFC simulations with different initial orientations of hexagonal
lattice. (b) Orientation dependence of shear modulus pg. The inset
shows the polar plot of pg.

We have given a general analysis procedure for calculat-
ing the orientation dependence of the shear modulus. Since
the analytical calculation is too cumbersome when adding the
crystal direction angle 6 to the free energy functional, here we
focus only on the numerical approach to investigate how the
angle 0 influences the shear modulus. To accomplish this, we
repeat the similar simulation in Subsection 3.2 with the same
domain size and the same related parameters. The only dif-
ference is that the nano-single crystal specimens are sheared
with different initial crystal orientations. Figure 5(a) shows
the calculated elastic energy with different orientation angles.
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The energy change trends are consistent in all situations and
strictly fitted to the quadratic form of Eq. (21), where the shear
constant Cy4 is easily extracted. Figure 5(b) shows the orienta-
tion dependence of shear modulus (ig). Due to the symmetry
of the hexagonal structure, when the angle 6 equals to zero
or 60°, Uy reaches the maximum at the same time shown as
points A and C in Fig. 5(b), which correspond to the [110] and
[101] directions, respectively (shown in the inset). However,
when the shear direction in not parallel to the main crystal di-
rection, at the angle 6 of about 15°, g reaches the minimum
(point B in Fig. 5(b)). Traversing from the whole curve, we

can find that the shear modulus reflects the high anisotropy.

3.4. Temperature dependence of the shear modulus

In this part, we show the dependencies between the tem-
perature r and the shear modulus .. The effective temperature
r modulates the magnitude of the amplitude of the hexagonal
crystal, which changes the shear modulus. In Subsection 3.3,

we have obtained the relationship u, = & /4 = (qA)? /4, where

oo L/ 15r 3602
A—5<(p0 3 15r 36(,00).

Thus the analytic solutions can be easily obtained. What is
more, for the numerical solutions, we also repeat the similar
simulation in Subsection 3.2 with the same domain size and
the related parameters. The only difference is that the speci-
mens are sheared with different initial temperatures. Figure 6
shows the calculated elastic energy with different tempera-
tures. The energy change is also fitted to the quadratic form of
Eq. (21). The upper left inset of Fig. 6(a) shows the enlarged
images of the region enclosed in the red shadow box, which
shows that although the differences between these curves are
very close to each other, it can make a big difference in the
magnitude of the shear modulus. Figure 6(b) compares the
analytic and numerical solutions of shear modulus y, for a
variety of values of r. The results show that the numerical
solutions of u, decrease linearly with increasing temperature
(red solid line). For the analytic solutions, it is quite close to
the numerical solutions and becomes exact when the absolute
value of r is small enough, but a deviation from the numeri-
cal solutions occurs when the system temperature falls below
a certain value at r = —0.665. This deviation can be attributed
to the hexagonal lattice contraction due to the nonlinear cou-
pling of the principle reciprocal lattice vectors to higher order
reciprocal lattice vectors.3!l Thus the analytic results can in
principle be systematically improved by including higher or-

ders in the expansion of the density field.
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Fig. 6. (color online) (a) Elastic strain energy density calculated from
the MPFC simulations as a function of temperature r. The inset shows
the enlarged images of the region enclosed in the red shadow box. (b)
Temperature dependence of shear modulus (.. The red solid line is
an analytic calculation and the black points are from numerical simula-
tions.

4. Conclusion

We have presented the elastic properties of hexagonal
crystal in the context of the MPFC model. This methodology
allows propagating sound modes as long as 0 < § < 1. Val-
ues of 1 < B would correspond to overdamped dynamics and
reveal viscoelastic behavior. We have also quantitatively char-
acterized the strain distribution of the specimen. The results
show that when statisticed along the shear direction the strain
pattern reveals approximately linear, when statisticed vertical
to the shear direction, it is close to a symmetric distribution.

We have also presented a detailed theory analysis for de-
termining elastic shear constants when they depend on the
various parameters in the free energy functional of hexago-
nal crystal. The one-mode analysis provides a good guideline
for determining coefficients of nonlinearities of elastic energy
to obtain the shear constants. The shear constant g reveals
strong anisotropy; this phenomenon is intrinsically related to
the nonlinear coupling of the principle reciprocal lattice vec-
tors to the crystal orientation. In the case of temperature de-
pendence of the shear modulus, our analytical results obtained
in the one-mode approximation are borne out qualitatively by
numerical simulations until the system temperature falls below
a certain value.
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A highly interesting perspective is the extension of this
work to use multi-mode calculations for a more accurate eval-
uation of the shear constants. The calculation of the constants
performed here remains valid when considering the ampli-
tude and lattice constant changed with temperature due to the
higher-order reciprocal lattice vectors. What is more, a huge
volume fraction of defects, such as surfaces and grain bound-
aries, exist in the nanostructured crystals. Linear and nonlinear
elasticity constitute important contributions to the latter plastic
deformation of the nanostructures. Further study of this phe-
nomenon by using the MPFC model would be of great interest.
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