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In this paper, we made a new breakthrough, which proposes a new recursion—transform (R7') method with potential
parameters to evaluate the nodal potential in arbitrary resistor networks. For the first time, we found the exact poten-
tial formulae of arbitrary m x n cobweb and fan networks by the RT method, and the potential formulae of infinite and
semi-infinite networks are derived. As applications, a series of interesting corollaries of potential formulae are given by
using the general formula, the equivalent resistance formula is deduced by using the potential formula, and we find a new
trigonometric identity by comparing two equivalence results with different forms.
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1. Introduction

Searching for potential formula and equivalent resistance
formula of resistor networks is a classic research topic in elec-
tric circuit theory and physics. An important development in
circuit theory is that Kirchhoff, a German scientist, established
the node current law and the circuit voltage law in 1845.11]
From then on, resistor network models have been researched
more than 170 years. Nowadays, the resistor networks are at-
tracting more and more attention because they can be used
in both electrical and non-electrical system models, and the
simulation through modeling resistor networks has become a
basic method to solve complicated problems in the fields of
engineering and science.l'*3! For example, the computation
of resistance is relevant to problems ranging from classical
transport in disordered media,[*! electromigration phenomena
in metallic lines,[®! first-passage processes,[*! lattice Greens
functions,! random walks!®! to hybrid graph theory.!”! Mod-
eling resistor networks are also useful for researching exact
finite-size corrections in critical systems.[&gj In addition, in
physics and probability theory, the mean field theory can be
used to study the behavior of large and complex stochastic
models by studying simpler models such as finite disordered

10-12] The mean field theory has also been widely

networks. |
used in statistical mechanics, condensed matter in complex
systems, magnetism, structure transition, and other fields. In
order to obtain an analytical solution, the resistance of a regu-
lar resistor network with a perfectly ordered structure is calcu-
lated. If the heterogeneity is weak, the mean-field approxima-
tion is valid.!10-12]

The potential theory is an important theory in natural sci-
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ence and engineering, for example, Laplace equation is a kind
of second-order partial differential equation, Poisson equa-
tion is a kind of inhomogeneous Laplace equation,!'3-1° and
Laplace equation and Poisson equation are the simplest ex-
amples of elliptic partial differential equations. The general
theory of solutions to Laplace equation is known as the po-
tential theory. The solutions of Laplace equation, which are
all harmonic functions, are important in many fields of science
and engineering, notably in electromagnetism, astronomy, and
fluid dynamics, as they can accurately describe the behaviors
of electric, gravitational, and fluid potentials. In heat conduc-
tion study, the Laplace equation is the steady-state heat equa-
tion. The potential function has been applied not only in the
electrical theory, but also in non-electric fields, such as po-
tential fields obeying Laplace equation, although the physical
properties of different potential fields are different but if they
have similar boundary conditions. Due to the uniqueness of
Laplace equation, a potential field of solution or the poten-
tial field model experiment of surveying and mapping of hot
surface or flow chart can be shared with other potential fields
after corresponding physical quantity of conversion. Thus,
a large number of studies in natural science and engineering
can be solved by the potential function equation. However,
problems in real life are usually complicated because of dif-
ferent boundary conditions. A tiny change of boundary con-
ditions affects the solutions. Therefore, accurately calculating
the solution of Laplace equation under complex boundary con-
ditions is difficult and approximate methods are usually used
to obtain approximation solutions which meet actual needs, in
which a common method called the finite difference method
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was established to study the approximate solutions of differ-
ential equations and integral differential equations.!'3>~19) The
basic idea of the finite difference method is to use a finite num-
ber of discrete points of grid instead of a continuous definite
region, these discrete points are called grid nodes, and that is
to say, the finite difference method is implemented by means
of grid models. Because network models have specific visual
features, if we use the resistor network model to solve the fi-
nite difference problem, the electric potential of each node will
represent the solution of function equation to be solved. If the
potential analytical solution of each node in the resistor net-
work model is obtained, we can precisely obtain the analytical
solution of differential equations. However, to find exact so-
lutions of nodal potential in resistor networks is important but
difficult, the previous theory has not been work out the precise
formula of electric potential of each node in resistor network
models.

From the research history, we find that it is difficult to ob-
tain the exact potential and resistance in an arbitrary m X n re-
sistor network with an arbitrary boundary, because the bound-
ary is like a wall or trap which affects the behavior of finite

20-36] Therefore, several different effective meth-

networks. !
ods used to calculate the equivalent resistances of resistor net-
works with different geometric constructions have been pro-
posed. In 2000, Csertil?%! evaluated the two-point resistance
of infinite lattices by using Green function, which cannot be
applied to finite resistor networks. In 2004, Wu??! proposed
a different approach (called Laplacian matrix method) and de-
rived explicit expressions of two-point resistance in arbitrary
finite and infinite lattices in terms of the eigenvalues and eigen-
vectors of the Laplacian matrix relying on two matrices along
two vertical directions. After that, the Laplacian approach has
been extended to complex impedance networks!?*! and resistor

24.25] However, as the

networks with a zero resistor boundary.!
Laplacian method cannot be applied to a matrix with arbitrary
elements, which is incapable to solve the eigenvalue problem,
this approach cannot solve resistor network problems with ar-
bitrary boundaries.

In recent years, a new recursion transform (R7") method
was proposed by Tan,?°28 the RT method, depending on
one matrix along one direction, is different from the Lapla-
cian method. With the development of RT technique, some
problems of resistor networks have been resolved. 207361 Al-
though fruitful research results on the equivalent resistance of
resistor networks have been obtained, the nodal potential of
the resistor network has not been obtained. Therefore, in this
paper, we make a new breakthrough for studying the nodal po-
tential of resistor networks. The previous RT method (628! ig

based on current parameters, this paper further generalizes the

RT method and promotes the R7T method to suit to potential
parameters. We find that the RT method can solve the analyt-
ical solutions of the potential of each node in resistor network
models, thus our method can solve the Laplace equation with
complex boundary conditions.

In addition, the resistor network model, which has been
applied to a number of disciplines, is an interdisciplinary

t.3743] Therefore, the construction of and research on

subjec
resistor network models can be useful in theory and applica-
tion.

In this paper, we investigate the potential formula of ar-
bitrary m x n cobweb and fan networks, which have not been
resolved before. We focus on providing a new theory and tech-
nique useful for related scientific research.

This paper is organized as follows. In Section 2, we
present potential formulae of the cobweb and fan resistor net-
works. In Section 3, we illustrate RT method by using the cob-
web network model. In Section 4, some new applications of
potential formulae in infinite and semi-infinite cases are given.

Section 5 gives the discussion and summary.

2. The main result: potential formula

2.1. Potential formula of the cobweb network

We consider an arbitrary m x n resistor cobweb network
with resistors ry and 7 in the respective longitude (radius) and
latitude (circle) directions, where m and n are, respectively, the
numbers of resistors along longitude and latitude directions as
shown in Fig. 1. Assume that the center node O is the origin
of the rectangular coordinate system and a longitude acts as
Y axis. Denote the nodes of the network by coordinate {x,y}
and the potential of node d(x,y) is Upxn(x,y) = V) as shown
in Fig. 2.

Fig. 1. An 6 x 12 resistor cobweb network, where 6 and 12 are, respec-
tively, the numbers of resistors along longitude and latitude directions.
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Fig. 2. Segment of resistor network with potential parameters.

By assuming that the current J goes from d;(x1,y;) to
dy(x2,y2), selecting dy(0,0) as the reference point of the po-
tential, and U,,x,(0,0) = 0, the potential of an arbitrary node
in the m X n cobweb network can be written as

Umxn(xvy) — 4r i g)(fil)7xS)'l i g)(CiZ)vxS."Zvi S (1)
J 2m+ 1 = P ) o

where 6; = (2i — 1)x/(2m+1), S,, ; = sin(yx;), and

gJ(Ci),x = Fn*\xsfx\ J'_F\xsfx\’ Fk<i> = ()“ik - j“ik>/()“i - Ai)~ ()

Define h = r/ry and

A= 1+h—hcos9,~—|—\/(1+h—hC059i)2—17

7L,-:1+h—hcos9,-f\/(1+hfhcose,-)271. 3)

In addition, equation (1) can be expressed in another form as

Umxn(xay) _ 4r i f)gf),XSyl,i_f)g;zx V2l S, (4)
7 2m+1 & \ sinh(2L;)sinh(nL;) |™"

where f;?x = cosh[(n — 2 |xs — x|)L;], and

e?li =, cosh(2L;) =1+ h—hcos6;. 5)

2.2. Potential formula of the fan network

Consider an arbitrary m X n resistor fan network with re-
sistors rp and r in the respective longitude and latitude direc-
tions, where m and n are, respectively, the numbers of resis-
tors in longitude and latitude directions as shown in Fig. 3.
All definitions of parameters are the same as these in the sec-
tion above. The potential of an arbitrary node in the m x n fan
network can be written as

() m (R0 (i)
U(O,O) 2rp Z (ﬁxl\/xsyl,i _ﬁxz\/xsyz,i> Syj, (6)

J o 2m+1 (1 —cos 9,~)Fn<jr)1

i=1

where 6; = (2i— 1)x/(2m+1), S, ; = sin(y6), AF =
F (@) F @ and define

k+1 7 Tk o
ﬁ(l) . AF:V(J)AF,SL)X, lf X 2 Xs, (7)
VE T AR
AF; AanxS, if x <xs.

In particular, when the output current J is at the center of
0(0,0) (the origin of coordinates) and the input current J is
at the left edge of d;(0,y), the potential formula of the node
d(x,y) in the m x n fan network can be written as

) m '
(00) _ _4r y ( cosh[(2n+1—2x)L;] )S, .
J 2m+1 & \sinh[2(n+ 1)L;]sinh(L;) ) """
(®)
where 6; = (2i—1)x/(2m+1) and L; has been defined in
Eq. (5).

Equations (1), (4), (6), and (8) are potential formulae of
point d(x,y) in arbitrary m x n cobweb and fan resistor net-
works, which are found for the first time. In the following sec-
tions, we derive them by using the RT method with potential
parameters.

Fig. 3. A fan m x n resistor network, where m and n are, respectively,
the numbers of resistors along longitude and latitude directions.

3. A general theory and approach

In this section, we first derive Egs. (1) and (4), and then
derive Egs. (6) and (8) by the generalized RT method. The RT
method divides the derivation into four steps: first, construct
a matrix relation between the potentials in three successive
transverse lines; second, derive a recursion relation between
the potentials on the boundary; third, diagonalize the matrix
relation to produce a recurrence relation involving only vari-
ables in the same transverse line; fourth, implement the inverse
transformation of matrix to yield the node potential.

3.1. Modeling the matrix equation

Consider that the center node O is the origin of the rect-
angular coordinate system and longitude OA acts as Y axis
as shown in Fig. 1. Denote the nodes of the network by co-
ordinate {x,y}, denote the potential in all segments of the net-
work as shown in Fig. 3, and assume that the potentials at node

d(x,y) is Upxn(x,y) = ) and at the center is VO(O) =0.
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Firstly, we research the segment of resistor networks with
potential parameters as shown in Fig. 3. We focus on four rect-
angular meshes and nine nodes, using Kirchhoff’s current law
(Xri Vi=
can obtain the node potential formula as follows by ignoring

0) to the node along the longitude axis of kth, we

the external current source:

D —w? =1,

1
v =@+2my -
v, = 2+2mv?

m m—1
v,f+ff(2+h)v,§)fv,fjfhv,f ),

hV(’ D_pyl 1 <i<m,
i=m, &)

where h = r/ry. Equation (9) can be written in an matrix form
by considering the injection of J at d; (x1,y1) and the exit of J
atds(x2,y2),

Vi1 = AnVi = Vi1 —rli, (10)
where V; and I} are, respectively, m x 1 column matrices, and
reads

V=M v v (11)
1) = (84 4~ 81,0, (12)

where [ ]T denotes matrix transpose and

(24+2h) —h 0 0 0
—h  (242h) —h 0 0
A, = : : : : . (13)
0 0 —h (242h) —h
0 0 0 —h  (2+h)
Second, we consider the boundary conditions in Y axis of the
network. Applying Kirchhoff’s current law (¥ r;” W, =0) to
the nodes adjacent to Y axis, we obtain
‘/n—l"“/l :Am%a (14)
VWw=V,=A,V,_1 -V, (15)

where matrix A,, has been given in Eq. (13) .

Equations (10)—(15) are all equations needed to calculate
the potential formula. However, it is impossible for us to ob-
tain the solution of the potential matrix directly by Eqgs. (10)—
(15). How to solve matrix equation (10) is the key to the prob-
lem. Therefore, we establish the following method of matrix
transform to resolve this problem indirectly, the matrix trans-
form method is our key technique.

3.2. Approach of matrix transform

Because equation (10) is a complex matrix equation
whose solution cannot been obtianed directly, we rebuild
a new difference equation and solve Eq. (10) indirectly by
means of matrix transform in this subsection.

Firstly, we multiply Eq. (10) at the left side by an mxm
undetermined square matrix P,

vak+1 = PmAka — vak—l — }"PmIk. (16)

Construct the transformation of diagonal matrix by the follow-
ing two identities:

det |Am - tEm‘ = 07 PmAm = Tuma (]7)

where FE, is an m X m identity matrix and T,

diag(t1,t2,. .. ,tm).
which is Hermitian, it can be diagonalized by a similarity

Since A,, is a special tridiagonal matrix

transformation. Solving Eq. (17), we obtain
=2(14+h)—2hcos 6;, (18)

where 6; = (2i — 1) /(2m + 1) and the matrix of eigenvectors
is (one may refer to Ref. [32])

sin@; sin20; --- sinm6;
sin@ sin26, --- sinm6;

P, = ) . . ; (19)
sin 6,, sin26,, --- sinm6,,

with the inverse matrix (one may refer to Ref. [32])

sinf; sinH, sin 6,
4 sin26; sin26, - sin26,,
= . (20)
2m—+1 : ) :
sinm@; sinm6,, - sinm0,,
For convenience, by Eqgs. (16) and (17), letting
P,Vi=X; or Vi=(P,)"' X, @1
where X, is an m x 1 column matrix and reading
T
X, =[xV x2 . xm] 22)

thus, we obtain the following main equation after applying
Egs. (17) and (21) to Eq. (16):
— X,

X

k+1 - rJCy,ia (23)

where (simply read {y, ; as {1, and {,, ; as &3 ;)
1 =siny;6;, §;= —siny,6;. (24)

We conduct the same matrix transform as used in
Eq. (23). Applying P, to Egs. (14) and (15) on the left-hand
side, we obtain

x4 x® = x, (25)
X\ = x0 = x —x,. (26)

Equations (23)—(26) are all essential equations for solving the

potential by solving the matrix of Xk(i). By using the above

matrix transform, we can obtain variable Xk(l) with potential

parameters.
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3.3. General solutions of the matrix equations

Next, we derive the exact solution of X; by Egs. (23)—
(26). Supposing that A; and A; are the roots of the character-
istic equation for X; in Eq. (23), we obtain the characteristic
roots (3) according to Eq. (23).

From Eq. (23), we obtain the piecewise solutions after
considering the injection of current J at d (x1,y;) and the exit
of current J at d»(x2,y2),

X =x{"F" - x"FY\, 0 <k <, 27)
x =X - x0 g, (28)
X = X)Sf)ﬂszi)x] —X)gf)F;fi) 5 <k<x, (29
Xx(z)ﬂ =Xy —X (2 1 =1 G, (30)
lei) = Xgllﬁfi)@ —X§2>F,fi)X2_1, xn<k<n, (@3l

where F = (AF—2F) /(% — ;) has been defined in Eq. (2).
Solving matrix equations (25)—(31), we obtain the general
(i)

solution of X, with potential parameters (0 < k < n),

(0 200
(F g HEf 8+ B+ F )6

AN+ =2 ’
(32)
has

X)Ei) =rJ

where {;; and {,; have been given in Eq. (24) and Fk(i)

been defined in Eq. (2).

3.4. Matrix inverse transform

In this section, we derive the potential formula by matrix
inverse transformation. Using Eq. (21), Vi = (PB,,) ! X, and
expanding the inverse matrix, we have

v §in  sin6s sin6,, \ (X,
vk<2> 4 [ sin26; sin26, --- sin26, Xk<2>
_ 2m+1 : : . : :
Vk<m) sinm0; sinm6y, --- sinmO, ) \ x(m
(33)
According to Eq. (33), we have
m
ZXk sin(y6;), (34)

111

where X,gi) has been given in Eq. (32). Substituting Eq. (32)
into Eq. (34), we obtain

m (i) (i)
(Y) _ 4r gX],)CC],i +gx2,xC2,i . ;
=i sin(y6;).  (35)

v, i
k AP A2

Substituting Eq. (24) into Eq. (35), we therefore obtain Eq. (1).
In addition, when A; = e*Li (one may refer to Ref. [30]),
substituting to F = (A=A /(A — L) yields

ML _ e=2MxLi Dsinh(AxL;) cosh(AxL;)

(i _ ¢
d sinh(2L;) ’

Ax T T oL _ o2l (36)

(i) (i) _ 2sinh(nL;)cosh[(n —2Ax)L;]
Frma i = sinh(2L;) ’ 7

Since A; = e2i and A; = e 2L, we have

M AA —2= (AP =AM = asinb’(nLy).  (38)

Substituting Egs. (36)—(38) into Eq. (1), we therefore obtain
Eq. (4).

3.5. Deriving quations of the fan network

Similar to that of the cobweb network, we calculate the
potential of fan network by an major matrix equation and two
boundary condition equations. The major matrix equation
of the fan network is just exactly the same as Eqgs. (9)—(13),
and its main transformation matrix is just Eq. (23), while the
boundary condition equations of the fan network are different

from those of the cobweb network, they are
Vi=(An—E)V, (39)
Viii = (A — E)V,. (40)

We conduct the same matrix transformation as that in Eq. (16).

Applying P, to Egs. (39) and (40) on the left-hand side, we
obtain

x9 = ;- 1)x", (41)
x9 = (- 1)x). (42)

where Xk(i) has been defined in Eq. (21).

Equations (23), (41), and (42) are all essential equations
for solving the potential of the fan network. Similar to the
derivation of the cobweb network, by Egs. (23), (41), and (42),
we work out after some algebra and reduction the general so-
lution of X,Ei) with potential parameters (0 < k < n),

B+ B G

(ti—2)F,

x =

rJ, (43)

where ¢#; has been given in Eq. (18) and ﬁx{’)w has been defined
in Eq. (7).

Next, we derive the potential formula by matrix inverse
transformation. Using Eq. (21), we have V; = (P,,) ™' X}, to-
gether with Egs. (20) and (43), we therefore obtain

r ¢ Bxl xCll+ﬁx2 8o

2l S -2F,

v = sin(y6).  (44)
Substituting Eq. (24) into Eq. (44), we therefore obtain Eq. (6).
In addition, similar to the approach to prove Eq. (4), we
can easy prove Eq. (8) by using A; = e2%i and A; = e 2L,
For the first time, we obtained two general potential for-
mulae of arbitrary m x n cobweb and fan networks by the RT
method, which provides a new theoretical method for related

scientific research.
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4. Applications of the potential formula

In this section, we mainly give a series of specific appli-
cations of the potential formula of the cobweb network under
different conditions. In the applications below, we always as-
sume that Uy, cn(0,0) = 0, U{gd) = Upxn(%,¥) = Unxn(0,0),
and U (eo,00) = 0.

4.1. Specific potential in the finite network

Application 1 Consider an arbitrary mxn cobweb resis-
tor network as shown in Fig. 1. Assume that the output current
J locates at the center of O(0,0) (the origin of coordinates),
the input current J locates at an arbitrary node d; (x1,y;), the
potential formula of the node d(x,y) in an arbitrary m X n cob-
web network can be written as

O
! L sin(y1 6;) sin(y6;).

(45)

()
Yooy — 4r 3
I 2m4l4 A4 A2

Derivation of Eq. (45) is as follows.

When the output current locates at the center of 0(0,0),
y2 = 0 and the input current locates at the node of d; (x1,y1),
we obtain

Syz,i = SOJ = Sil‘l(yz@i) = 07 Syl.’,' = sin(y16,-). (46)

Substituting Eq. (46) into Eq. (1), we immediately obtain
Eq. (45).

Application 2 When the input current and output cur-
rent locate in the same longitude, the current J goes from node
dy(x1,y1) to node d(x1,y;). From Eq. (1) with x, = xj, the
potential formula of node d(x,y) in the m x n cobweb network
can be written as

0,0) 4r o Sy =SS\ )
_ - 47
J 2m+1 ; li'7+)[li"—2 gxl,Xa ( )

where gfci),x has been defined in Eq. (2).

In particular, when the node d(x,y) = d(x,y) locates in

the same longitude axis with d; = (x1,52),

(x1,y1) and dp =
the potential formula (47) reduces to

(0.0) dr B Sy =S, )Syi | 26)
= - F,"’. 48
7 2m+ll§{< A+ AT —2 %)

Application 3 When the current J goes from d; (x,y) to
dy(x2,y1) and the two current nodes locate in the same latitude,
from Eq. (1) with y, =y, the potential formula of an arbitrary
node d(x,y) in the m x n cobweb network can be written as

(x,y) .
U mo (0 0

(0 ) gXl WX gxz, ) )

/ 2m Y (l" . )Sn-,zsw- (49)

Application 4 In Fig. 1, assume that the current J goes

from d;(x;,y;) to the two output nodes of ds(x2,y;) and

ds(x2,y3), where two output currents are respectively J/2, this
situation is regarded as two independent current sources. From
Eq. (1), the potential formula of an arbitrary node d(x,y) in the
m X n cobweb network can be written as

(xy) i i
U(O 0) _ i 2gx1 xSq Ji g)(clz),xsyz,i - g)(f3>.,x5y3,i S
J 2m+ 15~ AT A — -
(50

where Sy ; = sin(y;6;) has been given in Eq. (1) and gizx has
been defined in Eq. (2).

Application 5 When the input current has k nodes, as-
sume that the output current J locates at the center node
0(0,0) and the input currents have k nodes of dj(xg,y1) (k=
1,2,...,k) in the same latitude, which is J/k. The potential
at node d(x,y) is composed of the sum of k potentials. From
Eq. (45), we have the potential formula

(xy)
U in(v16,) sin(v6; koo

(00) _ 4 y sin(y1 6;) sin(y6;) 12 ORI
J o 2m+1 Arrar—2 \k '

i=1 k=1

Application 6 When the input current has n nodes, as-
sume that the output current J locates at the center node
0(0,0) and the current inputting to node dj(xg,y1) (k =
1,2,...,n) in the same latitude is J /n. From Eq. (51), we have
the potential formula

(x)
U m sin(y:6;
(07()) 2r0 sm(y19,) . )
T nmy 1); p—— sin(y6;). (52)

Derivation of Eq. (52) is as follows.

When there are n independent current sources, each node
potential is the summations of n potentials since the potential
is a scalar. Using Eq. (51) with k = n, we compute the sums of

n R
Y g)(ci),x- From Eq. (2), we have
k=1

Z gfrilx - Z (Frfi)|xk7x\ +F|§Clk>*x‘)
k=1 k=1
AP+ —2  AAN

2 -2
— L 1 — 1 1 . 53
=2 2h(1 —cos6;) (>3)

Substituting Eq. (53) into Eq. (51) with k = n, we therefore
obtain Eq. (52).

Equation (52) gives an interesting result as it has nothing
to do with x, but only related to y. This equation shows that
the nodes in the same latitude have the same potential, which
is completely in line with the facts.

4.2. The potential in the infinite network

Application 7 Assume that figure 1 shows an infinite
network and the electric current J goes from node d; (x;,y;) to
node ds(x2,y2). By supposing the potential at node dy(0,0) is

090503-6
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U(0,0) = U(w) =

be written as

0, the potential formula of node d(x,y) can

de,
(54)

Us(x,y) 1 /” L‘,xl_x‘ cos(yl—y)G—i(sz_xl cos(y2—y)6

J 2mlo v/ (1+h—hcos )2 —

where Ag = 1 +h—hcos® — /(1 +h—hcos6)2 —
Derivation of Eq. (54) is as follows.
In order to derive Eq. (54), the following integral theory
is necessary. If ¢ = (2k—1)n/(2m+ 1), we have A¢; =

Or1 — O =27/ (2m+1). In the limit of m — oo, we have

,,HmeH Zg o) = o= [(el0)a0. 59

First, we consider the case of n — oo with finite m. By using
Eq. (2), we obtain

(i) F(’) +F< i) |k—xs|
Y Al

lim Aggigﬁfigggf:: lim k=l 'k sl (56)
Prren) )yn + l" Praren) )’in + lin li — X

Taking m,n — oo and applying Eqgs. (55) and (56) to Eq. (1),
we therefore obtain Eq. (54).

4.3. Expressing the potential by resistance

Application 8 Assume that figure 1 shows an infinite
network and the electric current J goes from node d; (x1,y;) to

node d;(x3,y,). By supposing U(0,0) = U(ee) =0, the poten-
tial formula of node d(x,y) can be written as
J
U(x,y) = 5 (Raa, — Raa,) (57)

where Ryq, represents the resistance between two nodes d(x, y)
and dy (xx,yx) in an infinite network, which is (one may refer
to Ref. [27])

o /ﬂ 1 —il)x’f_x‘ cos(yx —y)8

de. 58
V(I +h—hcos8)2—1 %)

4.4. The potential formula in the semi-infinite network

Application 9 Assume that figure 1 shows a semi-infinite
cobweb network, where m is infinite, but the grid number n
in the latitude line is finite, and (x,y) and (x,y;) are finite.
When the output current is at node O(0,0) and the input cur-
rent is at node d; (x1,y1), the potential of node d(x,y) in the
semi-infinite cobweb network can be written as

T

Ad+AL—

(xy)
U n
=), sin(y16)sin(»0) o,

(59)

where Ag = 1 +h—hcos® — /(1 +h—hcos0)? —1.

In particular, when m,n — oo, y1,y and x| — x are finite,
taking n — oo in Eq. (§9), we obtain the potential of node
d(x,y) in the semi-infinite cobweb network as

(1)
Uto)

J

ro(r. . 7 |x1—x|
:ﬁ/o sin(y;0)sin(yf)A,"' "'d6.  (60)

4.5. Application of the potential of an infinite network

Application 10 Assume that figure 1 shows an infinite
network, the input current J locates at dy(xo,yo), and the out-
put current locates at infinity. By supposing that the potential
at node do(xp,yo) is Up, the node potential of an infinite cob-
web network can be written as

1\x7x0| —v)6
/ cos00 =98 45 (61
V(I +h—hcos8)2—1

U(x,y) =

where Ag = 1 +h—hcos® — /(1 +h—hcos0)2 — 1. While
equation (61) can be written in another form

J
U(x,y) =Uy— ERdd(y (62)

Derivation of Eq. (61) is as follows.
Assuming that the input current J locates at do(xo,y0) =
dy (x1,y1), from Eq. (54), we have

A2 cos(y2 — )0

T1—
/ V(1 +h—hcos6)2—

U() = xo,yo d97 (63)

and then, the potential difference between two nodes d(x,y)
and d() ()Co,yo) is

de

U—U-—VJ/%Zfr“m“m—WG—ifﬂ“D%n—WG
*on v/ (1+h—hcos )2 —
-]/ﬂlifszONmyMG
v/ (14+h—hcos )2 —

de. (64)

Since dy(x2,y2) locates at infinity, then xp,y, — oo, because
0< &sz*x‘ < 1 and x is finite, we have /_l(‘,xrxl -0, ngz*xOI —
0, thus, taking Eq. (64) to limit, we therefore obtain Eq. (61).
In addition, applying Eq. (58) to Eq. (61), we immediately ob-
tain Eq. (62). Please note that equations (61) and (62) are only
suitable when the output current is at infinity.

Application 11 Assume that figure 1 shows an infinite
network, the input and output currents locate in the same lati-
tude, and the current J goes from d (x1,y;) to da(x2,y1), sug-
gest the potential at infinity is zero. According to Eq. (54), the
potential of node d(x,y) can be written as

(" 2™ ") cos(yi —3)6
V(1 +h—hcos8)?—

Us(x,y)

r T
J _EA

The coordinate scope of Eq. (65) is suitable for all coordinates.

e, (65)

Application 12 Assume that figure 1 shows an infinite
network, the input and output currents locate in the same lon-
gitude, and the current J goes from dj(x1,y1) to da(x1,y2).
Suppose the potential at infinity is zero. According to Eq. (54)
the potential of node d(x,y) can be written as

MALy)_if/ﬂiglﬂk%bn—wﬂ—cmbu—WG

- d6,
J 2z Jo V(I+h—hcosB)? —

(66)

090503-7



Chin. Phys. B Vol. 26, No. 9 (2017) 090503

Application 13 Consider a semi-infinite « x n cobweb
network, assume that the output current at the center node
0(0,0) is J and the current input to the nodes dj (x¢,y1) (k =
1,2,...,n) in the same latitude is J/n. Applying Eq. (55) to
Eq. (52), we obtain the potential formula of the semi-infinite
network

sin(y10)

(x,y)
U T
©0) _ 7o / sin(y8)d6. (67)
0

J wnlo 1—cos@
As we all know, it is difficult to compute the potential based
on the multiple nodes of the current input and current output
in science. However, the research methods in this paper can

resolve this problem.

4.6. Resistance formula of an m X n cobweb network

Application 14 Consider an arbitrary m X n resistor cob-
web network with resistors r and ry in the respective latitude
and longitude, where m and n are, respectively, the numbers
of grids along longitude and latitude directions as shown in
Fig. 1. The equivalent resistance between two arbitrary nodes
dy(x1,y1) and da(x2,y2) in an arbitrary m X n cobweb network
can be written as

Rm><n(dl ,dz)

_ 4 g RIS 2SS

C2m+15 AT -2 ’
where Ax = |xp — i = sin(yx6;), and Fk(i) and A; have

been, respectively, defined in Egs. (2) and (3).

The derivation of Eq. (68) is as follows.

Suggesting that the potentials at nodes of d;(x;,y;) and
d(x2,y>) are U<(xl Y1) and %272 and by Ohm’s law, we have

0,0) (0,0)
1 x X2,
Ran(dl,dz) J(U((()l(l;l) U((02(J§)2)) (69)

Substituting (x,y) = (x1,y1) and (x,y) = (x2,y2) into Eq. (1),
we obtain the values of U(%C"O’f " and U((é‘fo’)y 2) substituting them
into Eq. (69), we therefore obtain Eq. (68).

Application 15 Similar to the derivation of Eq. (68), us-
ing Eq. (4), we obtain another resistance formula expressed by

the hyperbolic functions as

2r
mxn(dl >d2) 2m+ 1
y i cosh(nL;)(S3 ; +S3,) — 2cosh[(n — 2Ax)L;]|S1 iSa, 0)
prt sinh(2L;) sinh(nL;) ’

where L; = InA;/2, S ; = sin(y6;), Ax
been defined in Eq. (3).

Please note that the resistance of an arbitrary m x n re-
sistor cobweb network has been studied in Refs. [24], [28],
and [31], by comparison, we find that all resistance equatons

= |x, —x1|, and A; has

are completely equivalent although different calculation meth-
ods were used.

4.7. Resistance formula of an m x n fan network

Application 16 Consider an arbitrary m X n resistor fan
network with resistors » and rg in the respective latitudes
and longitudes, where m and n are, respectively, the numbers
of grids along longitude and latitude directions as shown in
Fig. 2. Assume that the center node O is the origin of the
rectangular coordinate system and the left edge acts as Y axis.
Denote nodes of the network by coordinate {x,y}. The equiv-
alent resistance between two arbitrary nodes d;(x1,y;) and
dz(x2,y2) in an arbitrary m x n fan network can be written as

2rg
an(d17d2) 2 +1
dL ﬁ)q X1 n i 2ﬁX1 XzS\l lSyz i +ﬁx2 X2 )27 (71)
i=1 (1—cos6;)F, n(+)1 7

where x| < x2, S,; = sin(y6;), ﬁ)gf,‘ = AFX(:)AF,fi)x, and F",
A; have been, respectively, defined in Egs. (2) and (3).
(0,0) is at the center O,

from Eq. (71), we have the resistance formula

m AR .
21‘0 ZAF:\CZA n—xy s1n2(y26,~) : (72)
2m+1 Jal 1 —cos6;
n—+1

In particular, when d (x1,y;) =

mxn(dl dZ)

Please note that the resistance of an arbitrary m X n re-
sistor fan network has been researched in Refs. [27] and [31],
by comparison, we find that all resistance formulae are com-
pletely equivalent although different calculation methods were
used.

4.8. Comparation and product identities

Reference [24] gave a resistance formula between two ar-
bitrary nodes in m x n cobweb resistor networks by means of
the Laplacian matrix method, which is in the form of double
sums. The equation is

2r
Ruxn(d1,da) = m
M N— 1S2 — 281 mSo mcos(x@,) .
sz’lnz’ lfcos(pn)Jrh(lfcosG ) (73)

where x = x, — x1, S = sin(yx6,) and @, = 2n7w/N, 6,, =
2m—1)m/(2M+1).

This paper gives Eq. (68) by the RT method, obviously,
the two results with different forms are necessarily equiva-
lence because they are from the same network with the same
coordinates. Comparing Eq. (68) with Eq. (73), we immedi-
ately obtain a new identity below

Proposition Define F = M =A5/(—L), 6 =
QRi-1)m/2M+1), ¢, = 2n7r/N, Sk,i = sin(yx6;). When M,
N and x,y; are natural numbers, and 0 <x <N —1, 0 <y,
y» < M, we have the following identity:

1 MN-1S?. 4+83.—25,5;cos(xQ,)
2NIZMZ 1—cos<pn)+h(l—cose)
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F]S/i) (S%,i =+ Sii) - Z(Fx(i) + F]\(,ilx)SLiSZ,i
i=1 AN -2 7

(74)

where A; and 1,- have been given in Eq. (3).
Equation (74) is interesting as it simplifies double sums to
a single sum. In particular, when x,m,n and y;,y, are specific
values, we have the following simple trigonometric identities.
Case 1 When y; = y,, equation (74) reduces to

LGN St —cos(xgn)]

2N i=1n=0 (I —cos@,)+h(1 —cosb;)
%Sz () Fxm_FA(/i)x) s

5 AN+ -2

where S; = sin(y6;), 6; = 2i—1)n/2M+1), and ¢, =
2nw/N.
Case2 When M = 1, ¢, =2n7/N, equation (74) reduces

to
1G! 8T+ 55— 2815) cos(xgn)
N &=  2(1—cosq,)+h
RS+ 2R + RS, 76)
AN AN -2 ’
where S = sin(y;/3), Sy = sin(y27/3), y1 = {0,1}, y» =

{0,1}, and

=14 2nry [ (14 2n 2 I =14ih I+ 2h 2 1

) 2 SR 2 '
These identities are interesting because they come from
physics rather than mathematics. Please note that the above
identities are found for the first time by this paper.

5. Discussion and summary

In this paper, we obtained a series of exact potential for-
mulae in arbitrary m x n cobweb and fan networks by develop-
ing the RT method. In some extent, we obtained the analytical
solutions of Laplace equations in a variety of boundary con-
ditions by the RT method, because Laplace equation can be
simulated by resistor network models.

Take the cobweb network as an example, the RT method
divides the derivation into four steps: first, construct the ma-
trix relation of the currents (or voltages) in three successive
transverse lines; second, build boundary condition equations
of the currents (or voltages); third, diagonalize the matrix re-
lation to produce a recurrence relation involving only variables
in the same transverse line. Basically, the method reduces the
problem from two dimensions to one dimension; fourth, im-
plement the inverse transformation to matrix to calculate the
node potential (or branch currents).

As applications, we obtained general potential formu-
lae (1), (4), (6), and (8) in arbitrary m x n cobweb and fan

resistor networks. The equivalent resistance formulae were de-
duced by using potential formulae (68), (70), and (72). As ap-
plications of Eq. (1), some interesting results were produced,
and the resistance formulae (68), (70), and (72) were pro-
duced. The RT method and potential formulae (1), (4), (6),
and (8) are useful in theory and practical applications.
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