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Thermal noise is one of the most fundamental limits to the sensitivity in weak equivalence principle test with a rotating
torsion pendulum. Velocity damping and internal damping are two of many contributions at the thermal noise, and which
one mainly limits the torsion pendulum in low frequency is difficult to be verified by experiment. Based on the conventional
method of fast Fourier transform, we propose a developed method to determine the thermal noise limit and then obtain the
precise power spectrum density of the pendulum motion signal. The experiment result verifies that the thermal noise is
mainly contributed by the internal damping in the fiber in the low frequency torsion pendulum experiment with a high
vacuum. Quantitative data analysis shows that the basic noise level in the experiment is about one to two times of the

theoretical value of internal damping thermal noise.
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1. Introduction

The weak equivalence principle is the foundation of the
general theory of relativity, which states that the gravitational
mass and the inertial mass of any object is equivalent.!'=]
However, almost every theoretical attempt to unify the grav-
ity to the other three interactions allows for a violation of the
weak equivalence principle in some degree.!®’] Therefore, a
high precision measurement of the weak equivalence princi-
ple has greatly important scientific significance.

As an extremely sensitive measuring device, the torsion
pendulum plays an important role in weak force detection,
which has been recognized and applied widely to the exper-
iment of gravitational physics over the last two centuries since
Cavendish’s measurement of gravitational constant G.[3! Dur-
ing that span it has played the central role in the laboratory ex-
periments of weak equivalence principle test, Newtonian grav-
itational constant determination, and the gravitational inverse

(8-101 Tn the laboratory experiment of weak

square law test.
equivalence principle test, the torsion pendulum method ob-
tained the most precise test result under the 10713 Jevel, !
which is first introduced by Eotvos in 1900,['' and signifi-
cantly improved by the E6t-Wash group.!1->12131 At present,
the limitations of sensitivity and precision in weak equivalence
principle test with a torsion pendulum are thermal noise, local
gravitational gradients disturbances, and microseismic noise,

among which thermal noise sets the most fundamental limit
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to the torsion pendulum of the highest accuracy.!!*!5] The in-
fluence of gravitational gradients can be analyzed by a corre-
sponding modulation experiment and the influence of micro-
seismic disturbance also can be reduced to a minimum with a
better experimental platform. But the thermal noise due to in-
ternal damping in the suspension system as an intrinsic noise
of the torsion pendulum is unavoidable.

Thermal noise originates from the study of Brownian mo-
tion of particles, and then Einstein explained this motion as
a random fluctuation phenomenon, which is often modeled
as the internal damping or the velocity damping in the tor-
sion pendulum experiment.>!%1 As the power spectral den-
sity of thermal noise is a constant in the usual experimental
condition, the white noise model is used to analyze thermal
noise usually.l'*171 Although the thermal fluctuation torque
that acts on the system of the torsion pendulum is uncorre-
lated for two different times, the response of the torsion pen-
dulum is always correlated.!'#! In previous works, the thermal
noise limit to weak signal detection with the torsion pendu-
lum has been extensively studied by many authors with differ-
ent methods.!!*13-18-201 These relevant studies have focused
mainly on the uncertainty of period measurement of a torsion
pendulum due to thermal noise. Besides, with the experimen-
tal data obtained, the use of the noise model and the quan-
titative analysis result of the thermal noise limit in the low
frequency torsion pendulum are significant issues which need
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studying. In this condition, a quantitative analysis of the ther-
mal noise limit in low frequency or super low frequency signal
is well worth studying.

In this paper, based on the conventional fast Fourier trans-
form in the field of signal processing, a developed method is
proposed to determine the thermal noise limit. After consider-
ing the influence of free oscillation, and the effects of the win-
dow and their corrections, a power spectrum density of high
precision is obtained by this method, which is much smoother.
An experimental data analysis for the test of the weak equiva-
lence principle with a rotating torsion pendulum shows that the
basic noise level in the low frequency torsion pendulum exper-
iment is in good agreement with the internal damping model
rather than the velocity damping model. A quantitative anal-
ysis further shows that the basic noise level in our experiment
is one to two times of the theoretical value of the fundamental
thermal noise limit. That is to say, it is reasonable to use the
internal damping in the process of thermal noise analysis. This
result is important for the precision determination of a signal
with known frequency and test of weak equivalence principle
in high accuracy.

2. Thermal noise limit in test of weak equiva-
lence principle with a rotating torsion pendu-
lum

In a test of the weak equivalence principle with a rotating
torsion pendulum, the group of the Huazhong University of
Science and Technology (HUST) modulate the possible viola-
tive signal to an adjustable-periodic signal, which is similar to
the experiment of the E6t-Wash group. In this condition, the
signal to be measured can be modulated to the turntable’s ro-
tation frequency, and then the influence of 1/f noise is greatly
reduced, 2] but the thermal noise still sets a fundamental limit
to the experiment.

2.1. Test of weak equivalence principle with a rotating tor-
sion pendulum

The rotating torsion pendulum method, developed by the
Eo6t-Wash group of the University of Washington, has been
commonly used to test the weak equivalence principle.l!!3]
In this method, the whole system of the torsion pendulum is
suspended from an air bearing turntable by a torsion fiber. The
turntable provides a stable angular velocity @, which is about
20 minutes per 360 degrees by the HUST group. As the tor-
sion pendulum is particularly sensitive to the angular deflec-
tion about the fiber axis due to the force acting on the test
bodies in different directions, in the measurement with a rotat-
ing torsion pendulum, we just need to measure the differential
horizontal acceleration due to gravity for different test masses
of the torsion pendulum. %}

As shown in Fig. 1, assuming that test masses m; and m,
are made of two different materials located at r; and 75, the

net force on the two test masses are F} and F>5, and the fiber
direction of the pendulum is opposite to the direction of the
sum of the two net forces acting on the test masses. Therefore,
the torque about the fiber of the simple torsion pendulum can
be expressed as!?!!

(F] X Fz) . (7’1 77”2)
T = n, 1
|F + F| W

where n denotes the fiber direction of the pendulum and 7T
depends on the differential horizontal acceleration of the two
forces acting on the test masses. In the experiment, though
these two test masses are made of different materials, the qual-
ity is exactly the same. Thus the torque about the fiber can be
written as

T= %mr|AaL| sin(@a — @a) 2, @

where m denotes test mass m = m; = my, Aa | is the horizon-
tal differential acceleration between the two test masses, @, is
the angle of Aa; = (a; —az) 1, @q is the direction of the com-
position dipole with respect to the east, and z is the direction
along the fiber.

vacuum
chamber

fiber,

| turntable |

N

Fig. 1. The schematic diagram of the test of weak equivalence principle
with a rotating torsion pendulum.

The violation of the weak equivalence principle is usually
expressed by the E6tvos parameter as!!!
~ lAay| |Aa]
“fela2”
where gy, is the horizontal acceleration component of the grav-
itational field g. As the laboratory of this experiment is located
in Wuhan, Hubei province, the latitude of which is about 30°
and g, =~ 1.46 cm/s?. Thus, in the experiment which takes the
Earth as the gravitational source, it is necessary to measure the
differences of the horizontal accelerations for different mate-
rials. In fact, no matter what source mass, as long as there
is a component in the horizontal of the torsion pendulum, it
can be used as a source to test the weak equivalence princi-
ple. Both the Sun and the Earth or objects near the Earth’s

n ; 3
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surface are used as a source usually. When the Sun is used as
the source, the horizontal acceleration component of the grav-
itational field is g;, ~ 0.593 cm/s?. According to Egs. (2) and
(3), in this experiment it is important to obtain the differences
of the horizontal accelerations from the angular deflection of
the torsion pendulum 6 accurately. Consequently, the weak
equivalence principle violations will be tested.

2.2. Thermal noise limit

Based on the basic experimental principles, in the test of
the weak equivalence principle with a rotating torsion pendu-
lum, one needs to determine the amplitude of the turntable
signal with a very high precision. The precision of the tor-
sion pendulum is inevitably limited by different noises. In the
method of the rotating torsion pendulum, by using a continu-
ously rotating torsion pendulum, the experimental signals that
we detect will have periodic changes. At the same time, this
method also effectively avoids some background noise with a
24 hour period, but thermal noise as a kind of intrinsic noise
sets a fundamental limit to the experiment.

In the common analysis of the thermal noise limit, there
are two typical widely used models , which are velocity damp-
ing and internal damping. The thermal noise spectrum of the

twist angle for the torsion pendulum can be expressed as!*!!
4kgT; 1
Bietocity (@) = . @
oty () = a0, (1= 0?0+ (@] (@00,))?
4kgT; 1
Gi%nernal(a)) - : (5

T kwQ;i (1-w?/0})?+1/0%

where 62 (®) and 62

velocity internal
thermal noise and the internal damping thermal noise, respec-

tively; kg is Boltzmann’s constant; 7; is the temperature of the

() denote the velocity damping

fiber; k is the torsion constant; @y is the angular frequency of
free oscillation; Qy and Q; denote the quality factor in velocity
damping and internal damping, respectively. Generally, in the
experiment of torsion pendulum, the total mechanical factor
O, has two independent contributions: Q - or s oyl

Velocity damping and internal damping are two of many
contributions at the thermal noise. Although the two distinct
damping mechanisms can both influence the torsion pendu-
lum, a high precision torsion pendulum experiment is most
commonly limited by the internal damping in the fiber.[*) That
is because most modern experiments with torsion pendulum
are operated at pressures below 10~* Pa. At this condition,
the mean free path of gas molecules is longer than the typical
distances between the pendulum and nearby surfaces, velocity
damping becomes unimportant.

For instance, considering a usual experiment by means
of the rotating torsion pendulum method, the contribution to
the uncertainty of the torque by the thermal noise could be
expressed as

8T = Tin(®) /v, (6)

where 7, is the total sample time and Ty, (@) = /4kpTik/ @Oy
is the spectral density of the thermal driving force. With typi-

cal experiment parameters that the frequency of violative sig-
nal is set to be 1/1200 Hz, T; = 300 K, Q; = 3000, and #,, ~ 3
days, in order to test the weak equivalence principle under the
level of 10712, the uncertainty of the torque by the thermal
driving force will be 2.6 x 10~ Nm/v/Hz, and the corre-
sponding uncertainty of the twist angle for the torsion pen-
dulum is 0.73 x 10~ rad/v/Hz.

3. Obtaining the thermal noise limit in test of
weak equivalence principle with a rotating
torsion pendulum

In the study of power spectrum density, the conventional
method is fast Fourier transform. Due to the window effect
and the phase effect, the precision of the spectrum is limited.
Based on the conventional method, a developed method is pro-
posed to estimate the thermal noise limit in the low frequency
experiment of the torsion pendulum. In order to facilitate the
analysis of this method, the experimental signal {y;(¢)} of tor-
sion pendulum is expressed as

n
yi(t) =Y Aicos(oit + ¢;) + &, @)
i=1
where A;, @;, and ¢; denote the amplitude, angular frequency,
and initial phase of the torsion pendulum signal, respectively;
n denotes a positive integer; the parameter & represents the
noise sequence.

Firstly, according to the data processing rules,*?! the data
polluted by sudden external interference should be discarded,
such as a sudden earthquake and a bad temperature drift, even
when the basic noise level of the torsion pendulum was bad.
We usually get rid of the data in the first few days of the data
processing, and then select the middle segment to deal with.

Secondly, although the amplitude of the pendulum’s tor-
sion free oscillation is small, to determine the thermal noise
limit accurately, one needs to remove the free oscillation sig-
nal usually.[>3! By moving the raw data point of one period
of free oscillation, a new data sequence is obtained. Then we
subtract the new sequence from the raw data sequence and get
the result sequence

1

Y0 = 5O =i (r+)

1

=3 [yi(r) —yi (¢ + 27/ )], (8)

where Ty is the free oscillation period. It is obvious that not
only is the free oscillation signal removed, but also the influ-
ences of are reduced. At the same time, the amplitudes of the
raw signal sequence at different frequencies are slightly atten-
uated, which should be corrected. At the signal frequency of
, the equation (8) can be written in the form

y(t) = % [Acos(wt+ @) —Acos (@ (t+27 /) + @)]
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= Asin (a)t+(p+m> sin <0)7t> ) ©
o o

where A and @ denote the amplitude and initial phase of the
filter data sequence at angular frequency , respectively. Ac-
cording to Eq. (9), it is clear that the amplitude is attenuated
by the factor sin (@7/@y), and the attenuation is related to the
frequency. With this attenuation, the amplitude can correct to
the true amplitude in the result.

Thirdly, since the total sampling time in our experiment
is about 3 days, considering the influence of experimental en-
vironment fluctuation, the method of segmentation is usually
used. In this process, the whole data sequence is divided into
several segments and then processed separately. To avoid the
effect of harmonic terms, the segments usually start at the ini-
tial phase which is 0 degrees, or its integral times. For each pe-
riod, according to the orthogonality of the trigonometric func-
tion, the amplitudes of the components a; and b; are calculated
from

2 T

aj=— Y (t)cos(wt)dz, (j=1,2,3...N), (10)
T J-nr
2 it

bj== Y (t)sin(wt)dt, (j=1,2,3...N), (11)
T Ji-nr

where T is the period of the segment and N represents the
number of the period. For number computation, the integral
is usually replaced by the sum. As a matter of fact, this re-
quires that the data points of each segment are sufficient. In
this condition, to obtain the result with higher precision, we
add a window function to the data points sequence in each
segment, and then the equations (10) and (11) can be further
expressed as
2 T

aj = — Y (t)u(t)cos(wt)dt, (j=1,2,3...N), (12)
T Ji-nr

2 (T
b; = f/ V(O)u(t)sin(@r)dr, (j=1,2,3...N), (13)
T Jj-nr

where u(z) denotes the window function. In this way, there is
another attenuation factor introduced by the process of adding
the window function, which should also be considered. Here
we use the Hanning window function as an example, which is
commonly used in spectral analysis. For convenience in cal-
culation, at the frequency of w, the amplitude can be set as a
constant 1 before this processing, and then the Hanning win-
dow function in time domain can be expressed as

() = {o.s[1+cos(zm)] <1,

14
0 ] > 1, (14)

where u(t) is the normalized result of the length of the win-
dow. With the process of Fourier transform, the expression of
the window function in the frequency domain is

_Isin(w/2) | 1sin((0+27)/2) 1sin((0—27)/2)
(@)=3"w2 T3 (0r20,2 T3 (0-2m)2
(15)

Considering that the amplitude of the signal should be un-
changed after processing, the attenuation factor is equal to the
ratio of the signal amplitudes before and after the process of
adding the Hanning window function, and thus the attenuation
factor can be obtained as

K =Ay/Ap =2, (16)

where Ay denotes the amplitude of the signal before process-
ing with the window function, A{, denotes the signal amplitude
of the peak after processing, and the value can be obtained by
the L’Hospital rule of Eq. (15).

Based on the above data processing, the amplitude se-
quence {a;} and {b;} at the jy period are obtained, and then
we can obtain the central values and uncertainties of the two
coefficients a and b in the method of weighting all coefficients
a;j and b; equally. Therefore, the amplitude A of the experi-
mental signal and its uncertainty AA are finally obtained. Here
we consider that the uncertainty AA is caused by the basic
noise in our experiment, as shown in Eq. (7). The fundamental
noise sources that exist in our torsion pendulum experiments
are usually complex, such as thermal noise, shot noise, and
even environment noise. In addition, the influence of intrin-
sic noise mainly comes from thermal noise as one of the most
common intrinsic noises, especially in low frequency. In this
condition, it is obvious that we can determine the basic noise
level accurately by this method, and then can choose the suit-
able model to assess the influence of thermal noise. What is
more, from the numerical simulation results, we have shown
the feasibility of this method and found that our method is bet-
ter than the conventional method to obtain the power spectrum
density.

4. Experimental results

For a typical data set of the experiment of testing the weak
equivalence principle with a rotating torsion pendulum by the
HUST group, it has been validly recorded for about 8 days
with free oscillation signal and the interested frequency of the
violative signal is set to be 1/1200 Hz. The free oscillation
frequency of the torsion pendulum is about 1.27 mHz. Fig-
ure 2 shows the time domain figure of the rotational angle. In
Fig. 2, the top panel is the initial signal, the interval of the
sample time is 1 s, and the bottom panel is the signal of the
rotational angle after removing the free oscillation signal. It is
obvious that the influence of the monotonic drift is limited.

Figure 3 is the power spectrum density of the signal
shown in the top panel of Fig. 2, which is obtained by the
conventional fast Fourier transform method. There is a peak
at the frequency of 1.27 mHz, which is the free oscillation fre-
quency. There is another peak around 0.833 mHz, which is
the rotating frequency of the turntable. It can be found that
higher harmonics are the primary noise at the frequency that is
greater than the free oscillation frequency.
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Fig. 2. The time domain figure of the rotational angle. (a) The initial
signal and (b) the signal after removing the free torsion signal.
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Fig. 3. The spectrum of the amplitude of the signal shown in the top panel of
Fig. 2, which is obtained by the conventional method of fast Fourier trans-
form.

Figure 4 is the power spectrum density of the signal
shown in the bottom panel of Fig. 2, but this result is obtained
by the proposed method in this paper. The bottom two lines
represent the thermal noise limit of the velocity damping and
the internal damping, respectively, which are obtained from
Egs. (4) and (5).

When @ < @y, internal damping is the main contribution
at the thermal noise. When @ > @y, velocity damping is the

main contribution at the thermal noise. When ® = @y, the
internal damping and the velocity damping have the same val-
ues, where the quality factors of the two models are assumed
to be equal. By comparing Figs. 3 and 4, it is obvious that the
spectrum of the signal shown in Fig. 4 is much smoother in the
low frequencies, especially in the frequencies smaller than the
free oscillation frequency. At the same time, the basic noise
level in the low frequency torsion pendulum experiment is in
good agreement with the internal damping thermal noise in the
low frequencies. As shown in Table 1, by further quantitative
analysis, we found that the difference between the basic noise
level in our experiment and the internal damping thermal noise
is about 1 to 2 times in low frequency, which may be caused
by the microseismic noise or small fluctuations in tempera-
ture. The basic noise level in high frequency is not in good
agreement with the internal damping thermal noise, mainly
due to the influence of the shot noise of the autocollimation
system. In addition, we have tested the result by adding a cal-
ibration signal in this experimental data, which is also shown
in Table 1, and the results are exactly the same. Thus, the
experiment result verifies that the thermal noise is mainly con-
tributed by the internal damping in the low frequency torsion
pendulum experiment with high vacuum, and it is reasonable
to use the model of internal damping for the analysis of the
influence caused by thermal noise.

107!
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-------- internal damping 4
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1076 ¢
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Power spectral density/rad-Hz~!/?
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Frequency/Hz

Fig. 4. The spectrum of the amplitude of the signal shown in the bottom
panel of Fig. 2, which is obtained by the proposed method in this paper.

Table 1. The basic noise level in our experiment and the thermal noise limit.

Basic noise level/10~° rad-Hz ~!/2

Thermal noise limit/10~° rad-Hz~!/2

Frequency/mHz - - - - - - -
Before calibration After calibration Internal damping Velocity damping
0.1 2.13 2.13 1.21 0.34
0.2 1.45 1.45 0.87 0.34
0.3 1.40 1.40 0.73 0.36
0.4 2.00 2.00 0.67 0.37
0.5 1.14 1.14 0.63 0.40
0.6 1.33 1.33 0.63 0.43
0.7 1.23 1.23 0.65 0.48
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5. Conclusion

Due to the influence of thermal noise, there exists a fun-
damental limit to the sensitivity and precision of the torsion
pendulum. It is a significant system error in the test of weak
equivalence principle with a rotating torsion pendulum, the in-
fluence of which is unavoidable. Besides, the velocity damp-
ing and the internal damping are two of many contributions
at the thermal noise and it is difficult to verify which sets a
dominative limit on the precision of the torsion pendulum in
low frequency. In this paper, we obtained the power spectrum
density of the basic noise level by the developed method. Dif-
ferent from the conventional spectrum analysis method of fast
Fourier transform, this method can acquire a smoother power
spectrum density. The result of processing experimental data
shows that the basic noise level in the torsion pendulum exper-
iment of low frequency is in good agreement with the internal
damping thermal noise, which is about 1 to 2 times of the lat-
ter. It directly verifies that the high precision torsion pendulum
experiment is mainly limited by the internal damping in the
fiber and the internal damping model is reasonable to express
the thermal noise limit in the low frequency torsion pendu-
lum experiments with high vacuum, which are instructive and
important to the test of the weak equivalence principle with
a rotating torsion pendulum. At present, since many kinds of
noises are not fully understood, there are still many works to
do in this field.
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