Chin. Phys. B Vol. 26, No. 9 (2017) 090203

Stochastic responses of tumor—immune system
with periodic treatment”

Dong-Xi Li(Z= % #)!T and Ying Li(Z= )2

1Collf:ge of Data Science, Taiyuan University of Technology, Taiyuan 030024, China

2Col]ege of Mathematics, Taiyuan University of Technology, Taiyuan 030024, China

(Received 26 February 2017; revised manuscript received 9 May 2017; published online 24 July 2017)

We investigate the stochastic responses of a tumor—-immune system competition model with environmental noise and
periodic treatment. Firstly, a mathematical model describing the interaction between tumor cells and immune system under
external fluctuations and periodic treatment is established based on the stochastic differential equation. Then, sufficient
conditions for extinction and persistence of the tumor cells are derived by constructing Lyapunov functions and Ito’s for-
mula. Finally, numerical simulations are introduced to illustrate and verify the results. The results of this work provide
the theoretical basis for designing more effective and precise therapeutic strategies to eliminate cancer cells, especially for

combining the immunotherapy and the traditional tools.
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1. Introduction

Cancer is becoming the leading cause of death around the
world. Traditional cancer treatments include surgery, radiation
therapy, and chemotherapy. Cancer immunotherapy has re-
cently gained exciting progress. Studies of tumor and immune
system have largely been inspired by the works in Refs. [1]
and [2], the authors showed that the immune system can rec-
ognize and eliminate malignant tumors. So immunotherapy,
such as the cellular immunotherapy,! has been studied by re-
searchers. And a number of tumor—immune system compe-
tition models have been proposed, such as Kuznetsov—Taylor
model™ and Kirschner—Panetta model.[! In fact, tumor mi-
croenvironment is inevitably affected by environmental noise
in realism. Nowadays, noise dynamics have been widely stud-
ied in different fields such as metapopulation system!®! and
Van der Pol oscillator.!”! In the last years, researchers have

studied stochastic growth models of cancer cells,-!1]

using
the Lyapunov exponent method and the Fokker—Planck equa-
tion method to investigate the stability of the stochastic model.
Moreover, from a biological or a clinical point of view, in-
vestigations including treatments such as periodic ones are
important for a successful treatment, e.g., Thibodeaux and
Schlittenhard!!?! investigated the effect of a periodic treatment
in the within-host dynamics of malaria infection and suggested
that synchronization with the intrinsic oscillation of infected
erythrocytes takes place, leading to an optimal treatment. So-
tolongo et al.!'3! investigated the effect of immunotherapy un-
der periodic treatment on a deterministic model of tumor—
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immune system and considered the possibility of suppression
of tumor growth. Ideta er al.!'¥ considered the intermittent
hormonal therapy in a model of prostate cancer and they sug-
gested the existence of an optimal protocol to the intermit-
tent therapy. Up to now, the effect of noise and cyclic treat-
ment in the tumor dynamics has been widely studied. And
fluctuations induced extinction and stochastic resonance in a
model of tumor growth with periodic treatment have been
studied.['>! Aisu and Horita!'®! numerically investigated the
stochastic extinction of tumor cells due to the synchronization
effect through a time periodic treatment in a tumor—immune
interaction model.

The aim of this paper is to explore the dynamics of a sim-
plified Kuznetsov—Taylor model!!”l with both environmental
noise and periodic treatment, especially the extinction and per-
sistence. One of the advantages of our study is that we make
use of the methods of Itd’s stochastic integral and Lyapunov
function to derive and analyze the properties of the stochastic
tumor—immune system competition model, which is different
from the approaches of Fokker—Planck equation and effective
potential function used in the existing literature. The other
advantage is that the conditions for extinction and strong per-
sistence in the mean of tumor cells are obtained by the strict
mathematical proofs. The sufficient conditions for extinction
and persistence could provide us a more effective and precise
therapeutic schedule to eliminate tumor cells and improve the
treatment of cancer.

This paper is organized as follows. In Section 2, the
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stochastic tumor—immune model with periodic treatment is de-
rived. In Section 3, we establish the sufficient conditions for
extinction and strong persistence in the mean of tumor cells.
Numerical simulations are presented in Section 4, which are
used to verify and illustrate the theorems of Section 3. In Sec-
tion 5, we present the conclusion and discuss future directions
of this research.

2. Stochastic tumor-immune system with peri-
odic treatment

In this section, the Kuznetsov—Taylor model® and
its modified version by Galach!!/! are introduced. The
Kuznetsov—Taylor model describes the response of effector
cells to the growth of tumor cells and takes into account the
penetration of tumor cells by effector cells, which simultane-
ously causes the inactivation of effector cells. The Kuznetsov—
Taylor model reads

dE ET

s PEL  LET—dE,
dt g+T

dTr

where s is the normal (i.e., not increased by the presence of
the tumor) rate of the flow of adult effector cells into the tu-
mor site in units of cells per day, p and g are positive constants
in the function F(E,T) = pET /(g +T) that describes the ac-
cumulation of effector cells in the tumor site, p is in units of
day~! and g is in units of cells. m denotes the coefficient of
inactivation of effector cells during the formation and decom-

-1

position of EC-TC compounds and is in units of day ~!-cells~!.

d is the coefficient of the destruction and migration of effec-

—1 4 is the coefficient of the

tor cells and is in units of day
maximal growth of tumor and is in units of day~!. ™! is the
environment capacity, and b is in units of cells~!. n represents
the inactivation rate of tumor cells due to the immune system

-1

response and is in units of day~'-cells~!. The dimensionless

form of the model is

dx pxy

dy

A 1— _

5 = ov(l=By)—x,

where x = E/E(), y = T/T(), € = S/(nE()To), p = p/(nTo),
N =g/To, w = m/n, 8 = d/(nTy), &« = a/ (nTy). p = bTy, and
Eo =Ty = 10° cells.

In 2003, Galach proposed the modified version of model
(1), which reads

dx

prie €+ wxy — Ox,

dy 2
2 1— _

3 = (l=By)—x,

where x denotes the dimensionless density of effector cells; y
stands for the dimensionless density of the population of tu-
mor cells; €, 6, a, 1/B have the same meanings as those in
Eq. (1), and o represents the immune response to the appear-
ance of the tumor cells (i.e.,immune coefficient). In this paper,
we consider the case of @ > 0, which means that the immune
response is positive.
System (2) always has the equilibrium

j (%,o).

If ® >0 and ad < €, then B is the unique equilibrium of
model (2) and it is globally stable. If @ > 0 and a8 > &, then
Py is unstable and there is an equilibrium

b —a(BS—0)+VA a(fd+w)—VA
N 20 ' 208w ’

which is globally stable. Here A = a?(88 — »)? +4afew.

In fact, the growth of tumor cells is influenced by many
environmental factors,[!8! e.g., the supply of oxygen and nu-
trients, the degree of vascularization of tissues, the immuno-
logical state of the host, chemical agents, temperature, etc. So,
it is inevitable to consider the tumor-immune system compe-
tition model with environmental noises. In this paper, taking
into account the effect of randomly fluctuating environment,
we assume that the fluctuations in the environment mainly af-
fect the immune coefficient @,

® — o+ 0B(t),

where B(z) is the standard Brownian motion with B(0) = 0,
and the intensity of white noise 6> > 0. We are interested in
the stochastic responses of the tumor immune system driven
by a controllable therapy. Here, the influence of the thera-
peutic factors is studied by considering a periodic treatment

[19]

(chemo- or radiation-therapy). The treatment scheme!'”! can

be expressed as
s(t) = A[l — &(cos(2mf1))]. 3)

Here @ stands for the Heaviside function reflecting the on-off
switch of the cyclic treatment performed with the intensity A
and frequency f. Now the tumor—-immune system competition
model with environmental noise and periodic treatment can be
rewritten as

dx(r) = (e+ wx(t)y(t) — Sx(t) +A[l — P(cos(2mf1))])dr

+ox(t)y(t)dB(z),
dy(r) = (ay(r) — afy*(r) —x(t)y(r))dt,
“

where all the parameters are positive and bounded. For conve-
nience, we define the following notions:

) =7 [ 76)as = timsup ()

1—>o0
fe= l}gnigff(t); t AT, = min(z, ).
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3. Theoretical analysis of extinction and persis-
tence under periodic treatment

Our primary interests in tumor dynamics are the extinc-
tion and survival of tumors. In order to study the extinction
and survival, we need some appropriate definitions about ex-
tinction and persistence. Here we adopt the concepts of extinc-

n.[201 In addition, some

tion and strong persistence in the mea
of our proofs are motivated by the works of Liu, 29 Mao, 211
and Jiang.*?! Some useful definitions are as follows:

1) The tumor cells y(z) will go to extinction a.s. if
limy_, 4o y(2) = 0.

2) The tumor cells y(¢) will be strongly persistent in the
mean a.s. if (y(r)), > 0.

Next we establish the sufficient conditions of extinction
and persistence for our model.

Lemma 1 For any positive initial value (xo,yo), if 0 <
xo < 1/, the solution of Eq. (4) obeys

1 1
x(t) < =, y(t) < max {yo, } a.s. 5)

B B
Proof According to the second equation of model (4), we

have
o—x
y= o . (6)
of + ( - aﬁ) e—(a—x)
Yo

Firstly, we discuss y for x in different value ranges.

(i) When affyp < a@ —x (i.e., 0 < x < ot (1 — Byo)),

1
' Otﬁ _|_<1_ OlB >e—((x—x)t
o—x Yo Oo—x
_ 1
of N off (a—x_1> (o2
oa—x a—x\ofy
< 1
=B
o —x
<1
=3

(ii) When 0 < a —x < aflyg (ie., a(l — Byy) <x < a),

o—x
y= —
b+ <“ x aﬁ) -
Yo
o—x
< o—x
p- (- ap)
Yo
=)Yo-

(iii) When o —x <0 (i.e., x > @),

X—a
y= o—x
—ap+(ap -

Yo
x—a
x—a

)e—(a—x)t

—ap+(af+ )e~(a—x)

xX—a

IN

xX—0

—af+aB+

=)Yo-

Consequently, we have proved y(t) < max{yo,1/f}. Then we
will show that x(¢) is bounded. Applying the Ito’s formula!?3!
to the first equation of model (4),

1
dIn -1/ /B ’
= [B(1—Bx)(e+ oxy— 6x+A[l — P(cos(2mf1))])
+0.5826%3/(Bx— 1)) dt — lf:fyl dB(7).
Integrating both sides from O to #, we obtain
1 x—1/B
Sl R AR TARFTIER
where
M (s) = B(1—Bx(s))(& + ox(s)y(s) — 8x(s)
+ A[l — ®(cos(27fs))])
+0.5B%0%6 (5)y*(s)/ (Bx(s) = 1)%,
_ Box(s)y(s)
Maols) = =g =1
Therefore,
wy=——2UB___ 1

e oMi(s)ds+[iMa(s)dB(s) T B

That is to say if xo < 1/, then x(r) < 1/B for all r > 0.

Lemma 2 Let f € C[[0,) x 2,(0,0)] and F(z) €
C(]0,0) x £,R). If there exist positive constants Ag, A, and
T such that

Inf(1) > At — Ao /0 " f(s)ds—F(1) as. ™

foralls > T, and lim, .. F(t)/t =0 a.s., then

liminfl/tf()d>}L a.s
- s)ds > — as.
=t Jo ~ Ao

Proof The proof is similar to that of lemma in Ref. [22].
Note that lim,_,. F'(¢)/t = 0 a.s.; then for arbitrary k > 0, there
exists a Tp = Tp(w) > 0 and a set £ such that P(Q2;) > 1—k
and F(r)/t <k forallt > Ty, ® € Q. Let T = max{T, Ty}
and

rt
(1) = / F(s)ds, for 1> T, o € 2.
JO
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Since f € C[[0,) x 2,(0,0)], then @(¢) is differentiable on
[T,) a.s., and
d
‘SE) F(6)>0, for t>T, e Q.

Substituting d¢(z)/dt and ¢(¢) into Eq. (7), we obtain

dt
for t >T, o€ £.

1n<d(p( )> > At = do@(0) = F (1) 2 (A = k)t = 2op(1),

Thus

H00(1) de(t) > e(A—ky

, for t > T, € Q.
dt ort= k

Integrating this inequality from T to ¢ results in

2y [eP00) — ool K1),

> (A —k) e hr _
This inequality can be rewritten as

0> d(A — k)~ [ePhr - e()L—k)T] 1 ehoo(T),
Taking the logarithm of both sides yields

o(t) > Ay ' In[Ag(A — k)~ e* Fr 4+ A7),
where

Ap = eM0(T) —Ao(A—k)~ leh=kT,

or

/Otf(s)ds > g 'nAg(A — k)~ tePr

for t > T, o€ £.

+ A7),

Dividing both sides by ¢ (> T > 0) gives

it
; /O Fls)ds = A 't Ao (A — k)~ R0 4 2],

Taking the limit inferior of both sides and applying
L’Hospital’s rule on the right-hand side of this inequality, we

obtain
liminf — l fi Q
1}21051 /f T, or @ € L.
Letting k — 0 yields
1t A
iminf — > — .S.
lltlgglf[.o f(s)ds > 70 a.s

Theorem 1 For any positive initial value (xo,yo), par-
ticularly, when xo < 1/, equation (4) has a positive unique
global solution (x(¢),y(¢)) ont > 0 a.s.

Proof To obtain a unique global solution for any given
initial value, the coefficients of the equation are generally re-
quired to satisfy the linear growth condition and local Lips-
chitz condition.?*! However, the coefficients of model (4) do

not satisfy the linear growth condition, so the solution may ex-
plode in a finite time. Since the coefficients of Eq. (4) are lo-
cally Lipschitz continuous for any given initial value (xq,yo) €
R2, there is a unique maximal local solution (x(t),y(t)) on
t € [0,7], where 7. is the explosion time.!**l To show that
this solution is global, we only need to show 7, = o. To this
end, let kg > 0 be sufficiently large so that xg,yq all lie within
the interval [1/ko, ko). For each integer k > ko, we define the
= inf{r € [0,7] : y(@®)} < 1/k or
y(t)} > k}. Clearly, 7 is increasing as k — co. Set

stopping time Ty min{x(¢),
max{x(t),
Too = liMg— 40 Tg, thus T < 7 a.s. In other words, we only
need to prove T., = co. If this statement is false, there exists
constants 7 > 0 and € € (0,1) such that Z{7., < oo} > €.

Thus there is an integer k; > kg such that

@{Tk<T}>€, k> k. (8)

Define a C*>-function V : R — Ry by V(x,y) = (x—1—1Inx) +
(y—1—Iny). The nonnegativity of this function can be seen
fromu—1—Inu>0,Vu>0. Let k > ko and T > O be arbi-
trary. Applying the It6’s formula, we have

dv(x,y)
(1—) dx +—(dX) (1—y) dy+21 (dy)?

[+ (@—1)xy+(1—-8)x

— (e4+A[1 — P(cos(2mf1))])x"

+ (af — o+ a)y+5+(0.50% — af)y* — a)]dt
+o(1—xxydB(r)

< Ldr+ %(x— 1)dB(r). ©)

Here, L is a positive constant and in the proof of the last in-

equality, we have used Lemma 3 (i.e., for V¢ > 0, x(¢) and y(¢)
are bounded). The inequality (9) implies

[ v )
T AT T A\T o
< /O Ldi + /0 5 (x5) = 1)dB(s)

Taking expectation on both sides of the above inequality, we
can obtain

EV(x(uAT),y(%AT)) < V(x0,y0) +LE(Tc AT)
V (x0,y0) + LT. (10)

A

Let Q; = {7 AT}, then by inequality (8), we have P(£;) > €.
Note that for any @ € Q, x(7, ®), y(7, ®) equals either k or
1/k, hence V (x(T, ®), (T, ®)) is no less than min{2(k— 1 —
Ink),2(1/k—1+Ink),k+1/k—2)}. By formula (10) we have

V(x0,y0) +LT > E[10,V (x(),y())]

1 1
> emin{Z(k—1—1nk),2<k—1+lnk> ,k+k—2)},
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where 1g, is the indicator function of £2;. Let k — oo, there
exists the contradiction eo >V (xp,y0) + LT = oo, which com-
pletes the proof.

Remark 1
uniqueness of the solution of model (4), we discuss the ex-

In order to guarantee the existence and

tinction and persistence of y(¢) under the condition xo < 1/
below.
Theorem 2 Let (x(),y(¢)) be the solution of system (4)
with positive initial value (xg,yo), if €6 — & < A/2, then
_E+A)2

Jlim (x(0)) = 2

lim y(#)=0. (1)

Proof An integration of the first equation of model (4)

yields
xU);XO = e+ ()y() - 8(x(1))
+ %/OIA[I — @ (cos(2xfs))]ds
+2 [ r5)aB0).
We compute

() = S+ SO + 5 / ALl - d(cos(2n£3))]ds
+

x(t) — xo

S [ sntane) -2

o
+ /OIA[l — @(cos(2mfs))]ds

> £ 1
=55
Ni(t)  x(t) —xo
p 5 (12)

where
o !
Nile) =S [ +(9)v(s)dB(s)
0
which is a local continuous martingale and N; (0) = 0. More-

over

) <N1,N1> o2
1 L
T S e

< oo a.s.

By strong law of large numbers for local martingales,**! we

obtain
Ni(t
lim ! ( )

(=0t

=0 a.s. (13)

Taking the limit inferior of both sides of inequality (12), we
have

e A2 €e+A/2
—&-L:—F/as

(14)

Jim (x0) 2 5+ 5 5

Applying the It6’s formula to the second equation of model (4)
yields

dlny = (¢ — afy—x)dr.

Integrating this from O to ¢ and dividing by ¢ on both sides, we
have

Iny(#) —Inyo
1

= a—aB{y() = (x())
< a—{x(1)). (15)
Taking the limit superior of both sides of inequality (15) and

substituting inequality (14) into inequality (15) yield

Iny(z A/2
limsup ny()ga_e—&— /

(=300 t 6

If the condition a6 — € < A/2 is satisfied, then

Iny(z
limsup ny(t) <0 as.,
t—o0 t
which implies
limy(t) =0 a.s. (16)
[—ro0

Applying the 1t6’s formula to the first equation of model (4)
leads to

1 1 1
dln—- = (—g —wy+ 6 —A[l — P(cos(2mft))]—
x x x

+ 0.502y2> dr — oydB(r).

Integrating this from O to ¢, we have

1
In— —In—
x(t) X0

! 1 1
— 5t +/O { ~e g~ V) Al = Bleos(nfa)] s
—|—O.SGzyz(s)}ds—G/[y(s)dB(s). (17)
0
Set No(t) = J; oy(s)dB(s), whose quadratic variation is

(N2 (2), N2 (1)) = /Ot 6%y?(s)ds.

By virtue of the exponential martingale inequality,**! for any
positive constants T, a, and b, we have

a

@{ sup [zvz(t) 2<N2(t),N2(t)>} >b} < e,

0<t<T

Choosing T =n, a =1, and b = 2Inn, we obtain

P { sup {1\5(;) _ ;(Nz(t),Nz(t»} > 21nn} <1/,

0<r<n

[22]

An application of Borel-Cantelli lemma'“~' yields that for al-

most all ® € Q, there is a random integer ny = no(®) such
that for n > ny,

sup [N (t) — 2 (Na (1), No(1))] < 2Inn.

0<t<n 2

That is to say,

1 't
Na(t) < 21+ 3 (Na(0),Na(0)) = 2Inn+0.5 / 62y (s)ds
JO
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for all 0 <t < n, n > ng a.s. Substituting the above inequality
into inequality (17) leads to

1 | !
lnm > 5t—8/0 )@ds—a)/o y(s)ds

- /OI[A/2+A/2—ACD(cos(chfs))})%ds

1
—2Inn+In—
X0
6 t 1 t
= ot — A/2 ——ds— d
(e+ /)/ox(s) ")) Oy(s) s

10.5— ®(cos(2mfs))
T

1 i
> 5t7(8+A/2)/0 mdsfw/o y(s)ds
2Inn+In

A/t 1 1
B A P -
2 Jo x(s) X0

/ s)ds+ 4 / st 2mn—m Lt
2 Xo

obviously, lim,_,. F(¢)/t = 0. By use of Lemma 3, we have

1
ds—Inn+1In—
Xo

Let

1)
(/0. 2 0
namely,
A2
() < S (18)
With inequalities (18) and (14), we see
lim (x(1)) = 8+6A/ 2 (19)

Theorem 3 If o — & > A/2, then the tumor cells y(¢)
will be almost surely strong persistent in the mean.
Proof An integration of system (4) is

x(t) —x(0)
t

= e+ 0(x(1)y(1)) — 8(x(1))
fo [1—®(cos(27fs))]ds

t

+ 2 Jix(s)v(s)dB(s),
YO =YO) _ i) — aB () —

t

{x()y(2))-

Then we have

| Al - (c;ts(znfs))] + 2 /(:x(s)y(s)dB(s)
+ 9% 00 - 2% 2. 20

Applying the Itd’s formula to system (4) leads to dIlny =
(o — oy — x)dr. Integrating this from 0 to 7 and dividing by
t on both sides, we have

OO _ o apiy) - x). @b

Substituting Eq. (20) to Eq. (21) yields

Iny(r) ~ Iny(0)

-5 ?<y(t)> (%()ts(z”fs))]
oof

f—/mmwwu+7¢@m>
0

— a-(ap+ 500+ 5 ()
A

o (y(t)—y(0) e [yA[l — @(cos(2mfs))]ds
5 (M) -5k 5
+

We compute

(¥(1))
Sa 1 (x(t) —x(O))

B afd+wo  afd+oa
® (1) —¥(0)
+ aﬁ6+wa< t )

€ fo [1 = ®(cos(2mfs))]ds
 aBd+oa ofd+ oo

_ 7&[36?— oo % /le(s)y(s) dB(s) +

1 <1ny(t) —lny(0)>

oof
oo+ wa

02 (0)

 aBd+oa t

oa 1 x(t) —x(0)
~ afd+ oo oc[i6+woc< t )

® (1) = ¥(0)
+ afd+wa ( t )
e (/) fAl-

 aBd+oa
o 1

—aﬁiga;[ammmmn

1 (lny(t) —1ny(0)> |

 aBd+oa 1

P(cos(2mfs))]ds
ofd+ oo

Considering that both x(¢) and y(¢) are bounded, we have

Sa € AN
afd+wa afdt+wa  afd+oa

lim inf(y(s)) >

t—>+o0 -

090203-6
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_ da—e—A)2
- aBstoa (22)

Consequently, we can derive that if da — & > A/2, then
(), >0as.

4. Simulations and discussion

In this section, we use the Euler—Maruyama numerical al-
gorithm mentioned by Higham!?! to support our results. The
parameters in model (4) are chosen as o0 = 1.636, § = 0.002,
0 =0.3743, € = 0.5181, and @ = 0.0115, which are approxi-
mated to the experimental values. [*!7]

Figure 1 shows the simulation results of Theorem 2.
Clearly, the parameters satisfy the condition ad — & <A/2. In
view of Theorem 2, the tumor cells y(7) will go to extinction,
and the effector cells x(¢) have the property lim;_, o0 (x(¢)) =
(e+A/2)/6 = 1.785. Figure 1 confirms the results of Theo-

rem 2.

Extinction of tumor cells

35 T T T T

s(t): the periodic treatment: 10.9
30 - —— y(¢): the number of TCs ... s
— @) | ; £
@ 25 P P P s do6 §
ko) : : : : e}
© : : : : 0
B 20y S S S S s
— .=
"% IYERRI PRV AN EERETRT IR P AP A FERTIUE DS DI AP S 0.3 E:
g =
=2 T) 8 O 0 PO 0 OO O Y 0 B :
0 =
Zj‘
“““““““““““““““““““““““““““““““““““““ g
i i i i 7()'3’_‘

20 40 60 80 100

Time

Fig. 1. (color online) Solutions of model (4) with periodic treatment
s(t) = A[1 — ®(cos(2mft))] for A = 0.3, o = 0.03, f = 0.05, step size
At = 0.01, and initial value (x(0),y(0)) = (1.5,25).

Figure 2 shows the simulation results of Theorem 2. In
Fig. 2, it is clear that the parameters of the example meet the
condition o — € > A/2. According to Theorem 2, the tumor
cells y(¢) will be almost surely strongly persistent in the mean.
It can be seen from Fig. 2 that the tumor cells will decrease
firstly and then exhibit a period-like evolution at a relative
low concentration under periodic treatment, but do not tend
to zero. This phenomenon implies that the tumor cells could
be suppressed by the periodic treatment but not be completely
eliminated when the intensity of the treatment is not enough
to cure the tumor, i.e., the tumor cells could be controlled and
will not deteriorate in this case. Moreover, it can be seen that
as long as the conditions of persistence o — € > A/2 are sat-
isfied, the tumor cell will be strongly persistent in the mean
almost surely when the model is with noise. And, the tumor
cells will also be persistent or survival when the model is with-
out noises. The difference is that the persistence of the former

is in the sense of the mean, which is random; while the per-
sistence of the latter is expressed as persistence or survival,
which is deterministic.

Persistence of tumor cells
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Fig. 2. (color online) Solutions of model (4) with periodic treatment

s(t) = A[l — &(cos(2n f1))] for A = 0.07, 6 = 0.03, f = 0.05, step size
Ar = 0.01, and initial value (x(0),y(0)) = (1.5,25).
Figure 3 shows the evolution of tumor cells y(¢) as a func-

tion of time ¢ for three different values of A = 0.07, 0.3, 3.
Clearly, when A is 0.07, it satisfies the condition 6o — & >
A/2. According to Theorem 2, the tumor cells y(¢) will be
strongly persistent in the mean. With increasing strength of
the treatment, A is taken as 0.3 or 3, they satisfy the condition
od —& < A/2. According to Theorem 2, the tumor cells y(z)
will tend to be extinction. Moreover, by comparing curves (ii)
and (iii), we find that the tumor cells will be extinct faster with
the increase of the treatment intensity A. This behavior indi-
cates that increasing the intensity of the treatment is beneficial
to accelerate the extinction of the tumor cells.
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Fig. 3. (color online) Solutions of tumor cells for 6 = 0.03, f = 0.05, step
size Ar = 0.01, and initial value (x(0),y(0)) = (2.6,25).

5. Conclusion

We study stochastic responses of a tumor—-immune sys-
tem competition model with environmental noise and periodic
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treatment. Firstly, the environmental noise (Gaussian white
noise) is taken into account and the periodic treatment is re-
garded as a Heaviside function. Then, sufficient conditions for
extinction and strong persistence in the mean of tumor cells
are derived by constructing Lyapunov functions. The detail
results and biological significance are as follows:

(A) If d — € < A/2, then the effector cells x(z) have
property lim;_, o (x(¢)) = (¢ +A/2)/8, and the tumor cells
y(t) will go to extinction a.s.

(B) If ad — € > A/2, then the tumor cells y(r) will be
strongly persistent in the mean a.s.

According to the theorems and figures, the extinction and
survival of the tumor cells rely on the strength of the periodic
treatment. With the increasing intensity of the periodic treat-
ment, the tumor cells will experience the process from strongly
persistence in the mean to extinction. In addition, the syn-
chronization effect between the environmental noises and the
periodic treatment on the tumor—immune system competition
model is obtained by strict proof and simulation. Our theo-
retical results will be beneficial to design more effective and
feasible treatment therapies.

Some interesting questions deserve further investigations.
For example, in our model, we assume that fluctuations in the
environment mainly affect the immune coefficient . It is in-
teresting to study what happens if it affects other parameters of
the tumor—immune system. Another question of interest is to
consider the stability in distribution (e.g., Refs. [26] and [27])

and time delay (e.g. Ref. [28]) of the tumor—immune system.

References

[1]
[2]
[3]
[4]

[5]
[6]
[7]
[8]
[9]
[10]

(11]

(12]
[13]

[14]

[15]
[16]

[17]
(18]

[19]

[20]
[21]
[22]
[23]

[24]

[25]
[26]
[27]
[28]

090203-8

Parish C R 2003 Immunol. Cell. Biol 81 106

Smyth M J, Godfrey D I and Trapani J A 2001 Nat. Immunol. 2 293
Rosenberg S A, Spiess P and Lafreniere R 1986 Science 233 1318
Kuznetsoz V A, Makalkin I A, Taylor M A and Perelson A S 1994 Bull.
Math. Biol 56 295

Kirschner D and Panetta J C 1998 J. Math. Biol 37 235

Wang K K and Liu X B 2013 Chin. Phys. Lett 30 070504

Yang Y G, Xu W, Sun Y H and Gu X D 2016 Chin. Phys. B 25 020201
Zhong W R, Shao Y Z and He Z H 2006 Phys. Rev. E 73 060902
Albano G and Giorno V 2006 J. Theor Biol 242 329

Lenbury Y, Triampo Wannapong, Tang I M and Picha P 2006 J. Korean.
Phys. Soc 49 1652

Ferrante L, Bompadre S, Possati L and Leone L 2000 Biometrics 56
1076

Thibodeaux J J and Schlittenhardt T P 2011 Bull. Math. Biol. 73 2791
Sotolongo-Costam O, Molina L M, Perez D R, Antranz J C and Reys
M C 2003 Physica D 178 242

Ideta A M, Tanaka G, Takeuchi T and Aihara K 2008 J. Nonlinear Sci.
18 593

LiD X, Xu W, Guo Y and Xu Y 2011 Phys. Lett. A 375 886

Aisu R and Horita T 2012 Nonlinear Theory and Its Applications, IE-
ICE 3 191

Galach M 2003 Int. J. Appl. Math. Comput. Sci. 13 395

Fiasconaro A , Spagnolo B, Ochabmarcinek A and Gudowskanowak E
2006 Phys. Rev. E 74 041904

Fiasconaro A, Ochab-Marcinek A, Spagnolo B and Gudowska-Nowak
E 2008 Eur. Phys. J. B 65 435

Liu M and Wang K 2011 J. Math. Anal. Appl. 375 443

Mao X, Marion G and Renshaw E 2002 Stoch. Proc. Appl. 97 95

Zhao Y, Jiang D and O’Regan D 2013 Physica A 392 4916

Evans L C 2013 An Introduction to Stochastic Differential Equations
(New York: Amer Mathematical Society) pp.77-79

Mao X 1997 Stochastic Differential Equations and Applications
(Chichester: Horwood) pp.31-84

Higham D J 2001 SIAM Rev. 43 525

Liu M and Bai C 2016 Appl. Math. Comput. 284 308

Liu M and Bai C 2016 Appl. Math. Comput. 276 301

Jin Y F and Xie W X 2015 Chin. Phys. B 24 110501


http://dx.doi.org/10.1046/j.0818-9641.2003.01151.x
http://dx.doi.org/10.1038/86297
http://dx.doi.org/10.1126/science.3489291
http://dx.doi.org/10.1007/BF02460644
http://dx.doi.org/10.1007/BF02460644
http://dx.doi.org/10.1007/s002850050127
http://dx.doi.org/10.1088/0256-307X/30/7/070504
http://dx.doi.org/10.1088/1674-1056/25/2/020201
http://dx.doi.org/10.1103/PhysRevE.73.060902
http://dx.doi.org/10.1016/j.jtbi.2006.03.001
http://dx.doi.org/10.1111/j.0006-341X.2000.01076.x
http://dx.doi.org/10.1111/j.0006-341X.2000.01076.x
http://dx.doi.org/10.1007/s11538-011-9650-8
http://dx.doi.org/10.1016/S0167-2789(03)00005-8
http://dx.doi.org/10.1007/s00332-008-9031-0
http://dx.doi.org/10.1007/s00332-008-9031-0
http://dx.doi.org/10.1016/j.physleta.2010.12.066
http://dx.doi.org/10.1587/nolta.3.191
http://dx.doi.org/10.1587/nolta.3.191
http://dx.doi.org/10.1103/PhysRevE.74.041904
http://dx.doi.org/10.1140/epjb/e2008-00246-2
http://dx.doi.org/10.1016/j.jmaa.2010.09.058
http://dx.doi.org/10.1016/S0304-4149(01)00126-0
http://dx.doi.org/10.1016/j.physa.2013.06.009
http://dx.doi.org/10.1137/S0036144500378302
http://dx.doi.org/10.1016/j.amc.2016.02.033
http://dx.doi.org/10.1016/j.amc.2015.11.089
http://dx.doi.org/10.1088/1674-1056/24/11/110501

	1. Introduction
	2. Stochastic tumor–immune system with periodic treatment
	3. Theoretical analysis of extinction and persistence under periodic treatment
	4. Simulations and discussion
	5. Conclusion
	References

