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Geometry and thermodynamics of smeared Reissner–Nordström
black holes in d-dimensional AdS spacetime
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We construct a family of d-dimensional Reissner–Nordström-AdS black holes inspired by noncommutative geome-
try. The density distribution of the gravitational source is determined by the dimension of space, the minimum length of
spacetime l, and other parameters (e.g., n relating to the central matter density). The curvature of the center and some
thermodynamic properties of these black holes are investigated. We find that the center of the source is nonsingular for
n > 0 (under certain conditions it is also nonsingular for −2 6 n < 0), and the properties at the event horizon, including the
Hawking temperature, entropy, and heat capacity, are regular for n >−2. Due to the presence of l, there is an exponentially
small correction to the usual entropy.
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1. Introduction
The noncommutativity of spacetime was originally stud-

ied by Snyder.[1] It is currently encoded in the commutator
[xµ ,xν ] = iϑ µν , where ϑ µν is an anti-symmetric matrix which
determines the fundamental cell discretization of spacetime
much in the same way as the Planck constant discretizes the
phase space. In recent years, the noncommutative geometry
inspired black hole, based on the coordinate coherent state
formalism,[2,3] has been studied intensively. In such a frame-
work, Nicolini et al.[4] pointed out that it is not necessary to
change the Einstein tensor part of the field equations, and the
noncommutative effects can be implemented acting only on
the matter source.[4] Furthermore, the noncommutativity elim-
inates point-like structures in favor of smeared objects in flat
spacetime. The effect of smearing is obtained by replacing the
point-like gravitational source with a Gaussian distribution of
minimal width

√
ϑ . For instance, the density of mass M be-

comes

ρM (r) =
M

(4πϑ)3/2 e−
r2
4ϑ . (1)

In this framework, Nicolini et al. first found a
noncommutative-inspired Schwarzschild black hole in four
dimensions.[4] Then the black hole was extended to the cases
including electric charge,[5] cosmological constant,[6] and
extra-spatial dimensions.[7,8] More generally, the charged ro-
tating noncommutative black holes were also derived.[9] Fur-
thermore, many authors have studied the effects of noncom-
mutativity on some properties of a black hole (see Ref. [10]),
such as thermodynamics,[11–13] Hawking radiation,[14] and
geodesic structure.[15] In the study of the noncommutative
Schwarzschild black hole, Nicolini et al.[4] pointed out that

the usual problems of the terminal phase of black hole evapo-
ration no longer exist due to the noncommutativity. Nozari and
Mehdipour investigated the Hawking radiation from a non-
commutative Schwarzschild black hole.[14] Larrañaga inves-
tigated the geodesic structure and the precession of the peri-
helion in noncommutative Schwarzschild-AdS spacetime.[15]

For the noncommutative Reissner–Nordström (RN) black
hole, Mehdipour and Nozari et al. investigated the tunnel-
ing process of charged massive particles;[16,17] Mehdipour and
Keshavarz investigated the entropic force;[18] Bhar et al. in-
vestigated geodesics, the motion of the test particle, and the
scattering of scalar waves.[19] In addition, some authors have
also studied the 3-dimensional noncommutative AdS space-
time with charge, angular momentum or not.[20–23]

Park pointed out that the Gaussianity is not always re-
quired, and showed that three-dimensional analog of de Sitter
black holes does exist when non-Gaussian (ring-type) smear-
ings of point matter hairs are considered.[24] He gave the mat-
ter density as

ρM (r)∼ M
rn

Ln+2 e−r2/L2
, (2)

where L is a characteristic length scale of the matter distri-
bution and n = 0, 1, 2 correspond to the Gaussian distribu-
tion, Rayleigh distribution, and Maxwell–Boltzmann distri-
bution, respectively. The Rayleigh distribution was first in-
troduced by Myung et al.[25] In addition, Liang et al. in-
vestigated thermodynamics of noncommutative 3-dimensional
black holes based on the Maxwell–Boltzmann smeared
mass distribution.[26] Miao and Xu investigated thermody-
namics of noncommutative high-dimensional Schwarzschild–
Tangherlini-AdS black holes with this kind of general
distribution.[27]
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The organization of this paper is as follows. In the next
section, the wave packet distribution (2) will be extended and
a metric solution of the gravitational source with this more
general distribution will be given. In Section 3, we study the
properties of this metric solution, including the formation of
event horizons, curvature of the center, Hawking temperature,
entropy, and heat capacity. Finally, a brief conclusion is given.

2. Generalized wave packet distribution and its
gravitational field
In this paper, we consider a more general distribution

which is an extension of the wave packet distribution (2). Note
that for Re(k) > 0, Re(d + n) > 0, and Re(1/alk) > 0 in d
space, ∫

∞

0
ωd−1rd−1

ρ(r)dr = 1 (3)

with

ρ(r)≡ rn

ωd−1

k
Γ

(
d +n

k

)
a

d+n
k ld+n

e−
rk

alk , (4)

where ωd−1 = 2πd/2/Γ(d/2) is the area of a unit sphere in
(d −1) space. Based on Eq. (3), the densities of total mass M
and charge Q can be written as

ρM (r) = Mρ(r) = M
rn

ωd−1

k
Γ

(
d +n

k

)
a

d+n
k ld+n

e−
rk

alk , (5)

ρQ (r) = Qρ(r) = Q
rn

ωd−1

k
Γ

(
d +n

k

)
a

d+n
k ld+n

e−
rk

alk , (6)

where n, k, a, and l are all positive, and l is related to the stan-
dard deviation or the width of the distribution. For n > 0, the
density at the center is zero, so the object is hollow. For n = 0,
the object is solid and regular, and there is an infinite center
density for n < 0.

The density distribution (5) can be understood from two
aspects. One is the noncommutative geometry. If we take
d = 3, k = 2, a = 1, and l = 2

√
ϑ , equation (5) will reduce

to Eq. (1); and similarly if we take d = 2, k = 2, a = 1, and
l = L, equation (5) will reduce to Eq. (2). The other is from
quantum mechanics. If there is an object described by wave
function ψ(r) with |ψ(r)|2 = ρ(r), e.g., a bound particle or
a Gaussian wave packet, then ρ(r) can be considered as the
probability density of the object to be found. An observer will
see or think that the mass distribution of the object has a form
described by Eq. (5). More specifically, giving M(r) a mea-
sured value at point (r,θ ,ϕ), M(r) is then proportional to the
probability of finding the object in the region of radius r, i.e.,

M(r)
M(∞)

=

∫ r
0 ωd−1rd−1ψ*(r)ψ(r)dr∫
∞

0 ωd−1rd−1ψ*(r)ψ(r)dr

=
∫ r

0
ωd−1rd−1

ρ(r)dr. (7)

Since M(∞) = M, equation (7) becomes

M(r) = M
∫ r

0
ωd−1rd−1

ρ(r)dr

=
∫ r

0
ωd−1rd−1Mρ(r)dr. (8)

Mρ(r) is therefore equal to ρM (r), which is just Eq. (5). In
quantum mechanics, l is related to the standard deviation of
position, and l ̸= 0 determined by the uncertainty principle.

The line element describing the spacetime of a static,
spherically symmetric distribution of a gravitational field
source in (d +1) dimensions has the following form:

ds2 =−e2ν(r)dt2 + e2µ(r)dr2 + r2 dΩ
2
d−1, (9)

where dΩ 2
d−1 is the metric on the unit sphere in (d−1) dimen-

sions and the Einstein–Maxwell field equations read[28]

Rµν −
1
2

Rgµν +Λgµν = 8πTµν , (10)

1√
−g

∂µ(
√
−gFνµ) = ωd−1Jν , (11)

with

Fµν = (δ 0µ
δ

1ν −δ
0ν

δ
1µ)E(r), Jν = ρQ(r)δ ν

0 , (12)

where Fµν and Jν are the electromagnetic tensor and the cur-
rent density, respectively, and the Greek indices µ , ν , . . . vary
over 0,1,2, . . . ,d.

We take the distribution of the source to be anisotropic
and therefore choose the energy–momentum tensor in the form

Tµν = (ρ + p⊥)uµ uν + p⊥gµν +(pr − p⊥)χµ χν +Tµν |el, (13)

where ρ , pr, p⊥, and Tµν |el represent the energy density (apart
from the electromagnetic field), the radial pressure, the tan-
gential pressure, and the electromagnetic energy–momentum
tensor, respectively. uµ is the velocity of the fluid, and χµ =

eµ(r)δ
µ
r is an unit vector along the radial direction. Thus, we

have

T µ

ν = diag
(
−ρ − E2

2
, pr −

E2

2
, p⊥+

E2

2
, . . . , p⊥+

E2

2

)
. (14)

We do not know the contribution of the charge Q to the energy
density ρ , so we take the following form:

ρ = ρM +ρW = (M+W )ρ(r), (15)

where W is to be determined.
With the charge density (6), one can solve Eq. (11) to

yield

E(r) =
Q

rd−1

γ

(
d +n

k
,

rk

alk

)
Γ

(
d +n

k

) , (16)
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where γ(s,x) is the lower incomplete gamma function

γ(s,x)≡
∫ x

0
ts−1 e−t dt.

To preserve the property of RN-AdS metric as g00 =−g−1
rr , we

take pr =−ρ . Using the conservation condition T ν
µ ;ν = 0, we

can obtain the tangential pressure as

p⊥ =−(ρ +E2)− r
d −1

(ρ ′+EE ′), (17)

where the prime represents the derivative with respect to r. For
an asymptotic observer,

M =
∫

∞

0
ωd−1rd−1(−T 0

0 )dr

= M+W +
πd/2Q2H

Γ

(
d
2

)
Γ

(
d +n

k

)2 , (18)

so this requires

W =− πd/2Q2H

Γ

(
d
2

)
Γ

(
d +n

k

)2 . (19)

Then the Einstein–Maxwell field equations lead to the follow-
ing solution (d > 2):

ds2 =− f (r)dt2 + f (r)−1 dr2 + r2 dΩ
2
d−1, (20)

with

f (r) = 1− 16πM
(d −1)ωd−1

1
rd−2 m(r)

+
8πQ2

(d −1)(d −2)
1

r2(d−2) q(r)− 2Λr2

d(d −1)
, (21)

m(r) ≡
γ

(
d +n

k
,

rk

alk

)
Γ

(
d +n

k

) , (22)

q(r) ≡ (d −2)rd−2

Γ

(
d +n

k

)2

[
ℋ(r)+

γ

(
d +n

k
,

rk

alk

)
Γ

(
d +n

k

) H

]
, (23)

ℋ(r) ≡
∫ r

0
−x1−d

γ
2
(

d +n
k

,
xk

alk

)
dx, (24)

and H =−ℋ(∞), e.g.,

H =



2−d(d +2)Γ(d)
d −2

(
1
al

)d−2

, for n = 0,k = 1,

2−d/2Γ

(
d −2

2

)(
1

al2

) d−2
2
, for n = 0,k = 2,

d
2(d −2)

(
2−2

d−2
d

)
Γ

(
d +2

d

)(
1

ald

) d−2
d
, for n = 0,k = d.

(25)

When l → 0, m(r) → 1, and q(r) → 1 for n 6 0, equa-
tion (21) reduces to the usual RN-(A)dS metric.[29] For n > 0,
in order to be reduced to the RN-(A)dS metric, the limit must
be taken as l → ε with small ε . If we take l → 0 for n> 0, both
ρM(r) and ρQ(r) in Eqs. (5) and (6) will be zero, i.e., there will
be no gravitational source.

Far away from the center, we can see that the (anti-)de
Sitter spacetime is shown in Eq. (21). At the neighborhood of
the center, we have

γ

(
d +n

k
,

rk

alk

)
rd−2 = r2+n

(
1

alk

) d+n
k
[

k
d +n

+𝒪(rk)

]
,

ℋ(r)
rd−2 = r4+2n

(
1

alk

) 2d+2n
k

×
[
− k2

(d +n)2(d +2+2n)
+𝒪(rk)

]
. (26)

By substituting Eq. (26) into Eq. (21) and retaining only the

leading order terms, f (r) becomes

f (r) ≈ 1− r2+n 2Ψn(k)(alk)−
d+n

k

(d −1)(d +n)Γ(
d +n

k
)3

− 2Λr2

d(d −1)

−r4+2n 8πQ2k2(alk)−
2d+2n

k

(d −1)(d +n)2(d +2n+2)Γ
(

d +n
k

)2 , (27)

with

Ψn(k) ≡ 4π
1− d

2 kΓ

(
d
2

)
Γ

(
d +n

k

)2

M−4πkHQ2

= 4π
1− d

2 kΓ

(
d
2

)
Γ

(
d +n

k

)2

(M+W ), (28)

which shows the (anti-)de Sitter type or just flat for n > 0, de-
pending on the relative values of the parameters Λ , M, Q, l, n,
d, a, and k.
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3. Properties of the smeared RN-(A)dS black
holes

3.1. Formation of event horizons

The horizon radius rh can be found from the equation
g00(rh) = 0. In our case we cannot solve analytically rh, so
we solve M in terms of rh, Q, and Λ as

M =
(d −1)ωd−1rd−2

h
16πm(rh)

×
[

1+
8πQ2q(rh)

(d −1)(d −2)r2(d−2)
h

−
2Λr2

h
d(d −1)

]
. (29)

By expanding Eq. (29) near infinity and the center, we can see
that

M →


ϑ(Λ) · (−∞), for rh →+∞,
+∞, for rh → 0,n >−2,
c1, for rh → 0,n =−2,
Q2 · (−∞), for rh → 0,n <−2,

(30)

with

ϑ(Λ)≡
{

1, for Λ > 0,
−1, for Λ 6 0,

where c1 is finite and larger than zero.

      
rh

rh









M
M

     









n/↩

n/↩

n/

n/

(b)

(a)

n/↪ Q/
n/↪ Q/
n/↩↪ Q/

n/↩↪ Q/

n/↩↪ Q/

Fig. 1. (color online) Plots of M versus rh: (a) Q = 0,Λ = −0.5, and
k = a = l = 1; d = 3 for n > −2 and d = 5 for n < −2; (b) Λ = −0.5
and a = l = 1; d = 3,k = 1 for n >−2 and d = 5,k = 2 for n <−2.

The behavior of M(rh) is shown in Fig. 1. We can see that
when n>−2, there are the inner and outer horizons and M(rh)

has a minimum M0 at r0 where the two horizons are merged.
For example, M0 ≃ 2.57 l and r0 ≃ 3.38 l for Q = Λ = n = 0,
k = a = 1, and d = 3. That means there is an extremal black
hole, and no black hole exists with mass less than M0. In the
case of n 6 −2, there is no extremal black hole. From Fig. 1,
we can also find that both M0 and r0 increase with the increase
of Q and n. More generally, the effects of different parameters
on M0 and r0 are summarized in Table 1. Table 1 shows that
the parameters Q2,d,n,a, and l have similar effects on M0 and
r0, while the k parameter is the opposite.

Table 1. The effects of different parameters on M0 and r0, e.g., M0
decreases and r0 increases with the increase of Λ .

Q2 Λ(6 0) d n(>−2) k(> 0) a(> 0) l(> 0)
M0 + − + + − + +
r0 + + + + − + +

3.2. Curvature of the center

For the Schwarzschild black hole or RN black hole, we
know that there is a gravitational singularity at the center,
where the gravitational field becomes infinite in a way that
does not depend on the coordinate system. Due to the pres-
ence of l, it should be expected that the situation will be differ-
ent. Curvature invariants of spacetime, e.g., the Kretschmann
scalar K (K ≡ Rµνστ Rµνστ ), can be used to measure the grav-
itational field strength and verify the existence of the singu-
larity. Such quantities become infinite within the singularity
but finite outside the location, e.g., for the RN black hole, K is
infinite for r = 0 and finite for r > 0.

The curvature scalar R for the smeared RN-(A)dS metric
is found as

R =
8πQ2

(d −1)Γ
(

d +n
k

)2

(
2k e−

rk

alk (alk)−
d+n

k A3 − (d −3)A4

)

+
2(d +1)Λ

d −1
+

2Ψn(k)(alk)−
d+n

k

(d −1)Γ
(

d +n
k

)3

×
(
[(d +1)+n]A1 −

k
alk A2

)
e−

rk

alk , (31)

where R ≡ Rµ

µ and

A1 ≡ rn, A2 ≡ rn+k,

A3 ≡
γ

(
d +n

k
,

rk

alk

)
rd−2−n , A4 ≡

γ2
(

d +n
k

,
rk

alk

)
r2(d−1) . (32)

In addition, the Kretschmann scalar K is given by

K =
16

d2(d −1)2Γ

(
d +n

k

)6

{
1
2
(d −1)(d −2)

[
Φn(alk)−

d
k +

Ψnd
k

A5 −2qnA6

]2
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+2(d −1)
[

Φn(alk)−
d
k +

Ψnd
2k

[
k e−

rk

alk (alk)−
d+n

k A1 − (d −2)A5

]
+qn[(d −2)A6 +A4]

]2

+

[
Φn(alk)−

d
k +

Ψnd
2k

(
−k e−

rk

alk (alk)−
d+n

k [(d −3−n)A1 +
k

alk A2]+ (d −1)(d −2)A5

)
−qn[(d −1)(d −2)A6 −2k e−

rk

alk (alk)−
d+n

k A3 +(3d −5)A4]

]2}
, (33)

where

qn ≡ 2dπQ2
Γ

(
d +n

k

)
, Φn ≡ ΛΓ

(
d +n

k

)3

(alk)
d
k , A5 ≡

γ

(
d +n

k
,

rk

alk

)
rd =

A3

r2+n , A6 ≡
ℋ(r)

rd . (34)

At the neighborhood of the center, we obtain

γ

(
d +n

k
,

rk

alk

)
= rd+n

[ 2

∑
i=0

(−1)i (alk)−
d+n

k

Γ(i+1)
(

i+
d +n

k

)( rk

alk

)i

+𝒪(r3k)

]
,

ℋ(r) = rd+2n+2
[ 2

∑
j=0

⌊
j
2

⌋
∑
i=0

(−1) j+1(sgn( j−2i)+1)k2(alk)−
2d+2n

k

Γ( j− i+1)(d + ik+n)[d +( j− i)k+n](d + jk+2n+2)

(
rk

alk

) j

+𝒪(r3k)

]
. (35)

For n > 0, with R(0) ≡ limr→0R and K(0) ≡ limr→0K,
one can obtain from Eqs. (31), (33), and (35) that

K(0) =
8(d +1)Λ 2

d(d −1)2 =
2

d(d +1)
[R(0)]2, for n > 0. (36)

Furthermore,

K(0) =
8(d +1)(Ψ0 +Φ0)

2

d(d −1)2Γ

(
d
k

)6

(alk)
2d
k

=
2

d(d +1)
[R(0)]2,

for n = 0. (37)

Equations (36) and (37) show that there is a simple relation-
ship between K and R at r = 0 for the smeared RN-(A)dS black

hole, but not for the usual black hole. For n < 0, we will see
that R and K are still limited under conditions of Eqs. (38) and
(39), even though the central matter density is divergent. For
instance, in the case of −1 6 n < 0, in order to avoid the diver-
gent term r2n (or the term A5) in K, the coefficient of r2n must
be zero, i.e., Ψn(k) = 0. More generally, we have

K(0) ̸= ∞ ⇔

Ψn(k) = 0, for −1 6 n < 0,
M = Q = 0, for −2 < n <−1,
M = Q = 0, for n <−2,

(38)

and

K(0) ̸= ∞ ⇔



M = Q = 0, for n =−2,0 < k < 1,
d = 3 and

M−2(ln4−1)π
Q2

al
= 0,

for n =−2,k = 1,

M = Q = 0, for n =−2,1 < k < 2,
4πQ2k2

(d −2)2 +
Ψ−2(k)(alk)

d−2
k

Γ

(
d −2

k

) = 0, for n =−2,k > 2.

(39)

It is interesting to note that in the case of n = −2 and k = 1,
the massive object only in (3+ 1) dimensions is nonsingular.
From the above equations, we can see that in the case of n < 0,
the conditions are required to make the curvature limited, but

it is not for the case of n> 0, which shows that the wave packet
with n > 0 is always regular.

For a special class of objects with Ψn(k) = 0 (or ρ = 0,
M =−W ), e.g.,



π− d
2 Γ(

d
2
)Γ(d)M− 2−d(d +2)

(al)d−2(d −2)
Q2 = 0, for n = 0,k = 1,

π− d
2 Γ(

d
2
)2M− 1

(2al2)
d−2

2 (d −2)
Q2 = 0, for n = 0,k = 2,

π− d
2 Γ(

d
2
)M− 2−2

d−2
d

(ald)
d−2

d (d −2)
Γ

(
2
d

)
Q2 = 0, for n = 0,k = d,

(40)
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the energy–momentum tensor is equivalent to purely electrical
that can be written as

T µ

ν = diag
(
− E2

2
,−E2

2
,−E2

2
+ℰ , . . . ,−E2

2
+ℰ
)

(41)

with ℰ =−rEE ′/(d−1), and for n >−1 the center is nonsin-
gular. Moreover, K(0) = 8(d + 1)Λ 2/d(d − 1)2 for n > −1,
which shows that the center is the (anti-)de Sitter type or just
flat.

3.3. Hawking temperature and entropy

The Hawking temperature can be calculated as follows:

TH ≡ κ

2π
=

1
4π

(
∂ f (r)

∂ r

)
r=r+

. (42)

By simplifying the above equation for the metric (21), we ob-
tain

TH =
1

4πr+

[
(d −2)− ĝ

m̂

]
− 2Q2

(d −1)r2d−3
+

[
m̂2 +

q̂
(d −2)m̂

ĝ−
Hrd−2

+

Γ

(d +n
k

)2 ĝ
]

− Λr+
2π(d −1)

(
1− ĝ

dm̂

)
, (43)

where m̂ ≡ m(r+), q̂ ≡ q(r+) and

ĝ ≡ g(r+) =
k e−

rk
+

alk rd+n
+

Γ

(d +n
k

)
(alk)

d+n
k

. (44)

In the limit of l → 0, m̂, q̂, and ĝ will be 1, 1, and 0 for fixed
r+. Equation (43) then will be reduced to the Hawking tem-
perature of the RN-(A)dS black hole

4πTH(l → 0) =
d −2

r+
− 8πQ2

(d −1)r2d−3
+

− 2Λr+
d −1

. (45)

Near infinity or the center, one can find from Eq. (43) that

TH →


Λ · (−∞), for r+ →+∞,

−∞, for r+ → 0,n >−2,
c2, for r+ → 0,n =−2,
+∞, for r+ → 0,n <−2,

(46)

where c2 is finite and c2 > 0.
The Hawking temperature variation is plotted against the

black hole radius r+ in Fig. 2. (i) When n < −2, figure 2(a)
shows that TH(0) is divergent, just like the Schwarzschild
black hole or RN black hole. (ii) When n = −2, TH is pos-
itive and finite as r+ tends to zero. (iii) When n > −2, we
can see that the temperature is negative where r+ < r0 (see
also Fig. 5), which is not physical; for r+ = r0 (correspond-
ing to the radius of the extremal black hole), TH = 0 which

means a frozen extremal black hole; for r+ > r0, there is a (lo-
cal) maximum Tmax (where we call rmax) to replace the diver-
gence, e.g., Tmax ≃ 0.01/l and rmax ≃ 6.54 l for Q=Λ = n= 0,
k = a= 1, and d = 3. Moreover, for Λ = 0, TH approaches zero
as r+ → ∞. We can also see from Fig. 2(b) that there is a local
minimum Tmin (where we call rmin) when Λ is larger than a
critical value and less than zero.

On the other hand, we can find from Fig. 2(a) that, both
rmax and r0 (see also Fig. 1 or Table 1) increase but Tmax de-
creases with the increase of n. More generally, the effects of
different parameters on Tmax, rmax, Tmin, and rmin are shown in
Table 2. From Table 2 we can see that the parameters Q2,n,a,
and l have similar effects on Tmax, rmax, Tmin, and rmin, and
the k parameter is the opposite. Furthermore, for each param-
eter, Tmax and Tmin are affected in the same direction, and from
Fig. 2(b) we know that there will be no local maximum and
minimum temperature if Λ is too small.

r+

r+

5 10 15 20 25

0.01

0.02

0.03

0.04

T
H

T
H

10 20 30 40 50 60

0.005

-0.005

0.010

0.015

0.020

n/↩

n/↩

n/↩

n/

n/

Λ=0

Λ=−0.002
Λ=−0.005
Λ=−0.008

(a)

(b)

Fig. 2. (color online) Plots of TH versus r+: (a) Λ = 0, Q = 1, and a = l = 1;
d = 3,k = 1 for n > −2 and d = 5, k = 2 for n < −2; (b) Q = 1, d = 3,
n = 0, and k = a = l = 1.

Table 2. The effects of different parameters on Tmax, rmax, Tmin, and
rmin, e.g., Tmax decreases and rmax increases with the increase of Q2.
There is a local minimum Tmin only when Λ is larger than a critical
value and less than zero.

Q2 Λ(6 0) d n(>−2) k(> 0) a(> 0) l(> 0)
Tmax − − + − + − −
rmax + − + + − + +
Tmin − − + − + − −
rmin − + + − + − −

For the case of charged black hole, the first law of ther-
modynamics is described by

δM =
κ

2π
δS+ΦδQ, (47)
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where κ , S, and Φ are the surface gravity, entropy, and elec-
tric potential on the exterior horizon, respectively. Substitut-
ing Eq. (42) into Eq. (47) for fixed electric charge Q, one can
derive

dS =
1

TH
dM = 4π

(
∂g00

∂M

)−1

r=r+
dr+. (48)

Using Eq. (21), we can obtain

S =
∫ r+

r0

(d −1)ωd−1rd−2

4m(r)
dr

=
∫ r+

r0

(d −1)Γ
(

d +n
k

)
ωd−1rd−2

4γ

(
d +n

k
,

rk

alk

) dr. (49)

It is worth noting that the lower limit r0 of the integral is not
equal to zero, and for different parameter values (such as the
charge Q), the value of r0 is different. The behavior of the en-
tropy S with respect to r+ is shown in Fig. 3. We can see that
d, n, and k affect not only the size of r0, but also the ratio of S
to r+.

r+

2 4 6 8

50

100

150

200

250

S

n/↪ d/↪ k/
n/↪ d/↪ k/

n/↪ d/↪ k/
n/↪ d/↪ k/

Fig. 3. (color online) Plots of the entropy S versus r+ for Λ =−0.5 and
Q = a = l = 1.

By expanding Eq. (49), we can obtain

S =
∫ r+

r0

(d −1)
4

ωd−1rd−2

×

1+
∞

∑
i=1

[
1

Γ

(
d +n

k

)Γ

(
d +n

k
,

rk

alk

)]i

 dr

=
1
4

ωd−1rd−1∣∣r+
r0
+
∫ r+

r0

(d −1)
4

ωd−1rd−2

×
∞

∑
i=1

[
1

Γ

(
d +n

k

)Γ

(
d +n

k
,

rk

alk

)]i

dr

≡ S(r)
∣∣r+
r0
, (50)

where Γ(s,x) is the upper incomplete gamma function

Γ(s,x)≡
∫

∞

x
ts−1 e−t dt = Γ(s)− γ(s,x).

From Eq. (50), we can see that the first term is the usual semi-
classical Bekenstein–Hawking area law, and the other is the
correction to the area law. Expanding S(r) for small l or large
r to the leading order, we have

S(r) ≃ 1
4

ωd−1rd−1

×

1−
∞

∑
i=1

d −1
ik

[ e−
rk

alk

(
rk

alk

) d+n
k − 1

i −1

Γ

(
d +n

k

) ]i

 . (51)

Hence, one can find that it is an exponentially small correction
to the usual entropy due to the fundamental minimum length
l.

The heat capacity at a constant charge is given by

C ≡ ∂M
∂TH

=
∂M
∂ r+

(
∂TH

∂ r+

)−1

= TH
∂S

∂ r+

(
∂TH

∂ r+

)−1

, (52)

which determines the thermodynamic stability of the black
holes. We can see from Fig. 1 and Eq. (30) that ∂M/∂ r+ is
generally positive (∂M/∂ r+ = 0 at r+ = r0) for Λ 6 0, so the
sign of C is the same as that of ∂TH/∂ r+. Therefore, the black
hole is unstable when ∂TH/∂ r+ < 0.

Using Eqs. (43) and (49), we obtain

C =
(d −1)ωd−1

4m̂
TH

(
∂TH

∂ r+

)−1

rd−2
+ , (53)

with

∂TH

∂ r+
= − 1

4πr2
+

[
(d −2)+

(
d +n− k

rk
+

alk −1
)

ĝ
m̂
− ĝ2

m̂2

]
+

2Q2

(d −1)r2d−2
+

(
(2d −3)m̂2 − ĝm̂+ ĝ

×
[

ĝ
m̂
−
(

n− k
rk
+

alk +1
)]

×

[
q̂

(d −2)m̂
−

Hrd−2
+

Γ

(d +n
k

)2

])
− Λ

2π(d −1)d

×
[

d −
(

d +n− k
rk
+

alk +1
)

ĝ
m̂
+

ĝ2

m̂2

]
. (54)

The behavior of C is shown in Fig. 4. Figure 4(a) shows the
case of Λ = 0. (i) When n < −2, C < 0 (for all r+), so this
black hole is unstable, just like the usual Schwarzschild black
hole or RN black hole. (ii) When n = −2, the middle black
hole is stable and the two sides are unstable. (iii) When n >

−2, the black hole is stable if r0 6 r+ < rmax. When n > −2,
we see from Fig. 4(b) that Λ has a significant influence on
C. Λ = Λcrit is a critical case where Tmax = Tmin. (i) When
Λcrit < Λ < 0, the black hole is stable for r0 6 r+ < rmax

or r+ > rmin (see Fig. 5). C is divergent at rmax or rmin for
Λcrit 6 Λ < 0, where a phase transition occurs. (ii) When
Λ 6 Λcrit, the black hole is stable for all r+.
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



C

C

Λ=−0.004

Λ=0

Λ=−0.005

Λ=−0.006

(a)

(b)

r+

r+

Fig. 4. (color online) Plots of C versus r+: (a) Λ = 0,Q = 1, and a = l = 1;
d = 3,k = 1 for n >−2 and d = 5,k = 2 for n <−2; (b) Q = 1,d = 3,n = 0,
and k = a = l = 1.

Figure 5 shows the behavior of M, TH, S, and C for
a smeared and regular RN-AdS black hole as a whole.
We can see that for a black hole with suitable parameters
Q,Λ ,d,n,k,a, and l, there is an extremal black hole with
r+ = r− = r0. The extremal black hole has the minimum total
mass, and both its temperature and entropy are equal to zero.
In addition, the extremal black hole is also stable. From Ta-
ble 1 and Table 2, we can find that the parameters Q2,n,a, and
l have similar effects on M (and TH), while the k parameter
is the opposite to the previous parameters. We can also find
that for a higher dimension d, both M and TH will increase for
fixed r+, and the radius of the extremal black hole r0 will also
be greater.

10 20 30 40

-10

-5

5

10

15

20

M

C/

S/

r0
rh

TH

rmax rmin

Fig. 5. (color online) Plots of M, TH, S, and C as a whole in the case of
Q = 1, Λ =−0.003, d = 3, n = 0, and k = a = l = 1.

4. Conclusion
We have constructed a general Reissner–Nordström-

(A)dS black hole inspired by noncommutative geometry for
which the gravitational source is described by the density dis-
tribution (5) and (6), and the characteristics of the spacetime
are affected by the following parameters: the total mass M,

electric charge Q, cosmological constant Λ , and several pa-
rameters affecting the density distribution, including d (the di-
mension of space), n (relating to the central matter density), l
(the minimum length), and so on. This black hole spacetime
is asymptotically flat or (A)dS at large distance, and it is flat
or the (A)dS type near the center of the gravitational source
for n > 0, which depends on the relative values of the above
parameters.

By analyzing the central curvature K, the formation of
event horizons rh, Hawking temperature TH, entropy S, and
heat capacity C, we found that the center of the source is non-
singular for n > 0, and under certain conditions (describing by
Eqs. (38) and (39)) it is also nonsingular for −2 6 n < 0. We
also found that the Hawking temperature TH has no usual di-
vergence problem for n > −2. These results show that about
nonsingularity, the critical point of n for the central curva-
ture and thermodynamic properties is different. We have also
found that the parameters Q2,n,a, and l have similar effects
on both M and TH, while the k parameter is the opposite to the
previous parameters. If Λ is too small, there will be no local
maximum and minimum temperature. Λ also has an impor-
tant effect on C. Due to the fundamental minimum length l,
there is a correction to the usual semi-classical area law and
the correction of entropy decreases exponentially.
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