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A guidance policy for controller performance enhancement utilizing mobile sensor–actuator networks (MSANs) is
proposed for a class of distributed parameter systems (DPSs), which are governed by diffusion partial differential equations
(PDEs) with time-dependent spatial domains. Several sufficient conditions for controller performance enhancement are
presented. First, the infinite dimensional operator theory is used to derive an abstract evolution equation of the systems
under some rational assumptions on the operators, and a static output feedback controller is designed to control the spatial
process. Then, based on Lyapunov stability arguments, guidance policies for collocated and non-collocated MSANs are
provided to enhance the performance of the proposed controller, which show that the time-dependent characteristic of the
spatial domains can significantly affect the design of the mobile scheme. Finally, a simulation example illustrates the
effectiveness of the proposed policy.
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1. Introduction
The wireless sensor networks (WSNs) are very frequently

used in many networked control systems (NCSs) for the eco-
nomic efficiency and flexibility in modularization of the net-
works, such as distributed parameter estimation in sensor
networks,[1–3] diffusion source tracking,[4] and some special
missions taking full advantages of WSNs.[5–7] Among the the-
oretical researches for the sensor networks, one of the funda-
mental problems is how to design controllers or filters to im-
prove the control performance or estimation performance un-
der some environment. The performance improvement here
means faster convergence rate of the system state or lower
computational complexity of the algorithm. These problems
on NCSs were studied by many researchers with aid of vari-
ous tools such as linear matrix inequalities, T-S fuzzy model,
and sum-of-squares method.[8] In addition, another effective
way to deal with these problems is the use of mobile sensor–
actuator networks (MSANs), which are WSNs composed of
mobile agents with sensing or actuating capabilities, as it pro-
vides an extra dimension to make the best use of the mobile
agents.[9,10]

However, it is noted that in the majority of the NCSs
mentioned above, the target systems to be estimated or con-
trolled are the finite dimensional systems described by ordi-
nary differential equations (ODEs). Nevertheless, in prac-
tice, most of the physical processes are infinite dimensional
systems described by PDEs, which are commonly called the

DPSs with their dynamics depending both on spatial position
and time.[11,12] Specifically, many industrial control problems,
crystal growth,[13] liquid solidification,[14] and gas–solid reac-
tion systems,[15] can be depicted by parabolic PDEs with time-
dependent spatial domains (i.e., moving boundaries). Such
time-dependent characteristics of the boundaries may cause
variation of observability and controllability with time and
space, which is not encountered in DPSs with fixed bound-
aries. These characteristics are usually described by convec-
tive transport owing to the variation of the length of the domain
with time. And thus, such characteristics, if not appropriately
accounted for in the synthesis of the observer or controller,
may lead to poor performance of the systems.[11,16,17] How-
ever, although the aforementioned literatures demonstrated
that the moving controller can lead to better performance of
the controller, they gave neither a specific moving strategy of
the mobile actuating-sensing devices to enhance the controller
performance, nor the relationship between the moving strategy
of the actuating-sensing devices and the moving boundaries.

In the past two decades, a lot of related studies in
DPSs with fixed boundaries using MSANs have already been
conducted, such as performance enhancement in control or
estimation,[18,19] reduction in power consumption,[20] and mo-
bile robot’s collision avoidance.[21] Many earlier works that
make use of MSANs in DPSs were presented in Refs. [22]–
[25]. The optimality criteria for estimation and control scheme
to enhance the supervisory control scheme were built in
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Ref. [23]. Pioneering work that considered spatially point-
wise distributed moving agents was presented in Ref. [24].
Most of the theoretic properties of DPSs with mobile controls
were basically investigated by Khapalov in Refs. [25]– [27].
Subsequently, a new algorithm called central voronoi tessel-
lations (CVT) was proposed to solve the dual problem of pa-
rameter estimation for parabolic PDEs based on MSANs by
Chao et al. in Refs. [28]– [30]. While the most relevant works
were explored by Demetriou et al. in Refs. [31]– [37]. A new
methodological framework was presented by means of a group
of closely placed point-wise sensors and a single point-wise
actuator in Ref. [31]. Based on the Lyapunov stability theory,
Demetriou first integrated MSANs for DPS in Ref. [33], in
which the sensing and actuating devices were assumed to be
collocated and a guidance law for the MSANs was presented
to enhance the controller performance. The optimal switch-
ing policy and estimation for performance enhancement of dis-
tributed parameter systems were discussed in a similar fashion
in Refs. [18] and [38], respectively. However, to the best of the
authors’ knowledge, few authors have considered the control
problems for DPSs with moving boundaries based on MSANs
in an abstract framework so far.

Motivated by the previous work, in this paper, we use an
integrating abstract structure for the repositioning of mobile
actuating and sensing devices (collocated and non-collocated),
which are viewed as an integral part of the process. Specifi-
cally, the PDEs with moving boundaries that describe the pro-
cess dynamics are viewed as an abstract evolution equation
in an appropriate Hilbert space. The Lyapunov stability argu-
ments for infinite dimensional systems are used to analytically
achieve the main purpose that provides the guidance policy for
each mobile agent so that the closed loop system performance
is enhanced. The performance enhancement means that the
system state converges to the equilibrium point faster with the
help of moving agents satisfying the proposed guidance pol-
icy, compared with the agents dissatisfying the proposed pol-
icy (fixed in the domain, for example). In order to verify the
proposed guidance policy and avoid on-line computations of
the dynamic output feedback controller, a static output feed-
back control law is used in this paper, and by means of which
there will be no need to implement a real-time state estimator
for its computationally expensive observer gains.

The remainder of this paper is organized as follows. First,
an abstract framework of the considered system model is for-
mulated and the problem under consideration is redescribed
under this framework, which is to be addressed with the aids
of MSANs in Section 2. In Section 3, the guidance law for
each moving agent is proposed under the conditions of collo-
cated and non-collocated MSANs respectively. Several suffi-
cient conditions to enhance the performance based on the pro-
posed static output feedback controller are obtained. Finally,

the effectiveness of the proposed guidance policy is success-
fully evaluated through an example of a diffusion process in
Section 4 and conclusions follow in Section 5.

2. Preliminaries and problem formulation
Consider a class of DPS with time-dependent spatial do-

main described by the following m-input, m-output parabolic
PDE in one spatial dimension:

∂x(t,z)
∂ t

=
∂

∂ z

(
α(z)

∂x(t,z)
∂ z

)
+

m

∑
i=1

bi(z;za
i (t))ui(t), (1)

yi(t) =
∫ h(t)

0
ci(z;zs

i (t))x(t,z)dz, i = 1,2, . . . ,m, (2)

subjected to the initial condition

x(0,z) = x0(z), (3)

and the boundary conditions

c1x(t,0)+d1
∂x
∂ z

(t,0) = r1,

c2x(t,h(t))+d2
∂x
∂ z

(t,h(t)) = r2. (4)

In the aforementioned DPS, x(t,z) ∈ R denotes the state
variable of the process, in which t ∈ R+ and z ∈ [0,h(t)] are
the time and the spatial coordinates, respectively, and h(t) is
the moving boundary of the time-dependent spatial domain of
DPS, which is denoted as Ω(t). The function bi(z;za

i (t)) is a
known smooth function of (t,z), which describes how the i-th
control action ui(t) is distributed in the spatial domain Ω(t),
while ui ∈ Rm denotes the associated manipulated input. The
spatial point za

i (t) ∈ Ω(t) denotes the time varying centroid
of the i-th actuator. Similarly, ci(z;zs

i (t)) is a known smooth
function of (t,z) which describes how the i-th moving sensor
is distributed in the same domain Ω(t), and is determined by
the location and type of the measurement sensor (e.g., point or
distributed sensing), and the spatial point zs

i (t) ∈Ω(t) denotes
the time varying centroid of the i-th moving sensor. The time
dependence of both za

i (t) and zs
i (t) describes the time variation

of their locations within the spatial domain. yi ∈R denotes the
measured output of the i-th moving sensor. x0(z) is the initial
condition, and c1,d1,c2,d2,r1,r2 are real numbers.

It is observed that the moving boundary h(t) plays a pow-
erful role in the above DPS. A schematic of a typical process
with moving boundary can be found in Ref. [16], in the case
of moving actuators and sensors. To simplify the discussion
in this manuscript, it is necessary to assume that the moving
boundary h(t) is known and smooth. Precisely, the assumption
on the properties of h(t) and ḣ(t) is given below.

Assumption 1 h(t) is a known and smooth function of
time which satisfies ḣ(t) > 0 and h(t) ∈ (0,hmax], ∀t ∈ [0,∞),
where hmax is finite and denotes the maximum length of the
one dimensional spatial domain Ω(t).
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To simplify the presentation and employ Lyapunov stabil-
ity methods for the DPS with time-dependant spatial domain,
following Refs. [16] and [33], the PDE systems of Eqs. (1)–
(4) are formulated as an evolution equation in an appropriate
Hilbert space H2,Ω(t), which is defined on Ω(t) = [0,h(t)],
with the inner product

〈φ1,φ2〉=
∫

Ω(t)
φ1(z)φ2(z) dz,

and norm

‖φ‖2 = 〈φ ,φ〉1/2,

where

H2,Ω(t) , {φ : Ω(t) 7→ R and ‖φ‖2 < ∞},

and the space derivatives’ definitions are defined in the space
H2,Ω(t).

Define the state x(t) on H2,Ω(t) as

x(t) = x(t,z), t > 0, z ∈ [0,h(t)],

the system’s second order time-varying operator A (t) and its
domain as

A (t)x =
∂

∂ z

(
α(z)

∂x
∂ z

)
+ ḣ(t)

z
h(t)

∂x
∂ z

,

α(z)> 0, x ∈ Dom(A ),

Dom(A (t)) = {x ∈ H2,Ω(t)| x, ∂x/∂ z abs. continuous,
∂ 2x/∂ z2 ∈ H2,Ω(t), and c1x(t,0) + d1(∂x/∂ z)(t,0) = r1,
c2x(t,h(t))+d2(∂x/∂ z)(t,h(t)) = r2}. The m input operators
are

〈Bi(za
i (t))ui(t),x〉=

∫ h(t)

0
bi(z;za

i (t))x(z)ui(t) dz,

or Bi(za
i (t))ui(t) = bi(z;za

i (t))ui(t), i = 1, . . . ,m,

and the output operators are

Ci(zs
i (t))x = 〈Ci(zs

i (t)),x〉

=
∫ h(t)

0
ci(z;zs

i (t))x(z) dz, i = 1, . . . ,m.

It is straightforward to observe that the output operator
is equal to the adjoint of the input operator, i.e., C = B∗,
when bi(z) = ci(z). Then, in Hilbert space H2,Ω(t), the DPS of
Eqs. (1)–(4) may easily be expressed in the following abstract
form:

ẋ(t) = A (t)x(t)+B(za(t))u(t), x(0) = x0,

y = C (zs(t))x(t), (5)

where x0 = x0(z).
Remark 1 Referring to Assumption 1, smoothness of

h(t) is needed for the well-posedness of the solution for the

initial value problem (5) in H2,Ω(t). ḣ(t) ≥ 0 implies that the
time-dependent spatial domain Ω(t) is always moving “out-
wards”, which is also in accordance with some actual situa-
tions. More details can be found in Ref. [16].

Remark 2 For the case in which the spatial coordinate
is more than one dimension, two and three spatial dimensions
for instance, the same infinite dimensional abstract framework
technique may be employed as for the system represented by
Eq. (5), and hence no generality is lost by considering one di-
mension system in this paper.

Additionally, for the employment of Lyapunov stability
arguments, it is assumed that the state operator A (t) satis-
fies the following properties of boundedness, coercivity, and
symmetry.[33] Furthermore, another assumption is imposed on
state operator A (t) due to its time-varying characteristic.

Assumption 2 The state operator A (t) has the following
properties:

(A1) bounded: the operator A (t) is bounded, i.e., there
exists α > 0 such that

|〈A (t)φ ,φ〉| ≤ α‖φ‖2, for φ ∈H2,Ω(t);

(A2) coercive: the operator −A (t) is coercive, i.e.,

〈−A (t)φ ,φ〉 ≥ µ‖φ‖2, for some positive µ and φ ∈H2,Ω(t);

(A3) symmetric: the operator A (t) is symmetric, i.e.,

〈A (t)φ ,φ〉= 〈φ ,A (t)φ〉 for all φ ∈H2,Ω(t);

(A4) differentiable: the operator A (t) is differentiable
and 〈 ˙A (t)φ ,φ〉 ≥ 0, for φ ∈ H2,Ω(t), where ˙A (t) is the
derivative of the operator A (t) with respect to time.

Remark 3 The above four assumptions of state opera-
tor A (t) can naturally simplify the Lyapunov stability anal-
ysis in Section 3. It should be pointed out that the differen-
tiability of operator A (t) in (A4) is necessary for the well-
posedness of evolution equation (5) when A (t) is time variant.
And 〈x(t), ˙A (t)x(t)〉 ≥ 0 guarantees the asymptotic stability
of the open-loop DPS system, which overwhelmingly simpli-
fies the Lyapunov stability analysis. In fact, if the inequality
〈x(t), ˙A (t)x(t)〉 ≥ 0 is not satisfied, one may still obtain sim-
ilar conclusions as the derived theorems 1 and 2 in this pa-
per, providing that the assumption of boundedness is made on

˙A (t).
In this paper, the following static output feedback control

law is considered:

ui(t) =−kiyi(t) =−ki

∫ h(t)

0
ci(z;zs

i (t))x(t,z)dz, (6)

for ki > 0, i = 1, . . . ,m, implemented by the actuating de-
vices, which may make the state close to zero in an appro-
priate norm. Comparing to the feedback controller fixed in
space, the moving actuating devices will be able to enhance
the system performance more effectively. That is because they
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will be able to have more control authority than the devices
fixed in the domain. Significant effects on performance en-
hancement via the use of moving or scheduled actuating de-
vices in both thermal and structural systems were presented in
Refs. [31] and [33]. Furthermore, when the spatial domains of
the process are time-dependent, the feedback controller which
is fixed in the time-dependent domains may lead to poor per-
formance or closed-loop instability.[11,16] However, although
it is proved in Ref. [16] that moving actuating devices have
better effects than the controllers fixed in the spatial domains,
it did not give a specific scheduled speed expression of the
moving actuators–sensors.

Therefore, motivated by Refs. [31] and [33], the problem
under consideration in this paper can now be stated as follows:
Given the DPS with time-dependent spatial domains (1)–(4)
and its abstract evolution expression (5), for a given static out-
put feedback control law (6) implemented by collocated and
non-collocated mobile sensing-actuating devices, respectively,
find the trajectories (or velocities) of the mobile agents and the
relationships among the derived velocities and the known con-
ditions of the DPS with time-dependent spatial domains, so
that the norm of the state x(t,z) will converge to the equilib-
rium point faster than it would with the employment of fixed
actuating-sensing devices.

In addition, for the purpose to further enhance the system
performance with the aid of a network of mobile sensors and
actuators, some additional assumptions on the network should
be made to partially simplify the control problem of the DPS
with moving boundaries.

Assumption 3[33] The network is homogeneous, that is,
bi(z) = b(z) and ci(z) = c(z), i = 1, . . . ,m, which means that
the mobile agents are different only at the locations. It is also
assumed that each agent is massless and inertialess, so there is
no need to consider its kinematic equations in its travel within
Ω(t).

Assumption 4 (Network with simple topology structure)
It is assumed that Ω(t) is simply connected and there is no
exchange of information between the i-th agent and the j-th
agent for i 6= j, which implies that the i-th sensor only con-
veys information to the i-th controller/actuator to implement
the corresponding control behavior.

Remark 4 Assumption 3 and Assumption 4 are mainly
to simplify the proof in Section 3. However, there are random
failures and various network-induced limitations at the device
layer in any practical network-based industrial processes.[8,39]

Such questions over the design of controllers/filters of DPSs
with time-dependent spatial domains based on MSANs will
be studied by the authors in the future.

3. Main results
In this section, two theorems will be presented and ac-

curately proved, which mainly contain the guidance policy
for the improved control of DPS with time-dependent spatial
domains. First, the following basic identity named Leibniz–
Reynolds transport theorem (one dimension) is introduced
which is of importance in the ensuing development.

Lemma 1[40] Let Ω(t) = [a(t),b(t)], and for all z∈Ω(t),
the function t→ F(t,z) is continuously differentiable for arbi-
trary t < ∞, it holds

d
dt

(∫
Ω(t)

F(t,z)dz
)

=
∫

Ω(t)
Ft(t,z)dz+F(t,b(t))

∂b(t)
∂ t
−F(t,a(t))

∂a(t)
∂ t

. (7)

3.1. Guidance of collocated MSANs

Definition 1 (Collocated actuator–sensor networks) The
MSANs are said to be collocated if

za
i (t) = zs

i (t) with b(z;za
i (t)) = c(z;zs

i (t)), i = 1, . . . ,m,

where zs
i (t) and za

i (t) denote the spatial coordinates of the i-th
actuating device and the i-th sensing device, respectively.

As mentioned in Ref. [33], the above collocated condi-
tion can significantly simplify the stability analysis, the con-
troller design, and the proposed mobile sensor–actuator guid-
ance scheme. Specifically, in this paper, to analytically obtain
the Lyapunov-based guidance scheme, a representative spatial
distribution is given by

b(z;zc) = Hzc−ε(z)−Hzc+ε(z)

=

{
1, if z ∈ [zc− ε,zc + ε],

0, otherwise,
(8)

where Ha(z) , H(z−a) is the Heaviside function, ε > 0 is a
small positive constant, and zc denotes the spatial coordinate of
the collocated actuator–sensor agent. In this case, each sensing
device can both provide the measurement information by mea-
surement function yi(t) and the state information x(t,zc− ε)

and x(t,zc +ε) at the two edges of the sensor’s range. In prac-
tice, the spatial distribution of the actuator may not be the same
as the spatial distribution of the sensing device, such a case
will be shown in Theorem 2.

The following theorem provides an explicit formula and
conditions that ensure controller performance enhancement by
the collocated MSANs.

Theorem 1 Consider the DPS system of Eqs. (1)–(4) with
infinite-dimensional representation of Eq. (5) satisfying As-
sumptions 1-4, where the collocated sensor–actuator spatial
distribution is given by Eq. (8). Then the proposed mobile
policy for each agent enhances the controller performance in
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the sense that the static output feedback control law (6) asymp-
totically stabilizes the spatial process, if the proposed mobile
policy for each agent is given by

żc
i (t) = γi

βc2
0

∆x(t,zc
i (t))

ḣ(t)
h(t)

, (9)

where γi ≥ 1/(2mkiyi(t)), i = 1, . . . ,m, is the velocity gain for
each agent, ∆x(t,zc

i (t)) = (x(t,zc
i (t)+ ε)− x(t,zc

i (t)− ε) and
yi are supposed to be nonzero, and c0 > 0,β > 0 are constants.

Proof If the static output feedback law (6) is considered,
then system (5) becomes

ẋ(t) = A (t)x(t)−
m

∑
i=1

kiBi(zc
i (t))B

∗
i (z

c
i (t))x(t)

= (A (t)−B(zc(t))𝐾B∗(zc(t)))x(t)

= Acl(t,zc(t))x(t), (10)

where the positive scalars ki are user-defined feedback gains
and K = diag{ki}. Choose the following parameter-dependent
time variant Lyapunov functional:

V (t) =−〈x(t),Acl(t,zc(t))x(t)〉.

First, the positive definiteness of V (t) is directly obtained from
the boundedness and coercivity of the closed loop operator
Acl(t,zc(t)), which is similar to the proof in Ref. [33]. For
the following derivation of the guidance policy for each agent,
we only reprove the boundedness of the operator Acl(t,zc(t))
here. Indeed, using assumption (A1), we have

|V (t)| = |− 〈x(t),Acl(t,zc(t))x(t)〉|
= |〈x(t),(A (t)−B(zc(t))𝐾B∗(zc(t)))x(t)〉|
≤ α‖x(t)‖2 + |〈x(t),B(zc(t))𝐾B∗(zc(t))x(t)〉|
≤ α‖x(t)‖2 +λmax(𝐾)|〈B∗(zc(t))x(t),B∗(zc(t))x(t)〉|
≤ α‖x(t)‖2 +λmax(𝐾)‖B∗(zc(t))‖2‖x(t)‖2

= (α +λmax(𝐾)‖B∗(zc(t))‖2)‖x(t)‖2

= β‖x(t)‖2, (11)

where λmax(𝐾) denotes the maximum eigenvalue of matrix
𝐾 and β = α +λmax(𝐾)‖B∗(zc(t))‖2 > 0.

Due to fact that both A (t) and B(zc(t))B∗(zc(t)) are
self-adjoint, which implies Acl(t,zc(t)) is self-adjoint, and
with the aids of Lemma 1, the derivative of the Lyapunov func-
tional along the trajectories of Eq. (10) is

V̇ (t) = −
∫ h(t)

0

∂

∂ t

[
x(t)Acl(t,zc(t))x(t)

]
dz

− x(t)Acl(t,zc(t))x(t)|z=h(t)ḣ(t)

+ x(t)Acl(t,zc(t))x(t)|z=00̇

= −〈ẋ(t),Acl(t,zc(t))x(t)〉−〈x(t),Acl(t,zc(t))ẋ(t)〉

− 〈x(t), d
dt
(Acl(t,zc(t)))x(t)〉

− x(t)Acl(t,zc(t))x(t)|z=h(t)ḣ(t)

= −〈Acl(t,zc(t))x(t),Acl(t,zc(t))x(t)〉
− 〈x(t),Acl(zc(t))Acl(t,zc(t))x(t)〉

− 〈x(t), d
dt
(Acl(t,zc(t)))x(t)〉

− x(t,h(t))Acl(t,zc(t))x(t,h(t))ḣ(t)

= −2‖Acl(t,zc(t))x(t)‖2

− 〈x(t), d
dt
(Acl(t,zc(t)))x(t)〉

− x(t,h(t))Acl(t,zc(t))x(t,h(t))ḣ(t)

= −2‖Acl(t,zc(t))x(t)‖2−〈x(t), ˙A (t)x(t)〉

+ 〈x(t), d
dt

(
B(zc(t))𝐾B∗(zc(t))

)
x(t)〉

− x(t,h(t))Acl(t,zc(t))x(t,h(t))ḣ(t). (12)

To draw the final result, due to the fact that time and spatial di-
mensions in the DPS are two independent variables, the last
term x(t,h(t))Acl(t,zc(t))x(t,h(t))ḣ(t), which is merely the
function of time, can be written as

x(t,h(t))Acl(t,zc(t))x(t,h(t))ḣ(t)

=
ḣ(t)
h(t)

∫ h(t)

0
x(t,h(t))Acl(t,zc(t))x(t,h(t)) dz

=
−V (t,h(t))ḣ(t)

h(t)
. (13)

Thus, equation (12) becomes

V̇ (t) = −〈Acl(t,zc(t))x(t),Acl(zc(t))x(t)〉
− 〈x(t),Acl(t,zc(t))Acl(zc(t))x(t)〉

− 〈x(t), d
dt
(Acl(t,zc(t)))x(t)〉

− ḣ(t)
h(t)

∫ h(t)

0
x(t,h(t))Acl(t,zc(t))x(t,h(t)) dz

= −2‖Acl(t,zc(t))x(t)‖2−〈x(t), d
dt
(Acl(t,zc(t)))x(t)〉

+
V (t,h(t))ḣ(t)

h(t)

= −2‖Acl(t,zc(t))x(t)‖2−〈x(t), ˙A (t)x(t)〉

+ 〈x(t), d
dt

(
B(zc(t))𝐾B∗(zc(t))

)
x(t)〉

+
V (t,h(t))ḣ(t)

h(t)
. (14)

The first two terms and the last term in Eq. (14) are definite
non-positive and positive based on assumption (A4) and As-
sumption 1, respectively. The third term when written explic-
itly in terms of the integral representation becomes

〈x(t), d
dt

(
B(zc(t))𝐾B∗(zc(t))

)
x(t)〉

= 2〈x(t), d
dt
(B(zc(t)))𝐾B∗(zc(t))x(t)〉

= 2〈x(t), żc(t)
∂

∂ zc(t)
(B(zc(t)))𝐾B∗(zc(t))x(t)〉
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= 2
∫ h(t)

0
żc(t)

∂

∂ zc(t)
(B(z;zc(t)))x(t,z)𝐾B∗

× (z;zc(t))x(t,z) dz

= 2
m

∑
i=1

żc
i (t)

∫ h(t)

0

∂

∂ zc
i (t)

(Hzc
i−ε(z)−Hzc

i +ε(z))

× x(t,z)kiyi(t) dz

= 2
m

∑
i=1

żc
i (t)kiyi(t)

∫ h(t)

0
(δzc

i−ε(z)−δzc
i +ε(z))x(t,z) dz

= 2
m

∑
i=1

żc
i (t)kiyi(t)(x(t,zc

i (t)− ε)− x(t,zc
i (t)+ ε)). (15)

So, by Eqs. (14) and (15), if the following inequality holds:

2
m

∑
i=1

żc
i (t)kiyi(t)(x(t,zc(t)− ε)− x(t,zc(t)+ ε))

+
V (t,h(t))ḣ(t)

h(t)
≤ 0

⇔ 2
m

∑
i=1

żc
i (t)kiyi(t)(x(t,zc(t)− ε)− x(t,zc(t)+ ε))

≤−V (t,h(t))ḣ(t)
h(t)

, (16)

the derivative of the Lyapunov functional will be negative
semi-definite. From Eq. (11), we can obtain

V (t,h(t)) = −〈Acl(t,zc(t))x(t,h(t)),x(t,h(t))〉
≤ β‖x(t,h(t))‖2, (17)

and using the boundary conditions (4) with absolutely contin-
uous ∂x/∂ z, which implies ∂x/∂ z has an upper bound M > 0,
we have

‖x(t,h(t))‖ =
1
|c2|
‖r2−d2

∂x
∂ z

(t,h(t))‖

≤
∣∣∣∣ r2

c2

∣∣∣∣+ ∣∣∣∣d2

c2

∣∣∣∣ ∣∣∣∣∂x
∂ z

(t,h(t))
∣∣∣∣

≤ |r2|+ |d2|M
|c2|

.

Let c0 := (|r2|+ |d2|M)/|c2|, we obtain

V (t,h(t))≤ βc2
0. (18)

Hence, with both Eqs. (16) and (18), if only the velocity of
each agent satisfies the following inequality:

2
m

∑
i=1

żc
i (t)kiyi(t)(x(t,zc(t)− ε)− x(t,zc(t)+ ε))

≤ −
βc2

0ḣ(t)
h(t)

, (19)

the derivative of the Lyapunov functional is negative semi-
definite.

Therefore, if ∆x(t,zc
i (t)), x(t,zc(t)+ ε)− x(t,zc(t)− ε)

and yi(t) are assumed to be nonzero, and the velocity of each
mobile agent is chosen as

żc
i (t) = γi

βc2
0

∆x(t,zc
i (t))

ḣ(t)
h(t)

, (20)

where γi ≥ 1/(2mkiyi(t)), i = 1, . . . ,m, it is easy to verify that
inequality (19) holds and thus we obviously obtain V̇ (t) ≤ 0
without identically vanishing for any nonzero solution of the
initial condition. This completes the proof.

Remark 5 Equation (9) shows that the deduced guidance
velocity of each agent based on DPS with moving boundary
has connection with user defined control gain ki, the boundary
h(t) and its moving rate ḣ(t), which is different from Ref. [33].
It is the main originality of this article. It should be mentioned
that when ḣ(t) ≡ 0, i.e., the boundary of the process is fixed,
the guidance law (9) reduces to the result in Ref. [33]. Thus,
the time-varying property of the boundary can be exactly ex-
hibited by the proposed guidance policy, and the result in The-
orem 1 is more general than that in Ref. [33].

Remark 6 (Evaluation of the parameters in Eq. (9)
Since the closed-loop operator Acl(t,zc(t)) satisfies
−〈Acl(t,zc(t))x(t),x(t)〉 ≤ β‖x(t)‖2, the constant β can be
evaluated by off-line numerical simulations

β = sup
‖x‖6=0

〈−Acl(t,zc(t))x,x〉
‖x‖2

= sup
‖x‖=1

〈−Acl(t,zc(t))x,x〉. (21)

The parameter c0 is determined by the boundary condition
x(t,h(t)), i.e., c0 ≥ ‖x(t,h(t))‖, which is supposed to be
nonzero here. And one may notice that the velocity gain for
each agent, which must satisfy γi ≥ 1/(2mkiyi(t)), chosen to
be γi = 1/(mkiyi(t)) for example, is a decentralized adaptation
since each γi uses the output information only from its own
sensing device.

Remark 7 According to Fermat’s lemma, Assumption 1
means that ḣ(t)→ 0 as t→∞ which renders the proposed pol-
icy to be ultimately stable. And we claim that the nonzero
conditions for ∆x(t,zc

i (t)) and yi(t) are quite conservative, so,
the proposed policy żc

i (t) can be modified to

żc
i (t) =

γi
βc2

0
∆x(t,zc

i (t))
ḣ(t)
h(t)

, if ∆x(t,zc
i (t))yi(t) 6= 0,

0, otherwise.
(22)

In this case, if żc
i (t) = 0 for all i = 1, . . . ,m occur only at the

time when the system is ultimately stabilized, i.e., żc
i (t) are

not equal to zero simultaneously when the system is not stabi-
lized, inequality (19) will still hold, which guarantees that the
proposed guidance law (22) is effective.

3.2. Guidance of non-collocated MSANs

The above collocated condition significantly simplifies
the system analysis and controller design. However, as men-
tioned in the above subsection, one may not be able to attain
such a collocated case, because in practice one often uses the
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sensing device to measure information from external environ-
ment and transmit the collected data to controllers/actuators,
then the controllers/actuators perform actions to change the
behavior of the physical systems, and this leads to the spa-
tial distribution of the actuating device being different from
the spatial distribution of the sensing device. Inspired by
the previous work, in this subsection, a guidance law for the
optimization of mobile actuating and sensing devices which
are not collocated is developed to control DPSs with moving
boundaries.

Definition 2 (Non-collocated actuator–sensor networks)
The non-collocated networks in this article mean that there are
differences in position and distribution for actuators and sen-
sors, i.e.,

za
i (t) 6= zs

i (t) and bi(z;zs
i (t)) 6= ci(z;zs

i (t)), i = 1, . . . ,m.

Specifically, for simplifying the guidance scheme of the
mobile non-collocated actuator–sensor agents, the spatial dis-
tribution of the actuating device is taken to be a spatial delta
function

b(z;za) = δza(z)

≈


1

2εa
, if z ∈Ω(za) = [za− εa,za + εa],

0, otherwise

=
Hza−εa(z)−Hza+εa(z)

2εa
, (23)

and the spatial distribution of the sensing device is taken to be
the boxcar function

c(z;zs) = Hzs−εs(z)+Hzs−εs(z)

=

{
1, if z ∈Ω(zs) = [zs− εs,zs + εs],

0, otherwise.
(24)

Similar to Theorem 1, Theorem 2 provides a sufficient
condition that ensures controller performance enhancement by
the non-collocated MSANs. We still use ki and γi as the guid-
ance gains without causing confusion.

Theorem 2 Consider the DPS system of Eqs. (1)–(4) with
infinite-dimensional representation of Eq. (5) satisfying As-
sumptions 1–4, where the non-collocated sensor–actuator spa-
tial distributions are given by Eqs. (23) and (24). Then the
proposed mobile policy for each agent enhances the controller
performance in the sense that the static output feedback con-
trol law (6) asymptotically stabilizes the spatial process, if the
proposed guidance law for each mobile agent satisfies the fol-
lowing inequality:

vs(żs
i (t))+ va(ża

i (t))≤−
βc2

0ḣ(t)
h(t)

, (25)

where vs(żs
i (t)) , ∑

m
i=1 żs

i (t)kix(t,za
i (t))(−∆x(t,zs

i (t)),
va(ża

i (t)) , ∑
m
i=1 ża

i (t)kiyi(t)(−xz(t,za
i )), and xz(t,za

i ) =

(∂x(t,z)/∂ z) |z=za
i
.

Proof Consider the system with the static output feed-
back control law (6),

ẋ(t) = A (t)x(t)−
m

∑
i

kiBi(za
i (t))Ci(zs

i (t))x(t)

= (A (t)−B(za(t))𝐾C (zs(t)))x(t)

= Anc(t,za(t),zs(t))x(t), (26)

where the positive scalars ki are user-defined feedback
gains and 𝐾 = diag{ki}. Choose the following parameter-
dependent time variant Lyapunov functional:

V (t) =−〈x(t),Anc(t,za(t),zs(t))x(t)〉.

The verification for positive definiteness of V (t) is similar to
that in Theorem 1, and so does the derivative of the Lyapunov
functional along the trajectories of Eq. (26). Hence, the Lya-
punov derivative is negative semi-definite if only the following
inequality holds:

〈x(t), d
dt

(
B(za(t))𝐾C (zs(t))

)
x(t)〉 ≤ −

βc2
0ḣ(t)

h(t)
. (27)

The left side of the above inequality (27) is calculated as

〈x(t), d
dt

(
B(za(t))𝐾C (zs(t))

)
x(t)〉

= 〈x(t), d
dt
(B(za(t)))𝐾C (zs(t))x(t)〉

+ 〈x(t),B(za(t))𝐾
d
dt
(C (zs(t)))x(t)〉

= 〈x(t), ża(t)
∂ (B(za(t)))

∂ za(t)
𝐾C (zs(t))x(t)〉

+ 〈x(t), żs(t)B(za(t))𝐾
∂ (C (zs(t)))

∂ zs(t)
x(t)〉. (28)

In Eq. (28), the first term determines the actuator’s velocity
and is the same as that in Theorem 1 when C = B∗, so we
obtain

〈x(t), ża(t)
∂ (B(za(t)))

∂ za(t)
𝐾C (zs(t))x(t)〉

=
m

∑
i=1

ża
i (t)kiyi(t)

x(t,za
i (t)− εa)− x(t,za

i (t)+ εa)

2εa
. (29)

Let εa→ 0, the above equation becomes

〈x(t), ża(t)
∂ (B(za(t)))

∂ za(t)
𝐾C (zs(t))x(t)〉

=
m

∑
i=1

ża
i (t)kiyi(t)(−xz(t,za

i )), (30)

where

xz(t,za
i ) = lim

εa→0

x(t,za
i (t)+ εa)− x(t,za

i (t)− εa)

2εa
.

The second term determines the sensors’ velocities and is
analytically discussed as follows:

〈x(t),B(za(t))𝐾
d
dt

(C (zs(t)))x(t)〉
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=
∫ h(t)

0
żs(t)B(z;za(t))x(t,z)𝐾

∂ (C (z;zs(t)))
∂ zs(t)

x(t,z)dz

=
∫ h(t)

0
żs(t)b(z;za(t))x(t,z)𝐾

×
[∫ h(t)

0

∂ (c(z;zs(t)))
∂ zs(t)

x(t,z)dz
]

dz

=
m

∑
i=1

żs
i (t)ki[x(t,zs

i (t)− εs)− x(t,zs
i (t)+ εs)]

×
∫ h(t)

0
x(t,z)δ (z− za

i (t))dz

=
m

∑
i=1

żs
i (t)kix(t,za

i (t))[x(t,z
s
i (t)− εs)− x(t,zs

i (t)+ εs)]

=
m

∑
i=1

żs
i (t)kix(t,za

i (t))(−∆x(t,zs
i (t)). (31)

Let

vs(żs
i (t)),

m

∑
i=1

żs
i (t)kix(t,za

i (t))(−∆x(t,zs
i (t)), (32)

va(ża
i (t)),

m

∑
i=1

ża
i (t)kiyi(t)(−xz(t,za

i )), (33)

then, from Eqs. (30) and (31), it is easy to verify that inequality
(27) holds if

vs(żs
i (t))+ va(ża

i (t))≤−
βc2

0ḣ(t)
h(t)

,

which implies V̇ (t)≤ 0. The proof is completed.
Remark 8 It can be clearly observed that, in Eqs. (32)

and (33), vs(żs
i (t)) is related to state value x(t,za

i (t)) at i-th
actuator location, and, va(ża

i (t)) is related to yi(t) determined
by state measured value x(t,zs

i (t)) at the i-th sensor location,
which implies that vs(żs

i (t)) and x(t,za
i (t)) are coupled. Such a

case may increase the computational burden of the measuring
sensors and is hard to implement, which results in a key chal-
lenge that is the optimal performance versus computational
optimality with reduced controller design complexity.

As a special case, when the prior velocity weight is as-
signed for each mobile agent, it is easy to obtain the following
corollary.

Corollary 1 If the user defined velocity weights wa,i ≥ 0,
ws,i ≥ 0 with ∑

m
i=1 (wa,i +ws,i) = 1, are prior assigned for each

moving non-collocated agent, each actuating device imple-
ments the static output feedback control law (6), and the guid-
ance policy for each moving agent is chosen as

ża
i (t) = wa,iγa,i

βc2
0ḣ(t)

h(t)
1

xz(t,za
i (t))

, (34)

żs
i (t) = ws,iγs,i

βc2
0ḣ(t)

h(t)
1

∆x(t,zs
i (t))

, (35)

where γa,i ≥ 1/(kiyi) and γs,i ≥ 1/(kix(t,za
i (t))), then the pro-

posed guidance policies (34) and (35) enhance the perfor-
mance of the proposed output feedback controller.

Remark 9 Corollary 1 is directly derived from the con-
clusion of Theorem 2. And it is worth mentioning that Corol-
lary 1 degenerates to Theorem 1 when the non-collocated dis-
tributions of the mobile actuator–sensors are changed to be
collocated and ws = wa, γs = γa.

Remark 10 It should be noted that the proposed velocity
policy in Theorem 2 depends on the gradient (spatial deriva-
tive) xz(t,zi(t)) at the point zi(t). In practical situations, one
may approximatively obtain the gradient information by

xz(t,zi(t))≈
1

2ε
(x(t,zi(t)+ ε)− x(t,zi(t)− ε))

under the aforementioned assumption that each agent can mea-
sure the state value at the two edges of the agent’s range.

4. Numerical example
In this section, to verify the effectiveness of the pro-

posed guidance scheme, we consider a diffusion process with
time-dependent spatial domain described by one dimensional
parabolic PDE (1)–(4), in which the moving boundary is con-
sidered in Ω(t) = [0,h(t)], and h(t) = 1.5− 0.4e−0.02t2.7

sat-
isfies Assumption 1. The coefficient of the diffusion operator
is α = 0.011. The initial condition x(0,z) = sin(3z)e−3z2

, the
parameters β = 0.2 and c0 = 0.09 which are determined by
Remark 5 and the boundary condition value, respectively. The
spatial process with collocated MSANs is considered here,
and, as for the non-collocated case, it can also be verified
to be correct as long as the locations and distribution func-
tions of the non-collocated actuator/sensor devices are prop-
erly set. For the considered collocated case, the i-th con-
troller has a gain of ki = k = 30, i = 1, . . . ,m. The closed
loop system is simulated in the time interval [0 s,20 s] with
3 moving actuator-sensor agents, where the initial locations
are z1(0) = 0.2, z1(0) = 0.55, and z3(0) = 1.1. The adaptive
velocity gains γi = 3/2kiyi, for i = 1,2,3.

For comparison, we also consider the cases of open-loop
control and fixed control with three fixed actuators/controllers
placed at the same initial positions. Hence, via MATLAB sim-
ulation technology, the open-loop profile of the state x(t,z) and
the closed-loop profiles with fixed control and moving control
are depicted in Figs. 1(a)–1(c), respectively. Clearly, the con-
troller implemented the proposed mobile scheme regulates the
state profile x(t,z) to zero faster than the fixed controller does.

Figure 2 shows the state L2(0,h(t)) norms of the three
cases aforementioned, by which the effects of the mobile
agents on the controller performance improvement are well
illustrated compared to the case of fixed-in-space agents. The
point-wise convergence of the state distribution in space at
four various time instances is examined for the above three
cases in Fig. 3, which also shows that the distributed state
controlled with the mobile actuator/sensor agents converges
to zero much faster.

090201-8



Chin. Phys. B Vol. 26, No. 9 (2017) 090201

1.0

0.5

0
20

10

0 0
0.5

Moving domain
1.0

1.5
Time/s

x

(a)

1.0

0.5

0
20

10

0 0
0.5

Moving domain
1.0

1.5
Time/s

x

(b)

1.0

0.5

0
20

10

0 0
0.5

Moving domain
1.0

1.5
Time/s

x

(c)

Fig. 1. (color online) Profiles of the state of the DPS with time-dependent
spatial domains: (a) open-loop control, (b) closed-loop with fixed control,
(c) closed-loop with moving control.
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Fig. 2. (color online) Control of DPS with moving boundary: evolution of
spatial L2 norm.

Finally, the trajectories of the actuator/sensor agents for
the fixed (the dotted line) and mobile (the solid line) cases are
depicted in Fig. 4. It can be seen that the three agents move
towards the center of the spatial domain under the guidance of
the proposed moving policy, since the maximum value of the

state x(t,z) occurs at the location z = h(t)/2, (see Fig. 1(a)),
and the three mobile agents are eventually stable in the domain
when the system is stabilized.
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Fig. 3. (color online) Closed loop state distribution at various time in-
stances: (a) t = 1 s, (b) t = 4 s, (c) t = 8 s, (d) t = 12 s.
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Fig. 4. (color online) Control of DPS with moving boundary: moving
agents’ trajectories.

5. Conclusion
This paper examines the effects of collocated and non-

collocated MSANs on the state regulation for a diffusion pro-
cess governed by PDEs with moving boundary. A reposition-
ing policy is obtained for each moving device by means of
the deduced velocity of each agent which is computed by us-
ing a static output feedback control strategy and Lyapunov
stability arguments. The theoretical derivation and the re-
sults are based on a reasonable abstract framework, as well as
some necessary assumptions which largely simplify the proof
and make the Lyapunov-based guidance policy possible. It
is observed that the guidance velocities of both collocated and
non-collocated sensor–actuator agents are affected by the term
ḣ(t)/h(t), which exists in the operator A (t) owing to the vari-
ation of the length of the domain with time. Numerical simu-
lations on a PDE system with moving boundary indicates that
the proposed mobile output feedback control policy is effec-
tive to enhance the control performance of the spatial process.

It is noted that the agents are assumed to be massless and
inertialess, the direct extension, agent collision avoidance for
example, can be considered to relax these assumptions. The
relaxations of Assumptions 3 and 4 have more practical sig-
nificance as the asynchronous phenomena between the origi-
nal plant and networked controllers/filters, or various network-
induced limitations, are always existent in network-controlled
processes. Meanwhile, it is also known that many industrial
control processes have nonlinear characteristics, which may
deteriorate the performance of controllers/filters or make the
analysis and synthesis more difficult. Therefore, we will inves-
tigate the above issues in the context of the proposed abstract
framework generated by parabolic DPS with time-dependent
spatial domains utilizing MSANs.
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Birkhäuser)

[12] Qiu J, Ding S X, Gao H and Yin S 2016 IEEE Trans. Fuzzy Syst. 24
388

[13] Ng J and Dubljevic S 2012 Chem. Eng. Sci. 67 111
[14] Wang P K C 1995 Optim. Control Appl. Methods 16 305
[15] Capecelatro J, Pepiot P and Desjardins O 2015 Chem. Eng. Sci. 122

403
[16] Armaou A and Christofides P D 2001 Automatica 37 61
[17] Armaou A and Christofides P D 2001 Int. J. Appl. Math. Comput. Sci.

11 287
[18] Jiang Z X and Cui B T 2015 Chin. Phys. B 24 020702
[19] Mu W Y, Cui B T, Li W and Jiang Z X 2014 ISA T. 53 1087
[20] Chen Y Q, Wang Z M and Moore K L 2006 Proceedings of the IEEE

International Conference on Networking, Sensing and Control, April
23–25, 2006, p. 107

[21] Wen S H 2009 Chin. Phys. B 18 4222
[22] Baras J S and Bensoussan A 1989 SIAM J. Control Optim. 27 786
[23] Uciński D 2004 Optimal Measurement Methods for Distributed Param-

eter System Identification (Boca Raton: CRC Press)
[24] Butkovskiı̌ A G and Pustyl’nikova E I 1980 SIAM J. Control Optim. 41

741
[25] Khapalov A Y 2001 SIAM J. Control Optim. 40 231
[26] Khapalov A Y 1995 Appl. Math. Opt. 31 155
[27] Khapalov A Y 2003 SIAM J. Control Optim. 41 1886
[28] Liang J S and Chen Y Q 2005 Proceedings of the IEEE International

Conference on Mechatronics & Automation, July 29–Aug. 1, 2005, Ni-
agara Falls, Canada, p. 2228

[29] Chao H Y, Chen Y Q and R W 2007 Proceedings of the 46th IEEE
Conference on Decision and Control, December 12–14, 2007, New Or-
leans, USA, p. 1441

[30] Chao H Y, Chen Y Q and R W 2006 Proceedings of the IEEE Interna-
tional Conference on Mechatronics & Automation, June 25–28, 2006,
Luoyang, China, p. 769

[31] Demetriou M A and Kazantzis N 2005 Comput. Chem. Eng. 29 867
[32] Demetriou M A 2008 Proceedings of the 47th IEEE Conference on

Decision and Control, December 9–11, 2008, Worcester, USA, p. 215
[33] Demetriou M A 2010 IEEE Trans. Autom. Control 55 1570
[34] Demetriou M A 2011 Proceedings of the 2011 American Control Con-

ference, June 29–July 1, 2011, San Francisco, USA, p. 3140
[35] Demetriou M A 2012 IEEE Trans. Autom. Control 57 2979
[36] Demetriou M A 2013 Proceedings of the 2013 American Control Con-

ference, June 17–19, 2013, Washington, USA, p. 479
[37] Demetriou M A 2014 Proceedings of the 2014 American Control Con-

ference, June 4–6, 2014, Portland, USA, p. 4050
[38] Mu W Y, Cui B T, Lou X Y and Li W 2014 Chin. Phys. B 23 070204
[39] Wang T, Gao H and Qiu J 2016 IEEE Trans. Ind. Electron. 63 2529
[40] Wang P K C 1990 J. Optim. Theory Appl. 65 331

090201-10

http://ieeexplore.ieee.org/abstract/document/6153350/
http://ieeexplore.ieee.org/document/6172233/
http://ieeexplore.ieee.org/document/6172233/
http://www.sciencedirect.com/science/article/pii/S0893608015001835
http://www.sciencedirect.com/science/article/pii/S0893608015001835
http://en.cnki.com.cn/Article_en/CJFDTotal-KZLY201402011.htm
http://ieeexplore.ieee.org/abstract/document/5313866/
http://ieeexplore.ieee.org/abstract/document/6276254/
http://ieeexplore.ieee.org/abstract/document/6276254/
http://ieeexplore.ieee.org/abstract/document/6416056/
http://ieeexplore.ieee.org/abstract/document/6416056/
http://ieeexplore.ieee.org/abstract/document/7339673/
http://ieeexplore.ieee.org/abstract/document/1035062/
http://ieeexplore.ieee.org/abstract/document/1035062/
http://ieeexplore.ieee.org/abstract/document/1035062/
http://www.mdpi.com/1424-8220/7/10/2157/htm
http://dx.chinadoi.cn/10.1007/978-1-4612-0185-4
http://dx.chinadoi.cn/10.1007/978-1-4612-0185-4
http://dx.chinadoi.cn/10.1007/978-1-4612-0185-4
http://ieeexplore.ieee.org/abstract/document/7161345/
http://ieeexplore.ieee.org/abstract/document/7161345/
http://www.sciencedirect.com/science/article/pii/S0009250911004362
https://www.researchgate.net/publication/281102510_ Feedback_Control_of_{\protect \protect \protect \edef OT1{OT1}\let \enc@update \relax \protect \edef ptm{ptm}\protect \edef m{m}\protect \edef n{n}\protect \xdef \OT1/ptm/bx/n/8 {\OT1/ptm/m/n/8 }\OT1/ptm/bx/n/8 \size@update \enc@update \ignorespaces \relax \protect \relax \protect \edef ptm{ptm}\protect \xdef \OT1/ptm/bx/n/8 {\OT1/ptm/m/n/8 }\OT1/ptm/bx/n/8 \size@update \enc@update a}_Heat_Diffusion_System_with_Time-dependent_Spatial_Domain
http://www.sciencedirect.com/science/article/pii/S0009250914005739
http://www.sciencedirect.com/science/article/pii/S0009250914005739
http://www.sciencedirect.com/science/article/pii/S0005109800001230
https://www.infona.pl/resource/bwmeta1.element.bwnjournal-article-amcv11i2p287bwm
https://www.infona.pl/resource/bwmeta1.element.bwnjournal-article-amcv11i2p287bwm
http://cpb.iphy.ac.cn/article/2015/cpb_24_2_020702.html
http://www.sciencedirect.com/science/article/pii/S0019057814000925
http://ieeexplore.ieee.org/abstract/document/1673126/
http://ieeexplore.ieee.org/abstract/document/1673126/
http://ieeexplore.ieee.org/abstract/document/1673126/
http://cpb.iphy.ac.cn/EN/Y2009/V18/I10/4222
http://search.proquest.com/docview/925973786?pq-origsite=gscholar
https://doi.org/10.1201/9780203026786
https://doi.org/10.1201/9780203026786
https://www.researchgate.net/publication/266725780_Theory_of_mobile_control_of_distributed_parameter_{\protect \protect \protect \edef OT1{OT1}\let \enc@update \relax \protect \edef ptm{ptm}\protect \edef m{m}\protect \edef n{n}\protect \xdef \OT1/ptm/m/it/8 {\OT1/ptm/m/n/8 }\OT1/ptm/m/it/8 \size@update \enc@update \ignorespaces \relax \protect \relax \protect \edef ptm{ptm}\protect \xdef \OT1/ptm/m/it/8 {\OT1/ptm/m/n/8 }\OT1/ptm/m/it/8 \size@update \enc@update s}ystems
https://www.researchgate.net/publication/266725780_Theory_of_mobile_control_of_distributed_parameter_{\protect \protect \protect \edef OT1{OT1}\let \enc@update \relax \protect \edef ptm{ptm}\protect \edef m{m}\protect \edef n{n}\protect \xdef \OT1/ptm/m/it/8 {\OT1/ptm/m/n/8 }\OT1/ptm/m/it/8 \size@update \enc@update \ignorespaces \relax \protect \relax \protect \edef ptm{ptm}\protect \xdef \OT1/ptm/m/it/8 {\OT1/ptm/m/n/8 }\OT1/ptm/m/it/8 \size@update \enc@update s}ystems
http://epubs.siam.org/doi/abs/10.1137/S0363012999358038
https://link.springer.com/article/10.1007%2FBF01182786?LI=true
http://epubs.siam.org/doi/abs/10.1137/S0363012901394607
http://ieeexplore.ieee.org/abstract/document/1626911/
http://ieeexplore.ieee.org/abstract/document/1626911/
http://ieeexplore.ieee.org/abstract/document/1626911/
http://ieeexplore.ieee.org/abstract/document/4434927/
http://ieeexplore.ieee.org/abstract/document/4434927/
http://ieeexplore.ieee.org/abstract/document/4434927/
http://ieeexplore.ieee.org/abstract/document/4026181/
http://ieeexplore.ieee.org/abstract/document/4026181/
http://ieeexplore.ieee.org/abstract/document/4026181/
http://www.sciencedirect.com/science/article/pii/S0098135404002790
http://ieeexplore.ieee.org/abstract/document/4739040/
http://ieeexplore.ieee.org/abstract/document/4739040/
http://ieeexplore.ieee.org/abstract/document/5406054/
http://ieeexplore.ieee.org/abstract/document/5990823/
http://ieeexplore.ieee.org/abstract/document/5990823/
http://ieeexplore.ieee.org/abstract/document/6189742/
http://ieeexplore.ieee.org/abstract/document/6579883/
http://ieeexplore.ieee.org/abstract/document/6579883/
http://ieeexplore.ieee.org/abstract/document/6858659/
http://ieeexplore.ieee.org/abstract/document/6858659/
http://cpb.iphy.ac.cn/EN/Y2014/V23/I7/70204
http://ieeexplore.ieee.org/abstract/document/7373606/
https://link.springer.com/article/10.1007/BF01102351

	1. Introduction
	2. Preliminaries and problem formulation
	3. Main results
	3.1. Guidance of collocated MSANs
	3.2. Guidance of non-collocated MSANs

	4. Numerical example
	5. Conclusion
	References

