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The electronic, elastic, vibrational, and thermodynamic properties of Sr10(PO4)6F2(Sr-FAP) and Ca10(PO4)6F2(Ca-
FAP) are systematically investigated by the first-principles calculations. The calculated electronic band structure indicates
that the Sr-FAP and Ca-FAP are insulator materials with the indirect band gap of 5.273 eV and 5.592 eV, respectively. The
elastic constants are obtained by the “stress–strain” method, and elastic modulus are further evaluated and discussed. The
vibrational properties, including the phonon dispersion curves, the phonon density of states, the Born effective charge, and
associated longitudinal optical and transverse optical (LO–TO) splitting of optical modes, as well as the phonon frequencies
at zone-center are obtained within the linear-response approach. Substitution of Ca by Sr causes phonon frequencies to shift
to lower values as expected due to the mass effect. Additionally, some phonon-related thermodynamic properties, such as
Helmholtz free energy F , internal energy E, entropy S, and specific heat CV of Sr-FAP and Ca-FAP are predicted with the
harmonic approximation. The present calculated results of two apatites are consistent with the reported experimental and
theoretical results.
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1. Introduction
Calcium fluorapatite (Ca10(PO4)6F2) is the most com-

mon mineral apatite, which has attracted extensive attention
due to its well-known industrial and biological applications.
Numerous experimental and theoretical studies have been car-
ried out on this compound.[1–14] Moreover, Ca-FAP as a suit-
able host for various substituents has attracted more and more
researchers on the substitution of Ca-FAP.[15–18] Strontium
(Sr) is one of the most common substituents in fluorapatite.
The Sr fluorapatite is of considerable significance in biology,
geology, and materials science.[18–21] Since the ionic radius of
Sr (1.13 Å) is larger than that of the Ca (0.99 Å), with the in-
corporation of Sr in fluorapatite crystal, the distance of Sr–F
will be larger than that of Ca–F and then may lead to the modi-
fications in lattice parameters and some physical properties. In
this paper, the Sr-richest fluorapatite Sr-FAP will be discussed.
Sr-FAP was firstly found by the central research laboratory of
the General Electronic Company Limited in 1964[22] and ac-
cepted as a new species by the IMA CNMNC in 2008, then
was named as stronadelphite in 2010.[23]

The interest in the crystal Sr-FAP is defined by some of
its practical applications. Firstly, Sr-FAP is a well-known
host for functional rare earth ions with subsequent applica-

tions as fluorescent and laser materials.[24–31] Secondly, the Sr
in Sr-FAP will used as a petrogenetic indicator in geology.[18]

Thirdly, owing to the biological function of Sr and F,[15] Sr-
FAP has been viewed as a promising material in medical fields,
for instance drug delivery, disease diagnosis, and therapy.[31]

There are some investigations that have been carried out on
the crystal Sr-FAP. The crystal structure of Sr-FAP was deter-
mined by Swafford[32] with x-ray diffraction (XRD) in 2002.
Several groups have studied the Infrared and Raman spectra
of crystal Sr-FAP. Schulte[33] and Carl Bonner[34] have re-
ported the Raman scattering of crystal Sr-FAP at ambient con-
dition, while Shuangmeng Zhai[35] carried out the investiga-
tion of the Raman scattering under high pressure conditions.
The IR spectroscopy of Sr-FAP was studied by Aissa.[36] The
thermal expansion of Sr-FAP was studied by high tempera-
ture x-ray diffraction and differential thermal analysis.[37] Re-
cently, Baoyan Chai researched the precipitation and growth
mechanism of diverse Sr-FAP particles.[31] Theoretically, the
electronic structure of Sr-FAP was given in the Materials
Project.[38] The elastic properties of pure crystal are predicted
by Rabone using the program GULP[39] and the Sr-doped flu-
orapatite is calculated by Goryaeva within the semi-empirical
approach.[40] The dynamical stability of Sr-FAP is confirmed
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with the density functional theory by Balachandran.[41] How-
ever, no vibrational, and thermodynamics property has been
reported. In this paper, we aim at providing the investiga-
tion of the electronic, elastic, vibrational, and thermodynamic
properties of the crystal Sr-FAP from the theoretical insight.
Taking into account that Sr-FAP is isomorphous with Ca-FAP,
a systematic investigation on Ca-FAP has also been given in
our work for the reason of comparison. All the calculations
are carried out using first-principles calculations implemented
in the Vienna Ab-initio Simulation Package (VASP).[42–44]

The remainder of this paper is structured as follows. In
Section 2, the computational method is briefly described. Sec-
tion 3 is devoted to the results and discussions of the elec-
tronic, elastic, vibrational and thermodynamic properties of
Sr-FAP and Ca-FAP and the comparison with other available
experimental and theoretical data. Finally, the summarized
conclusions are given in Section 4.

2. Computational details
All the calculations are carried out using a first-principles

calculation implemented in the VASP.[42] The General-
ized Gradient Approximation (GGA)[45] with Perdew–Wang
(PW91) function is applied to describe the Coulomb interac-
tions between ions and electrons, and the valence electron con-
figurations Sr 4s24p65s2, Ca 3p64s2d0.01, P 3s23p3, O 2s22p4,
F 2s22p5 are chosen for these elements, respectively. The
primitive cells M10(PO4)6X2 (M = Ca, Sr), which contain 42
atoms, are chosen in our calculations in order to reduce the
computational cost. The energy cutoff of 700 eV is chosen
to determine the number of plane waves in expansion and the
k-point mesh is set at 2π × 0.04 Å−1 for sampling in the ir-
reducible Brillouin zone (BZ)[46] during our calculations. For
the sufficient precision in our calculations, both the kinetic-
energy cutoff and k-point sampling have been carefully tested.
By minimizing the total energy, we obtain the fully relaxed
equilibrium structure. The optimization is stopped when the
calculated forces are converged to be less than 0.01 eV/Å and
the total energy is converged to be less than 10−7 eV.

After structural optimization, the elastic constants at the
equilibrium structures are calculated using the stress–strain
method which has been applied to a large number of com-
plex ceramic crystals.[44] From elastic constants Ci j, the elas-
tic modulus is further evaluated using the Voigt–Reuss–Hill
approximation. The dynamical properties including phonon
dispersion curves and phonon density of states, phonon fre-
quencies at zone-center as well as the Born effective charge
and LO–TO splitting of optical modes are obtained by the lin-
ear response approach[47–49] as implemented in the VASP code
combined with the PHONOPY code.[50] Furthermore, some

phonon-related thermodynamic properties such as Helmholtz
free energy F , internal energy E, entropy S, and specific heat
constant volume CV are predicted within the harmonic approx-
imation.

3. Results and discussions
3.1. Structure optimization and electronic properties

The hexagonal crystal structure Sr-FAP and Ca-FAP be-
long to the space group P63/m (C2

6h) and contain one molecule
per primitive cell. The structure is given for reference in Fig. 1,
which is exported by the VESTA code.[51] It can be seen
that the crystal structure consists of six PO4 tetrahedrons sur-
rounded by ten Sr atoms and two F atoms located in columns
parallel to the six-fold helix axis. The ten Sr atoms occupy two
non-equivalent crystallographic symmetry sites, Sr1 at 4f and
Sr2 at 6h. The six PO4 groups also occupy Wyckoff position
6h, in expanded triangular positions, while the oxygen atoms
are arranged in three unique environments. The two F atoms
that occupy the 2a position, namely the center of Sr triangles
on mirror planes at z = 0.25 and z = 0.75.

b

a

Fig. 1. (color online) The crystal structure of Sr-FAP with atoms labeled on
the basis of element and symmetrical characteristic. (The figure is exported
by the VESTA code[51]).

The calculated crystal structure parameters of Sr-FAP and
Ca-FAP are summarized in Table 1 along with the experi-
mental and other theoretical values. The lattice parameters in
Table 1 are in close agreement with the experimental values
within a difference of 1%–2%, which is due to the fact that
GGA tends to overestimate the structure parameters. There-
fore, the optimized results pave the way for a further study of
various properties of two apatites. And from Table 1, we note
that the bond length increased with the replacement of Ca by
Sr, and the lattice parameters and cell volume of Sr-FAP are
larger than those of Ca-FAP, which can be explained by the
fact that the ionic radius of Sr is larger than that of the Ca. The
modifications of structural constants may result in the change
of some physical properties for two apatites.
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Table 1. Optimized and experimental structure parameters of Sr-FAP
and Ca-FAP.

Apatite
Lattice parameters/Å

V /Å3 c/a Refs.
a c

Sr-FAP 9.831 7.343 614.73 0.747 this work
9.678 7.275 590.1 0.752 expt.a

9.841 7.365 617.80 0.748 other cal. b

Ca-FAP 9.467 6.896 535.22 0.728 this work
9.364 6.881 522.55 0.734 expt.c

9.489 6.928 540.26 0.730 other cal.d

Bond length/Å
Sr2-F 2.434 Ca2-F 2.319 this work
Sr2-F 2.393a Ca2-F 2.311c expt.a,c

a Ref. [32]; bRef. [38]; cRef. [6]; dRef. [38]

The calculated band structure of Sr-FAP and Ca-FAP are

displayed in Fig. 2. Obviously, two apatites are insulator ma-
terials and there is a difference only in the width of band gap.
For two apatites, the bottom of the conduction band (CB) is
situated at the Γ point and the top of the valence band (VB) is
localized between the Γ point and the M point, which reveals
that both of them are characterized with the indirect band gaps.
The calculated band gaps together with other theoretical val-
ues for two apatites are listed in Table 2. Our calculated results
are in good agreement with the other theoretical results and the
band gap of Sr-FAP is smaller than that of Ca-FAP. Another
important point to notice is that the density functional theory
(DFT) predictions always underestimate the true band gap, so
the real values may be somewhat higher than calculated ones
here.
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Fig. 2. (color online) Calculated band structures for Sr-FAP (left) and Ca-FAP (right). The Fermi level (Ef) is aligned to the zero and
expressed by a dash line.

Table 2. Calculated band gaps Eg (in unit eV) of Sr-FAP and Ca-FAP.

Apatite This work Other cal.a Other cal.b,c

Sr-FAP 5.273 5.212 5.35b

Ca-FAP 5.592 5.515 5.47c

a Ref. [38];b Ref. [41]; cRef. [13]

The total density of states (TDOS) together with the par-
tial densities of states (PDOS) of the PO4 group, Sr (or Ca)
and F atoms for two apatites are shown in Fig. 3. The DOSs
of two apatites look very similar to each other. The DOSs be-
low Fermi energy in the energy range of −10 eV to 0 eV are
described by four main peaks (A–D). Peak A mostly derived
from O 2p and P 3s states with some O 2s contribution, while
peak B is dominated by O 2p and P 3p states. As for peaks C
and D, they are mainly composed of the O 2p state with some
contribution from the F p state, especially peak C has received

approximately 13% of its value from the F p state. The con-
duction band is chiefly contributed from Sr 4d (Ca 3d) states
with some mixing of O 2s, O 2p and F p states. There are also
four main peaks below −13 eV for Sr-FAP and Ca-FAP. We
note that, for two apatites, the peak labeled 1 is primarily from
F s states while the peaks labeled 2 and 3 are mainly from the
O 2s state and P 3p state with a tiny P 3s state. However, the
significant peak labeled 4 is different for two apatites. For Sr-
FAP, peak 4 located about −15 eV and contributed from the
Sr 4p state with minor contribution of the O 2s state, while for
Ca-FAP, peak 4 located about −19.5 eV and contributed from
the Ca 3p state with minor contribution of the O 2s state. Ad-
ditionally, we also find that Ca-FAP has a small double peak
at −20.5 eV and −17.5 eV from its Ca 3p state, and Sr-FAP
has a small single peak at −17 eV from its Sr 4p state.
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Fig. 3. (color online) Total density of states (TDOS) and partial density of states (PDOS) of Sr-FAP and Ca-FAP.

3.2. Elastic properties

Elastic constants are very important mechanical parame-

ters of materials, which provide useful information about the

stability and mechanical properties. In the present work, the

“stress-strain” method is used to obtain the elastic constants of

Sr-FAP and Ca-FAP, which is based on the well-known rela-

tionship σi =
6
∑
j=1

Ci jε j. The Ci j is the elastic constant of the

relaxed material, which are determined by analyzing the small

stress σi caused by forcing a small strain ε j ( j = 1, . . . ,6) to the

optimized unit cell.[44] For a hexagonal structure, the matrix of

Ci j has the form:[52]


C11 C12 C13 0 0 0
C12 C11 C13 0 0 0
C13 C13 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C44 0
0 0 0 0 0 (C11 −C12)/2

 .

Five independent components C11, C12, C13, C33, C44 of
Sr-FAP and Ca-FAP are obtained and presented in Table 3. It
is found that they are in good agreement with the experimental
and other theoretical data.

The mechanical stabilities of the two apatites could be
discussed based on elastic constants. For a hexagonal struc-
ture the mechanical stability criteria are: C11 > 0, C44 > 0,
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C11 >C12, (C11 +C12) C33 −2C2
13 > 0.[53] Obviously, the cal-

culated elastic constants in Table 3 satisfy all the above crite-
ria, indicating that Sr-FAP and Ca-FAP in hexagonal structure
are mechanically stable. From Table 3, we find that, for the
two apatites, the calculated value of C33 is higher than that of
C11, which means that the a axis is more compressible than the
c axis for Sr-FAP and Ca-FAP.[52]

From the calculated elastic constants, the elastic modulus
such as the bulk modulus B, shear modulus G, Young mod-
ulus E, and Poisson’s ratio ν are evaluated according to the
Vioght–Reuss–Hill approach[54] by the following equations:

BV =
1
9
(2C11 +C33 +2C12 +4C13) , (1)

BR =
(C11 +C12)C33 −2C2

13
C11 +C12 +2C33 −4C13

, (2)

BH =
1
2
(BR +BV) , (3)

GV =
1
30

(7C11 +12C44 +2C33 −5C12 −4C13) , (4)

GR =
5
{[
(C11 +C12)C33 −2C2

13
]
C44C66

}
2
{

3BVC44C66 +
[
(C11 +C12)C33 −2C2

13

]
(C44 +C66)

} ,
GH =

1
2
(GR +GV) , (5)

EH =
9BHGH

3BH +GH
, (6)

νH =
3BH −2GH

2(3BH +GH)
. (7)

Table 3. Calculated and experimental elastic constants (GPa) for Sr-
FAP and Ca-FAP.

Apatite C11 C12 C13 C33 C44 Refs.

Sr-FAP 127.1 46.4 47.8 147.4 37.1 this work
125.8 44.8 47.0 143.2 36.1 other cal.a

137.9 64.4 49.7 145 42.3 other cal.b

142 63 47 146 40 other cal.c

Ca-FAP 134.6 37.4 64.7 174.2 37.3 this work
126.4 35.8 63 167.8 35 other cal.d

143.4 44.5 57.5 180.5 41.5 expt.e

aRef. [38]; bRef. [39]; cRef. [40]; dRef. [12]; eRef. [53]

The results of elastic modulus are listed in Table 4. Bulk
modulus B is a measurement of materials resistance to vol-
ume change and shear modulus G reflecting their resistance
to shape change, thus a high (less) B/G ratio reflects a ten-
dency for ductility (brittleness). The critical value of B/G is
evaluated to be 1.75 according to the Pugh criterion.[52,55] Our
calculated results suggest that Sr-FAP and Ca-FAP are ductile,
and Sr-FAP has the more brittleness. Young’s modulus E is
defined as the ratio of line stress and liner strain, which gives
information about the measure of the stiffness of the solid. The
larger the Young modulus, the stiffer the material.[49] In the
present work, the Young modulus E of Sr-FAP is smaller than

that of Ca-FAP, so the Ca-FAP is stiffer than Sr-FAP. The Pois-
son ratio υ can be interpreted as a measure of bonding nature,
and the typical value of Poisson’s ratio for an ionic material
is 0.25,[56] whereas for a covalent material it is small to 0.1.
In our case the Poisson ratios for two apatites are larger than
0.25, which implies the ionic bonding is predominant in the
Sr-FAP and Ca-FAP.

Table 4. Calculated and experimental bulk modulus B, shear modulus
G, Young’s modulus E, Poisson’s ratio υ of Sr-FAP and Ca-FAP.

Sr-FAP Ca-FAP

Present Other cal.a Other cal.b Present Other cal.c Expt.d

BV/GPa 76.1 74.7 86.3
BR/GPa 75.8 74.4 82.6
BH/GPa 76.0 74.5 82 84.4 81 86.5
GV/GPa 40.2 39.3 43.1
GR/GPa 39.9 39.0 42.1
GH/GPa 40.1 39.1 41 42.6 39.8 46.7
BH/GH/GPa 1.89 1.98
EH/GPa 102.3 109.4
υ /GPa 0.28 0.28 0.29

aRef. [38]; bRef. [40]; cRef. [12]; dRef. [53]

3.3. Vibrational properties
3.3.1. Phonon dispersion curves and density of states

The vibrational spectrum is essential to understand the na-
ture of a material, and many physical properties of materials
depend on their vibrational properties. After structural relax-
ation, the vibrational properties are investigated by the density
functional perturbation theory (DFPT). The calculated phonon
dispersion curves (including the LO–TO splitting for infrared
active modes) of Sr-FAP and Ca-FAP are plotted in Fig. 4.
It is well known that phonon dispersion curves can indicate
the stability of the crystal. Obviously, no imaginary phonon
frequency has been shown in Fig. 4, which suggests the opti-
mized Sr-FAP and Ca-FAP are dynamically stable. As shown
in Fig. 4 that the phonon behaviors are generally similar for
two apatites, but the Ca-FAP has higher phonon frequencies
than Sr-FAP since atomic mass of Ca atom is slighter than that
of Sr atom. Since the primitive cell of hexagonal Sr-FAP and
Ca-FAP contain 42 atoms, the complete phonon spectrum con-
sists of 126 dispersion curves, namely 3 acoustical modes and
123 optical modes. The standard group-theoretical analysis
based on the P63/m space group predicts that the Sr-FAP and
Ca-FAP structures share the same optical phonon modes at the
Γ point, as shown in the following irreducible representations:

Γopt = 12Ag+8E1g+13E2g+8Au+12E1u+12Bu+9Bg+8E2u,

Of these modes, Ag, E1g, and E2g are corresponding to
Raman-active modes, whereas the Au and E1u are IR modes,
Bu and E2u are silent modes, and the A and E modes are singly
and doubly degenerate modes, respectively.
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Fig. 4. (color online) Calculated phonon dispersion curves (including LO–TO splitting) for Sr-FAP (left) and Ca-FAP (right).
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The phonon total density of states including the phonon
partial density of states of the PO4 group, Sr (Ca) and F atoms
are illustrated in Fig. 5. The phonon DOS shapes of two
apatites are quite similar. Obviously, the modes range from
350 cm−1 to 1100 cm−1 are contributed from the vibrations of
PO4 groups for the two apatites. For all of these modes, the
first band corresponds to the stretching vibrations for the O–O
bond. The second band mainly comes from bending vibrations
for the O–O bond along with the P–O bond. The rest of the
high frequencies mostly correspond to symmetric stretching
vibration of the O–O bond and asymmetric stretching vibra-
tion of the P–O bond, respectively. The massive modes below
300 cm−1 involving the vibrations of all bonds majorly devote
to thermodynamics. Due to the fact that the Sr atom is heav-
ier than that of the Ca atom, Sr-FAP has more low frequencies

than Ca-FAP, indicating the increasing trend of the vibrational
contribution to thermodynamics.

3.3.2. LO–TO splitting

It is generally known that LO–TO splitting can be con-
sidered into the dynamical matrix by a non-analytical contri-
bution, which depends on the Born effective charge (BEC)
tensor and the dielectric constant.[46,48] In the present work,
BEC tensor (Z∗) and macroscopic static dielectric constant
tensor (ε) of two apatites are calculated through the DFPT.
The calculated diagonal elements of ε and Z∗ of 7 non-
equivalent atoms are given in Table 5 and Table 6, respec-
tively. The Z∗ for the other atoms of the unit cell can still
be obtained by performing the symmetry operations. Be-
cause of the hexagonal symmetry of the crystals, three di-
agonal elements εxx, εyy, εzz of each atom possess two inde-
pendent components, and Z∗

xx, Z∗
yy, and Z∗

zz own the similar
condition. It is noted that the Z∗ diagonal components are
close to the nominal ionic values of Ca (+2), Sr (+2), O
(−2), P (+3), and F (−1) and the Z∗ diagonal components
of Sr and F in Sr-FAP are somewhat larger than Ca and F

Table 5. Diagonal component of macroscopic static dielectric tensors ε

of Sr-FAP and.

Apatite εxx εyy εzz

Sr-FAP 2.807 2.807 2.785
Ca-FAP 2.889 2.889 2.894

Table 6. Diagonal component of Born effective charge tensors Z∗ of
Sr-FAP and Ca-FAP.

Site Atom Z∗
xx Z∗

yy Z∗
zz Atom Z∗

xx Z∗
yy Z∗

zz

4 f Sr1 2.43 2.43 2.61 Ca1 2.40 2.40 2.57
6h Sr2 2.56 2.56 2.49 Ca2 2.49 2.49 2.50
6h P 3.23 3.23 3.03 P 3.27 3.27 3.10
6h O1 –1.99 –1.99 –1.39 O1 –1.96 –1.96 –1.44
12i O2 –1.48 –1.48 –2.16 O2 –1.48 –1.48 –2.15
6h O3 –1.92 –1.92 –1.30 O3 –1.92 –1.92 –1.32
2a F –1.59 –1.59 –0.73 F –1.56 –1.56 –0.75
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in Ca-FAP, which means a stronger covalent characteristic for
the Sr-F bond from a chemical point of view.

After considering the calculated macroscopic static di-
electric tensor and the Born effective charge, the long-range
coulomb (dipole-dipole) interaction induces to the splitting of
optical modes at the Γ point due to the breaking of degener-
acy of the TO and LO phonons at gamma. It can be seen that
the splitting of the LO optical and TO optical modes at the
Γ point is evident from the phonon dispersion curves that are
displayed in Fig. 4. It should be noted that the LO–TO split-
ting depends upon the direction in which one approaches the
gamma point, and this anisotropy is accessible to experiment
with. The LO–TO splitting occurs at some IR vibrations and
the LO frequency is larger than the TO frequency. Table 7
and Table 8 tabulate the calculated phonon frequencies of Ra-
man and Infrared (including LO–TO splitting) phonon modes
as well as the experimental and other theoretical values. Our
calculated frequencies are about 8% lower than the experimen-
tal values, which is a general feature of DFT calculations that
GGA underestimates the phonon frequencies. And our cal-
culated transverse optical (TO) frequencies of Ca-FAP are in
good agreement with the results that were reported by Etienne
Balan, et al. Further analysis, most of the vibrational frequen-
cies in Raman and IR spectra shift to lower frequencies with
replacement of the Ca atoms by Sr atoms, which is caused by
the larger bond length in Sr-FAP than that in Ca-FAP. Addi-
tionally, for two apatites the modes Au (2), Au (6), E1u (7), and
E1u (10) display very small LO–TO splitting (< 2 cm−1) in
our calculations. But the splitting is too small to be observed
in the experimental measurement, which suggests that they are
barely affected by the long-range Coulomb interaction.

Table 7. The calculated and experimental Raman-active (R) modes at
the Γ point of Sr-FAP and Ca-FAP. (unit: cm−1).

Sr-FAP Ca-FAP
Modes This work Expt.a This work Expt.b

E2g

67.8 96.6 100
96.4 133.0 139
134.7 159.3 177
163.3 198.8 214
180.9 223.9 237
218.1 261.4 277
288.4 288.3 311
412.3 442 418.9 445
539.1 572 544.0 581
568.1 601 584.5 617
896.8 951 911.7 965
970.9 1028 975.8 1033
987.4 1037 1011.3 1058

E1g

48.2 23.1 44
91.5 130.1 135
137.3 175.6 183
180.3 215.4 233
227.9 273.3 284
394.8 421 403.5 431
548.5 580 557.3 591
977.2 1027 988.1 1040

Ag

109.3 142.0 160
139.2 158.7 –
168.3 209.0 212
175.7 223.2 231
194.5 256.8 266
221.3 284.3 306
414.0 444 424.8 452
546.3 580 553.1 591
561.1 592 574.7 607
895.3 951 908.7 963
983.3 1041 993.6 1051

1001.5 1054 1033.2 1080

a Ref. [36]; bRef. [5]

Table 8. The calculated and experimental infrared-active (IR) and LO–TO splitting at the Γ point of Sr-FAP and Ca-FAP. (unit: cm−1).

Sr-FAP Ca-FAP

Modes This work Expt.a This work Expt.b Other cal.c

LO TO LO TO LO TO TO

Au (1) 81.1 71.4 97.7 91.9 108 96 90
Au (2) 115.6 114.8 142.7 142.5 142
Au (3) 133.6 127.1 175.6 174.2 193 184 173
Au (4) 224.0 193.5 270.6 243.8 277 238
Au (5) 278.7 230.5 342.8 273.6 342 304 268
Au (6) 431.4 430.8 458 448.3 446.7 470 436
Au (7) 561.3 527.9 582 562.4 530.1 624 582 523
Au (8) 1034.1 966.9 1026 1063.1 976.8 1120 1030 991

E1u (1) 80.6 74.4 101.1 91.5 115 100 89
E1u (2) 144.3 142.7 188.0 174.8 204 193 166
E1u (3) 183.4 153.2 229.4 206.9 224 203
E1u (4) 198.0 185.6 237.8 231.7 255 243 227
E1u (5) 252.5 221.9 274.2 254.3 296 273 250
E1u (6) 324.0 295.8 362.4 292.3 386 327 286
E1u (7) 425.0 424.9 446.7 446.4 460 437
E1u (8) 539.1 535.3 561 543.1 539.7 588 580 537
E1u (9) 571.0 556.6 594 585.1 567.0 624 604 564
E1u (10) 896.0 895.2 951 910.6 910.0 962 914
E1u(11) 1010.1 968.5 1069 1028.2 984.6 1072 1034 989
E1u (12) 1053.4 1019.8 1080 1075.8 1035.7 1120 1094 1047

aRef. [36]; bRef. [5]; cRef. [7]
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3.4. Thermodynamic properties

Knowledge of the thermodynamic properties is essen-
tial to study the crystal stability and chemical reactivity, but
reports about the thermodynamic properties of Sr-FAP have
been very scarce so far. It is well known to us that the first-
principles for phonon calculations are limited to T = 0 K yet
the detailed thermodynamic properties of the crystals could
be derived by phonons. In the present work, the phonon-
related thermodynamic properties such as Helmholtz free en-
ergy F , internal energy E, entropy S, and specific heat at con-
stant volume CV are calculated using the formulas in Ref. [57]
within the harmonic approximation. The predicted phonon-
related thermodynamic properties under different temperature
T for Sr-FAP and Ca-FAP are depicted in Fig. 6 and com-
pared with the experimental values (Ca-FAP), in which the
panels (a), (b), (c), and (d) are Helmholtz free energy F , inter-
nal energy of E(T )−E(0), entropy S, as well as heat capacity
at constant volume CV, respectively. For studies at constant
pressure, the appropriate thermodynamic function of enthalpy
is H = E +PV . In our calculation, the equilibrium pressure
equals zero, we consider the values of H are equal to E. So in
Fig. 6(b) the experimental enthalpy values are chosen to com-
pare with the internal energy E. The Helmholtz free energy
F and internal energy E at zero-temperature can be calculated
from the expression as follows:

F0 = E0 = 3nN
∫

ωmax

0

h̄ω

2
g(ω)dω.

Where n is the number of atoms per unit cell, N is the num-
ber of unit cells, ω is the phonon frequencies, g(ω) is the

normalized phonon density of states with
ωmax∫

0
g(ω)dω = 1.

In our calculation, F0 = E0 = 293.4 kJ/mol for Sr-FAP and
310.4 kJ/mol for Ca-FAP.

As shown in Fig. 6, the F decreases gradually with in-
creasing temperature and the Ca-FAP has higher F than Sr-
FAP, while E(T )− E(0) increases almost linearly with in-
crease in temperature and the differences for two apatites are
quite small. We also note that the S increases with the applied
temperature and the Sr-FAP has higher entropy than Ca-FAP,
which can be explained by the larger contribution from the
low phonon frequency for Sr-FAP. As for heat capacityCV, we
find both of them increase very rapidly in the low temperature
(< 500 K). At high temperature, CV tends to be a constant
of 1034 J/K/mol that conforms to the well-known classical
asymptotic limit of CV = 3nNkB = 1047 (J/K)/mol.

In comparison with the experimental results of Ca-FAP,
we find that our calculated thermodynamic properties of Ca-
FAP reveal good agreement with the experimental data. There
are no experimental or theoretical works exploring the ther-
modynamic properties of crystal Sr-FAP to make a forceful
comparison with the present data, which we hope can be a ref-
erence for the future study of the thermodynamic properties.
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Fig. 6. (color online) The thermodynamic properties of Sr-FAP and Ca-FAP. (a) Helmholtz free energy F , (b) the internal energy
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respectively.
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4. Conclusions
In summary, the electronic, elastic, vibrational, and

thermodynamic properties of the crystal Sr10(PO4)6F2 and
Ca10(PO4)6F2 have been systematically investigated using the
first-principles calculations within GGA functions. With re-
spect to two apatites, the relaxed lattice parameters are in good
agreement with the experimental values, and the lattice param-
eters and cell volume of Sr-FAP are larger than Ca-FAP due to
the ionic radius of Sr being higher than that of Ca. The cal-
culated electronic properties indicate that the crystals Sr-FAP
and Ca-FAP are insulator materials with the indirect band gap
of 5.273 eV and 5.592 eV, respectively. The band gap de-
creases with substitutions of Ca by Sr. The calculated elastic
constants of Sr-FAP and Ca-FAP are in reasonable agreement
with the experiment and other theoretical data; the obtained
elastic constants reveal the two apatites are mechanically sta-
ble. From elastic constants Ci j, the elastic modulus, such as
bulk modulus, shear modulus, Young’s modulus, and Pois-
son’s ratio are further evaluated and discussed. The vibra-
tional properties including the phonon dispersion curves, the
phonon density of states, the Born effective charge, and associ-
ated LO–TO splittings of optical modes, as well as the phonon
frequencies at zone-center are obtained within the DFPT. The
Z∗ diagonal components of Sr and F in Sr-FAP are larger than
those of Ca and F in Ca-FAP, which means a stronger covalent
characteristic for the Sr–F bond. The calculated vibrational
frequencies agree well with the reported experimental infrared
and Raman data. Additionally, as the atomic mass of the Sr
atom is larger than that of the Ca atom, the Sr-FAP has lower
phonon frequencies than those of Ca-FAP. Taking the long-
range Coulomb (dipole–dipole) interaction into consideration,
the associated LO–TO splitting is observed, and the modes
Au (2), Au (6), E1u (7), and E1u (10) are barely affected by
the long-range Coulomb interaction. Based on the calculated
phonon density of states, the phonon-related thermodynamic
properties such as the Helmholtz free energy F , the internal
energy E, the entropy S, and the specific heat CV are predicted
and analyzed. We expect that our work will provide useful
guidance for the better application of Sr10(PO4)6F2 in the fu-
ture.
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