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By using the statistical mechanics, the pressure tensor for the multi component fluid mixture is derived. With the help
of the classical density functional theory, profiles of the pressure components are calculated, and the influence of the total
volume fraction, ratio of volume fraction, and size asymmetry on the pressure are studied. In addition, our results show that
for the mixture confined in the hard cavity, the pressure shows a discontinuity near the cavity wall. However, in the soft

cavity condition, the discontinuity disappears.
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1. Introduction

In statistical mechanics for systems in, or out of equilib-
rium, the pressure tensor is one of the most basic thermody-
namic quantities because it relates not only to the mechani-
cal equilibrium,[” but also to the mechanical behavior in the
transport process and hydrodynamics of the fluids.!>3! Theo-
retically, the pioneering work on the inhomogeneous pressure
tensor was conducted by Irving and Kirkwood (1K), who
interpreted it from a microscopic point of view. Since then,
the local pressure tensor for fluids confined in different ge-
ometries had been reported in a large number of literatures,
most of which were based on the IK definition.[>-8! However,
latter by Schofield and Henderson,[®! it was pointed out that
no unique definition for the pressure tensor exists due to the
arbitrary paths connecting each pair of particles belonging to
the system. The most representative alternative is the one pro-
posed by Harasima.!!%! Recently, some other novel alternative
expressions for pressure tensor have also been proposed,!!-18]
including the method of plane!'” and volume averaging.>!

In a previous work, 2! two of the present authors have ex-
pressed the local pressure tensor as a functional of the density
functions, which can be readily obtained from the calculation
based on the density functional theory (DFT). In the study for
the pure fluids, very good agreement has been observed in the
comparison of the theoretical results with that from the sim-
ulation. In this work, we focus on a multi-component fluid
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mixture, which contains more complex correlations. It is be-
lieved that the present work on the multi-component systems
may show richer information about the pressure tensor, which
may be useful for us to understand the dynamic processes or
behaviors in the fluid mixture.

Actually, some works exist about the pressure or stress
tensor of multi-component fluids. By considering the equa-
tions of each component, Bearman and Kirkwood derived
the partial molecular stress tensor of multi-component mix-
ture based on statistical mechanics.*?! Through the pertur-
bation solution of the modified Boltzmann equation, Harris
and Rice studied the fluxes of mass, momentum, and energy
in a mixture. >3] Particularly, their derivation is performed in
the general case, in which the asymmetries in both mass and
radius had been taken into account. Snell et al. provided a
new microscopic theory of hydrodynamic flow, which gave a
macroscopic phenomenological interpretation.**! Compared
to the results of Bearman and Kirkwood, their derivation em-
ployed a different treatment about the perturbed portion of the
pair correlation function. Though so many theoretical works
had been reported, to the best of our knowledge, few numer-
ical results for the pressure tensor in multi-component fluids
are available. To this end, this work aims to perform numeri-
cal calculations for the pressure in confined fluid mixtures, and
then investigate the properties of the pressure tensor in them.

For convenience in the calculations, it is better to express
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the pressure tensor as a functional of the density function.
Thus, the densities of the mixture should be firstly obtained
before the further calculation for pressure. Actually, one of
the most powerful and popular tools for inhomogeneous flu-
ids or their mixtures is the DFT.[25-271 However, due to the
lack of knowledge about the exact expression for the excess
Helmholtz free energy for most of the practical systems, some
density functional approximation (DFA) is needed to imple-
ment the calculation. In fact, many DFASs including functional
perturbation expansion approximation (FPEA),?%-3 bridge
density functional approximation (BDFA),3!=*] weight den-
sity approximation (WDA),[33-3%1 and fundamental measure
theory (FMT)!*7! have been developed. Among them, FMT
and its modified version (MFMT)[383%1 have become the fun-
damental starting point in the studies of the inhomogeneous
fluids and mixtures. 4043

The paper is organized as follows. In Section 2, the pres-
sure tensor for the fluid mixture is theoretically derived based
on the statistical mechanics. In Section 3, employing the den-
sity functional theory for the fluid mixture, the normal and tan-
gential components of the pressure tensor of the binary hard
sphere fluids confined in a hard cavity are calculated and ana-
lyzed. The influences of total volume fraction, the ratio of vol-
ume fraction and size asymmetry on the pressure profile are
discussed in detail. In addition, the system in a soft cavity is
also calculated and analyzed in this section. A short summary
is given in the last section.

2. Theory and methods

The system under consideration is a f-component fluid
mixture. The v-th component is composed by N, identical
particles of the diameter oy, with v =1,. .., the index to dis-
tinguish the component. The mixture is confined in a volume
V' and the total number of particles is N = Y, Ny. The pair
potential between particles i and j is denoted by ¢(r;,r;). For
convenience, choose arbitrarily from the system a closed part
with volume G and boundary S. According to the hydrody-
namic equation, the force acting on S due to the rate of change
of the momentum, say F', relates to the stress tensor T via the

expression:
F:/ T-dS, (1)
s

where T is the stress tensor. Thus, based on the well-known
relationship: P = —T, one can derive the expression for pres-
sure tensor [P by the calculation of T.

Generally, the rate of change of the momentum of the
One is the ki-
netic contribution, which takes into account the change of mo-

particles in G consists of two contributions.

mentum owing to the entrance and exit of particles through
S. The other considers the inter-particle potential from the

particles beyond the volume G. Accordingly, T can also be
decomposed into the kinetic part and configurational part, that
is, T = Tk + T. Note that the kinetic part is elementary in

the literature, that is, Tx = —kgT Y. py(7)I. Here, kg, T are
\%

respectively the Boltzmann constant and the temperature, and
I is the unit of the tensor. Thus, in what follows, we focus
mainly on the derivation of the configurational part T¢.

2.1. The configurational contribution T4

For simplicity, only the pair correlation is taken into ac-
count in the calculation of the configurational contribution of
the stress tensor. Accordingly, the second order phase space
probability density function (2 (ri,7j;pi,p;) is needed in the
calculation. In terms of the relation between the force and the
potential, the inter-particles force between particles i and j is
—Vo(ri—
cles may belong to either the same or a different component.

given by Fj; = r;|). Note that the involved parti-

To calculate the configurational contribution of the stress
tensor, the force felt by the particles locating in the volume G,
arising from the particles out of G should firstly be calculated.
According to the statistical mechanics, such a force, say Fgp,
can be expressed through o) (7, TPi,Pj) as

—/ d’l",‘/ d’f‘j/dpi
G V-G

X / dp, F,; @2 (ri,ripi,0j).- 2

Due to the fact @ (ri,rj;pi,p;) = p@ (ri,r)) £i7 (D1, )

equation (2) can be rewritten as

AL

X / / 7D (pi,pj)dp;dp;. 3)
In fact, it is natural to write momentum distribution func-

tion f15,12> (pi,pj) = fM pi f(\,, p;). Further, by the aid of the
normalization condition [ f),’ (p)dp = 1, equation (3) arrives

- L velri=r;be

in which the domain V-G has been replaced by V in the sec-

|rl—'r1|) (ri,rj)drjd'ri

at

Dryr)drdr, (4

ond integral because the additional integral [ [ describes
only the total pair force in the volume G, which is zero. Note
again that in Eq. (4), the coordinate over which the integral
is performed can involve the particles of any component. As
a consequence, the correlation between different species has
been taken into account because the pair potential contains the
contribution from either inter- or intra-component.

To proceed, it is convenient to define the relative coor-

dinate 7;; = r; — r; and the coordinate of mass center r. =

(ri+7;)/2 =7;— (3)7;j. Accordingly, equation (4) can be
rewritten as
1
Fg = /V(P rij dTu/p ZTz/artj)dTu 5)
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with r;; = |r;;|. Performing Taylor expansion for p?)(r; —

%rij,r,'j) about p(z)(rhr,'j), we have

o g
p® ("'i_ ;"'ijv"'ij> = Z, (— ;Tij'Vz) pP(ri,ry), (6
£=0
where V; denotes the derivative with respect to ;. Note that
equation (5) is exact because no approximation has been intro-
duced. However, only the first two terms in Eq. (6) are taken
into account in this work for simplicity, because the higher or-
der terms contain more complex correlation, which requires
the higher order correlation functions to describe.
Accordingly, equation (5) can be approximately rewritten

—./ Vo(rij)p

1
+§/V(P(rij)d7°ij/Tij'ViPm (riyrij)dri. (7)

as

2>(T‘,’,’I",’j)d’f‘,’jd’f‘j

The first term equals exactly to zero because it expresses the
sum of internal forces between particles in the system at equi-
librium. As a consequence, by using of the Gauss theorem,
equation (7) can be rewritten as

1
Fo= 2 / drijVe(rij) /Sri.i’PQ) (ri,rij)dS. (8)

Compared with Eq. (1), it is easy to derive the configurational
contribution of the stress tensor

/r,jr,/
2 rij

2.2. The inhomogeneous pressure tensor P

p P (i) dr). 9

Using the relation P = —T, we derive the inhomogeneous
pressure tensor as follows:

/T‘,]’r,] .
i
2 J

In general conditions, the system may be exposed to an exter-

P= kBTZpV i)l )p® (ri,ri5)dr;. (10)

nal potential Vex¢ (). The presence of Vex () also introduces
field-induced contribution to T and then to P. Therefore, the
pressure tensor becomes:

1 Tiivii
P= kBTZpV ri)l—> #(P/(rij)l)(z)(riarij)drij
ij
+ ZPv(ﬁ):ViVem(Ti)- (11)
A l

This is the main result of this work. Here, the pair density
function p® (7, 7; ;) describes the situation when the center
of mass of the two-particle pair is at r;, and their relative dis-

placement is ;. It can be generally rewritten as:

1 1
PP (ri,rij) =p <7’i + 27'ij)P <1°i - 2%)5’(%‘,’), (12)

where the radial distribution function (RDF) g(r; ;) takes into
Further, p(r; £
%r,- ;) in Eq. (12) can be expanded about the density r; as fol-

account the correlation between particles.

lows:
1 1
p rl:|:2r,] p('r,):l:i(rij~V,~)p(r,~)+h.0.t. (13)

Combining Egs. (11)—(13), the inhomogeneous pressure ten-
sor can be numerically calculated once the density py(r)
is obtained. Note that equation (11) is different from the
IK definition!¥!
lation between different components.

because the second term contains the corre-
Moreover, it is also
different from the derivation by Bearman and Kirkwood,??!
who had underestimated the correlation between particles, be-
cause they used a mean field treatment, that is p() (r;, ;) =
p(ri)p(ri)g(rij), in their final expression.

3. Results and discussion

Note that in this work, we focus on the pressure tensor
of the fluid mixture. The theoretical derivation is applica-
ble to the systems with various inter-particle potential. Ac-
tually, both experimental and theoretical studies have shown
that the short-ranged correlation plays a decisive role in deter-
mining the structure or thermodynamic properties of the real
fluids. Therefore, the HS fluid has been widely used as a refer-
ence system in the studies of these real systems. Especially in
the colloidal suspension, the colloidal particle can be directly
modeled by a hard sphere with an effective diameter.***7] To
this end, the pressure tensor in the binary HS mixture is fo-
cused on in this paper, and the influences of volume fraction
and size asymmetry are investigated in detail.

As shown in Eq. (11), the RDFs is necessary in the cal-
culation of the pressure tensor in the mixture. However, due
to the hard sphere potential in our chosen system, the deriva-
tive ¢'(r;j) = —kgT 8 (r;; — 0;;) with 0;; = (0;+ 0;) /2, which
suggests that only the contact value of the RDFs is needed.
Therefore, in the calculations, we have employed the expres-
sion of the RDFs for the hard sphere mixture, which is derived
by Lebowitz.[*®! In addition, for simplicity in calculations, we
have replaced the RDFs with those of the uniform system with
the densities the same as those in their bulk phases.

Firstly, to evaluate our theoretical derivation and the nu-
merical calculations, we applied our main result to the one-
component HS fluids, and compare our results with those from
the molecular dynamics (MD) simulation performed by Lup-
kowski et al.'**l In the calculation for the tangential pres-
sure, the HS fluid is surrounding a large sphere of the radius
Ry, = 300 with ¢ the diameter of the small HS. Note that Ry, is
large enough in order to approach the limit of a flat wall. The
bulk density is set as pp6> = 0.763641 to produce the normal
pressure Pyo?> /€ =5.284. Here py, is the bulk density of the
HS fluid. The comparison shown in the Fig. 1(a) suggests that
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the agreement between our result and the MD result is rather
good.

In the further calculations, we take + = 2, which corre-
sponds to a binary mixture. For simplicity, both inter- and
intra-component interactions are modeled by the HS poten-
tial. By definition, the binary HS mixture is composed of
the small and big components, which have the diameter o;
and oy, respectively. The total volume fraction is defined as
Nt = Ns + Ny With 1y = éﬂ:pb,vc‘? and py v the bulk density
of the v-th component. To calculate the pressure profile for
the binary HS mixtures, the density of each component should
be firstly calculated. To check our calculation for the density
profiles in binary mixture with MFMT, 33391 the results are
compared in Fig. 1(b) with those from the Monte Carlo sim-
ulation performed by Kim er al.’) In the calculation, we set
Op/0s = 2.0, Ny = 67, and Ny, = 16. The comparison shown in
Fig. 1(b) suggests that the two sets of results agree well with
each other.

b @ ]
N){ 16 this work
3 =MD simulation
=
< s
1 1 1 PRI B 1 1
1 2 3 4 5 6
0-4 T T T T T T
(b)
]
0.3 . n
o for small species !
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~ e
~ 1
< s

r/os

Fig. 1. (a) Comparison of our numerical results of the tangential com-
ponents of the pressure tensor with those from the MD simulation. *]
(b) Comparison of the calculated density profiles in the mixture with
those from the MC simulation. !

3.1. Effect of the total volume fraction

For the hard sphere mixtures under consideration, the ex-
cluded volume determines the structure and pressure tensor
in it. So, the properties of the system should be very sen-
sitive to the total volume fraction, say 7. Then, to under-
stand how 7)o influences the profile of the pressure compo-
nents, we calculate the normal and tangential components of
the inhomogeneous pressure tensor in a spherical cavity with
a radius of R, = 1005. In the calculation, we set the ratio
2= Ns/ Mot = 0.5, size ratio op/0s = 2.0. The results under
the conditions of 1 = 0.1, 0.2, 0.3, 0.4 are given in Fig. 2.
Moreover, to show the relationship between the pressure pro-
file and the structure, we also plot the corresponding density

profiles in the figures.

Our results suggest that when 7y is small, such as Mo =
0.1 in Fig. 2(a), both the normal and tangential pressure show a
uniform profile in the central region of the cavity. This should
be attributed to the uniform profile of the density profile of
the mixture in this region. However, as the magnitude of 1
is increased, the curves for pressure profiles show oscillation
in the central region. Through the comparison between results
shown in Figs. 2(b)-2(d), it is obvious that the bigger the mag-
nitude of 7y i, the more significant the oscillation is.
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Fig. 2. (color online) Profiles of normal and tangential components of the
pressure tensor under different conditions of M. In panels (a)—(d), the red
and blue lines give respectively the results for normal and tangential pres-
sure. Panels (e)—(h) plot the density profiles of the corresponding mixture.
Moreover, as shown in Fig. 2, a discontinuous profile for
both pressure components is observed, which locates at the
point o/2 from the wall. In fact, the region (R. — 0y/2,R.)
is inaccessible for the big sphere because of the existence of
the cavity wall at the position R.. Therefore, in this region,
the interaction between big—big pairs is absent, and only the
big—small and small-small pairs can contribute to the pres-
sure. This is responsible for the discontinuity in the pressure
profiles. In addition, in the region not very far from the cav-
ity wall, the curves for both pressure components are not as
smooth as those in the central region. This may arise from the
separation of the outermost layers for both components in the

mixture.
3.2. Effect of the ratio of volume fraction

In the hard sphere mixture, due to the correlation between
particles, the variation of the fraction of each component may
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lead to significant changes in both structural and thermody-
namic properties. In order to understand the influence of ratio
of volume fraction on the pressure components, we have per-
formed the calculation under different conditions of z, with the
given Moy = 0.3 and 6y, /0; = 2.0. The results for Py(r) and
Pr(r) are respectively given in Figs. 3(a) and 3(b).

Our results suggest that for the given 1ot and 6}, / G5, both
pressure components are very sensitive to the magnitude of
z. Specifically, when z is small, both pressure components are
relatively small, while as z is increased, the value of both Py(r)
and Pr(r) are enhanced in the whole region. This can be un-
derstood by the microscopic mechanism of the pressure tensor
in statistical mechanics, which interprets the pressure tensor

(a)w“\“‘\

BPx(r)od

0\\\\‘\\\\‘\\\\‘\\\\‘\\\\

0 2 4 6 8 10

r/os

as a statistical average of the inter-particle force across a given
area. For the smaller value of z, most of the space in the cav-
ity is occupied by the big sphere, which indicates a smaller
number of the particle pair in the system, and then leads to
the reduction of the inter-particle force across a given posi-
tion. On the contrary, as the value of z is increased, the total
particle number N = Ng + N, is also increased, which results
in the increase of particle pair, and then the values of pressure
components. Moreover, when z is small, it is also obvious that
both components can be nearly uniform in the central region.
This can also be explained by the smaller value of the total par-
ticle number N, which gives almost a bulk phase in the central
region.

(o)

111 ‘ I ‘ 111l ‘ 1111 ‘ 111N
0 2 4 6 8 10
r/os

Fig. 3. (color online) Profiles of normal and tangential components of the pressure tensor under different conditions of ratio of volume
fraction. Along the arrow in both figures, the curves correspond respectively to z = 0.2, 0.4, 0.6, 0.8.

Comparison between the results for Py(r) and Pr(r) sug-
gests that in the central region of the cavity, both pressure com-
ponents are almost the same due to the decay of the influence
of the cavity wall. In addition, the results in the inset show
that with the increase of z, the jump locates at R, — 0}, /2 in the
curves is raised.

3.3. Effect of the size asymmetry

In the fluid mixture, the size ratio, say oy, /05, may play an
important role in determining the structure of the system. Es-
pecially, the depletion induced attraction between big spheres
relates not only to the volume fraction of small spheres, but
also to the size ratio of particles in the two components. Due
to the close relationship between the structure and pressure
tensor, it is believed that the size ratio may show significant in-
fluence on the pressure profile in the confined mixture. There-
fore, in this section, we calculate the profiles of Py(r) under
different conditions of the size ratio, with the given 7oy = 0.3

and z = 0.5. The results for Py(r) are given respectively in

Fig. 4.

In our calculation, both 1y and z are simultaneously
given, which indicates that the number of small spheres is
fixed. In such a situation, the smaller size ratio corresponds
to a larger number of big spheres in the cavity. Therefore,
more particle pairs provide the force that passes across the
given point, and then contribute more to the pressure there.
In addition, it should be mentioned that when o}/0s = 1.0,
the discontinuity disappears in the curves because of the fact
that in this case, the system is actually composed of only one
single component.

Further, from the results shown in the inset, it is obvi-
ous that the pressure at the position R, — 0, /2 is enhanced
when the size ratio is increased. This may arise from the en-
hanced depletion, which pulses the big sphere to the region
near the cavity wall. Moreover, it is interesting that the pres-
sure is nearly uniform in the central region when the size ratio
is small, while it is in an oscillating pattern when the size ra-
tio is large. As mentioned above, when the size ratio is large,
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the big sphere gathers in the region near the cavity wall. In
the meanwhile, most of the small spheres are excluded to the
central region to form an oscillating structure.
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Fig. 4. (color online) Profiles of normal component of the pressure ten-
sor under different conditions of size asymmetry. Along the arrow in
the figure, the curves correspond respectively to oy,/0s = 1.0, 1.5, 1.8,
2.1,2.4.

3.4. Mixture confined in a soft cavity

In all the above calculations, the hard sphere mixtures are
confined in the hard cavity. The significant influence of the
wall on both the structure and the pressure has been displayed
by their maximum in the region near the wall. In fact, this is
the result of the depletion between the particles and the wall.
In the following, we turn to the binary mixture confined in a
cavity with a soft wall, which provides an external potential
Vext(r) for both species:

r\15
V() =¢ (=) (14)
w
with w = 0.6R. and ¢ the unit of the potential. The exponent
number is so large that it is safe to regard the wall as a hard
one when the particle is close enough to it.

Firstly, we perform calculations to investigate the influ-
ence of z on the pressure and density profiles. In the calcu-
lation, we set € = 1.0, Nyt = 0.3 and oy, /05 = 2.0. The re-
sults are given in Figs. 5(a)-5(d). Our results suggest that the
pressure profile is enhanced with the increase of z, which is
similar to the situation of a hard cavity. However, as the mag-
nitude of z is increased, the peaks in the both pressure profiles
are slightly shifted outwards. A similar phenomenon can also
be observed in the curves for a density profile of big species,
which is given in Fig. 5(d). Actually, the depletion induced
gathering of the big species in the outer region is responsible
for the shift of the peaks.

Obviously, in the soft cavity, the discontinuity in the pres-
sure profiles disappears, which is in sharp contrast with the
condition of the hard cavity. This can be understood with the
aid of the corresponding density profiles, which are shown

in Figs. 5(c) and 5(d). In fact, the soft cavity provides each
species with a soft and continuous external potential, which is
different from the contact potential provided by the hard wall.
In such a situation, the density profiles of both species should
also be smooth in its accessible space, which in turn leads to
the smooth profile of the pressure.

1.8} (a) ] ]
I 116 ]
mt;,, _”me ]
o 1= 1
o 1< ]
< 1= ]
0'....|....|....|..- 0 ]
LI e e e 03F TTTTTTTITTITITITTTI

0.16 (c) E

0 2 4 6
r/os

Fig. 5. (color online) (a) and (b): Profiles of normal and tangential
components of the pressure tensor under different conditions of ratio
of volume fraction. (c) and (d): Density profiles for the small and big
components confined in the soft cavity. Along the arrow in the figure,
the curves correspond respectively to z = 0.2, 0.4, 0.6, 0.8.

Moreover, we have also calculated the influence of size
ratio on the pressure profiles in the soft cavity with € = 1.0,
Nt = 0.3 and z = 0.5. Comparing the results in Fig. 6, it is
easy to find that when the size ratio is small, the pressure in the
central region is nearly uniform. However, as the size ratio is
increased, the pressure profile turns into an oscillation pattern,
especially in the region near the center of the cavity. This is
similar as that in the situation of the hard cavity.

RN L R [fTrrrT T T T T T T T T T
’(31.57 17 (b) ‘
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Fig. 6. (color online) Profiles of normal and tangential components
of the pressure tensor under different conditions of size asymmetry.
Along the arrow in the figure, the curves correspond respectively to
op/0s=1.0,1.5,1.8,2.1,2.4.

4. Conclusion

In summary, the pressure tensor of an inhomogeneous
fluid mixture is derived. In the theoretical derivation, the pres-
sure tensor has been expressed as a functional of the density
function, which can be obtained by using density functional
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theory. In this work, the binary hard sphere mixture confined
in the hard cavity is firstly studied, and the numerical results
for both normal and tangential components of the pressure ten-
sor are given. The influences of total volume fraction, ratio of
volume fraction, and size asymmetry on the pressure are ana-
lyzed in detail.

The results show that for the mixture with a size imbal-
ance, a discontinuity on the profile of the pressure can usually
be observed. Our results suggest also that the oscillation of
both pressure components is enhanced when the total volume
fraction is increased. Besides, a larger ratio of volume fraction
is also beneficial for the oscillation of the pressure profiles. In
addition, the size ratio is helpful for the inhomogeneity of the
pressure, while it leads usually to a smaller value of the pres-
sure. Additionally, the hard sphere mixture confined in a soft
cavity is also studied. The results suggest that the discontinu-
ity in the pressure profile disappears, which is in sharp contrast
with the case of the hard cavity.

To be fair, in this work, some approximation has been
introduced before performing the calculations; however, the
comparison between our results and those from the computer
simulation suggests that our treatment could provide a reliable
result. Therefore, it is hoped that our results can provide useful
clues in understanding the hydrodynamics and thermodynam-
ics of fluids at the nanoscale.
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