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Energetic-ion excited internal kink modes with weak magnetic shear
in 𝑞0 > 1 tokamak plasmas∗
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The energetic particle driven internal kink mode is investigated in this paper for q0 > 1 tokamak plasma with weak
magnetic shear. With the effect of energetic particles, the m/n = 1/1 internal mode structure in tokamak plasma does not
appear as a rigid step-function when safety factor passes through q = 1 rational surface. It is found that even when the
rational surface is removed, the mode may be still unstable under the low magnetic shear condition if the energetic particle
drive is strong enough; with the low shear region of safety factor profile widening, the mode becomes more unstable with
its growth-rate increasing. Furthermore, we find that the existence of the q = 1 rational surface does not have a significant
effect on the stability of the plasma if energetic particles are present, which is very different from the scenarios of the
ideal-MHD modes.
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1. Introduction
Plasma heating and current drive are key issues towards

burning plasma.[1] Neutral beam injection (NBI), ion cy-
clotron resonance heating (ICRH), low hybrid current drive
(LHCD), and nuclear fusion reaction not only heat the plasma
or drive plasma current efficiently, but also produce a new
population of plasma species: energetic particles (EPs).[2–4]

The EP physics in fusion plasmas has been investigated ex-
tensively due to widely applied auxiliary heating and profile
control in recent decades.[5–8] Since the well-known energetic
particle mode (EPM), the fishbone mode, was discovered in
the Poloidal Divertor eXperiment (PDX) during high-beta op-
eration with NBI, which caused 20%–40% high-energy parti-
cles to lose and degraded the efficiency of heating and current
drive dramatically,[9] this mode has been substantially inves-
tigated theoretically or experimentally, which can be induced
by energetic ions and electrons.[10–16] It was shown that the
precession of energetic particles destabilizes the internal kink
mode[10,11] on the q= 1 rational surface under finite shear con-
dition. A spatial separation was assumed that near the ratio-
nal surface a singular layer was formed with a width on the
order of O(ε); while outside of the singular layer, the radial
component of plasma displacement vector was a constant,;.e.,
ξ = const. for r < r0, and ξ = 0 for r > r0 where r0 is the
radial location of the q = 1 rational surface. Inside the layer, a
layer equation for the mode displacement was established by
variation method in different geometries, and non-ideal effects
such as resistivity and finite Larmor radius effect were taken

into account.[17,18]

Recently, advanced scenario, with the safety factor pro-
file (q-profile) of low or reversed magnetic shear and q0 or
qmin close to unity, is proposed to get rid of fast and disastrous
current driven modes. A spatial separation becomes obscure
due to very weak or vanished shear in the vicinity of the ra-
tional surface with weak Alfvén continuum damping, and the
mode structure is more like an infernal mode structure instead
of the rigid kink structure for conventional kink mode.[19] For
a reversed magnetic shear configuration induced by off-axis
current drive, when qmin < 1 a double fishbone mode (DFM)
can be observed when using auxiliary heating, whose mode
structure is quite different from that of the conventional dou-
ble kink mode.[20] DFM structure has a non-zero Im(ξ ) due
to energetic particle, and its frequency is very close to the half
of the precession frequency of energetic particle.[21]

In this paper, we further investigate the effect of di-
verse current profiles, i.e., different q-profiles, especially in
the case of q0 > 1, on the instability caused by energetic par-
ticles. Without a clear scale separation, we then use a new
approach to self-consistently calculate the mode structure and
frequency, by a general dispersion relation [10,22] D(𝜉,𝜉∗) =
WMHD−ω2K +Wh = 0 and a variation equation determining
mode structure,[19] where WMHD is the perturbed bulk plasma
potential energy, −ω2K is the plasma kinetic energy, and Wh

is the energetic particle potential energy. Results obtained de-
viate from those from a simple step-function structure, and it
is found that even when the core safety factor is greater than
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unity, it is still an unstable configuration. It should be pointed
out that m/n=1/1 internal kink mode is absent when q0 is sig-
nificantly away from unity. More details about effects of mag-
netic shear, energetic particle beta, and the core safety factor
on the mode structure and growth-rate are also discussed.

The rest of this paper is organized as follows. An energy
integral equation including the energetic particle contribution
and a variation equation are introduced in Section 2, to give
an iteration solution of mode frequency and structure simul-
taneously. By applying a series of q-profiles in Section 3, we
investigate the effect of profile shape on the mode. Finally, a
brief conclusion can be found in Section 4.

2. Model and basic equations
2.1. Model and equations

The linearized momentum equation in a fluid approxima-
tion can be written as

ρm
∂ 2

∂ t2 𝜉 =−1
c
(δ𝑗×𝐵+𝑗×δ𝐵)−∇δPc, (1)

where 𝜉 is the fluid displacement vector, the mass density
ρm = n0imi , with the subscript i denoting the species, and pre-
fix δ is for the perturbed quantity. Meanwhile, the equation of
state can be linearly approximated as

δPc =−γP0∇ ·𝜉−𝜉 ·∇P0,

and Ohm’s law

δ𝐸⊥ =−1
c

∂

∂ t
𝜉×𝐵, δ𝐸‖ = 0,

Faraday’s law δ𝐵 = ∇× (𝜉×𝐵) and Ampere’s law

δ𝑗 = c
∇×δ𝐵

4π
.

These equations form a closed system to determine the prop-
erties of instability.

Decomposing fluid displacement vector

𝜉(𝑟, t) = 𝜉(r)ei(mθ−nζ−ωt),

we obtain the energy equation:

WMHD−ω
2K = 0, (2a)

where WMHD is the perturbed bulk plasma potential energy
without the surface term[23] and

K =
1
2

∫
d𝑥ρm𝜉 ·𝜉∗

is the plasma kinetic energy. Together with Eq. (2a), we obtain
the variation equation:

δ (WMHD−ω
2K) = 0, (2b)

where the variation is done on perturbed fluid displacement
vector, and the two equations will give exactly the same solu-
tion as Eq. (1).

The plasma is assumed to be incompressible,∇ · 𝜉 = 0,
and through the minimization of WMHD, one can obtain

ξθ = i
d
dr

(rξ )

and ξζ = 0. Using this trial function one can estimate the per-
turbed potential energy contributed from energetic ions by a
slowing down distribution[10,24,25]

Ŵh =
∫ 1

0
dr̂3nβ̂h

2r̂2

π

ω

ωdm
ln
(

1− ωdm

ω

)
|ξ |2,

which is normalized by
4π2a2

2R2
0

R0
B2

0
4π
|ξr(0)|2, and ξ ≡

ξr/ξr(0), r̂ = r/a. Also, β̂h = −(R/3a)(1−κ2
0 )a∂ 〈βh〉θ /∂ r

with 〈βh〉θ representing the averaged poloidal fast ion beta,
ωdm = ωdh(E = Em) with ωdh denoting the precession fre-
quency of the fast ion, and κ2

0 = (R/2r)(1/Λ −1+ r/R) with
Λ ∼ 1 for deeply trapped particle.[25]

2.2. Numerical procedure

Assuming a small inverse aspect ratio a/R0 ∼ ε , and a
low plasma beta β = 8π p/B2

0 ∼ ε2, together with the contribu-
tion from energetic particles, the energy equation and variation
equations become∫ 1

0
r̂
(

n
m
− 1

q

)2(
r̂2| d

dr̂
ξ |2 +(m2−1)|ξ |2

)
dr̂

− 3ω(ω−ω∗)

ω2
A

∫ 1

0
r̂
(
|ξ |2 + | d

dr̂

(
r̂ξ

m

)
|2
)

dr̂

+
ω

ωdm
ln
(

1− ωdm

ω

)∫ 1

0
3nβ̂h

2r̂2

π
|ξ |2dr̂ = 0, (3)

d
dr̂

{
r̂3

[(
n
m
− 1

q

)2

+
3ω(ω∗−ω)

m2ω2
A

]
d
dr̂

ξ

}

+

(
1

m2 −1
)

3ω(ω∗−ω)

m2ω2
A

r̂ξ +(1−m2)

(
n
m
− 1

q

)2

r̂ξ

=
ω

ωdm
ln
(

1− ωdm

ω

)
3nβ̂h

2r̂2

π
ξ , (4)

where ω∗ is diamagnetic frequency which is important when
the mode frequency is as low as being able to compare with
it.[12] In our case, nevertheless, we assume that the mode
frequency is greatly larger than the fast ion diamagnetic fre-
quency, so ω∗ can be ignored for simplicity. Moreover, we
reasonably set ωdm=0.01ωA. For a specific trial eigenvalue
ω , equation (4) gives a corresponding structure of the mode
ξ (r). Substituting the mode structure into Eq. (3) to amend
the eigenvalue of ω and repeating the procedure, we can finally
determine the eigenvalue ω and the corresponding eigenfunc-
tion, i.e., the structure of the mode ξ (r) together in the iterative
process.
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3. Numerical results
In order to explore the effects of a wide range of different

q-profiles on the kink mode with energetic particles, especially
when q0 is greater than but close to unity, we present a series
of the profiles in a simple model as q = q0 (1+0.8(r/a)α)2 as
shown in Fig. 1. There are two parameters to control the shape
of the profile, i.e., the safety factor at the magnetic axis, q0,
and the shear controlling parameter, α .
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Fig. 1. (color online) Safety factor profile modeled by q = q0(1+ 0.8r̂α )2

with α increasing from 3 to 9.

We investigate the well-understood positive shear safety
factor profile first, to validate our results. Then, we increase
q0 from 0.94 to 0.99 then 1.01, to investigate the non-resonant
mode[26] regime of q0 > 1 with no q = 1 rational surface ex-
isting. It is found that even if the mode is non-resonant due
to the absence of q = 1 surface, it is still unstable due to ener-
getic ions drive. Also for each fixed q0, we change α from
3 to 9 to make the shear-free region of the q-profile wider
and wider, thus we can clearly see that the boundary layer be-
comes more and more obscure, indicating spatial scale separa-
tion fails gradually.
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Fig. 2. (color online) Safety factor profile (red line), mode structure
(solid blue line), and imaginary part of the mode structure (dotted blue
line) which is zero under ideal-MHD condition.

First, we choose a positive finite magnetic shear pro-
file with q0 = 0.94, α = 3, and no energetic ions. The re-
sult should be a rigid step-function for the conventional kink
modes, as shown in Fig. 2. In ideal MHD, the mode frequency
is then either purely real or purely imaginary and so is the
mode structure,[27] and Alfvén continuum damping gives rise
to a singular point where k‖ = 0, to induce a step function.
With energetic ions, say β̂h = 0.05%, a real part of the fre-
quency is introduced to the pure growth, and also an imagi-
nary part is introduced to the pure real mode structure. Thus,
the singular sheet with no width is resolved into a resonant
layer as shown in Fig. 3. The real frequency of the mode is
ω/ωA = 0.005+ 0.0004i which is about a half of precession
frequency as predicted in Ref. [10].
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Fig. 3. (color online) Safety factor profile (red-line), real part (solid
blue line), and imaginary part (dotted blue line) of the mode structure.
Note that the imaginary part is non-zero.

Conventional fishbone mode requires several conditions:
the rational surface, a finite discrepancy between q0 and unity,
a finite magnetic shear.[20] Due to the finite magnetic shear,
the width of singular layer ∆/rs ∼ ω/ŝωA with ŝ = rsq′/q
being very small compared with the minor radius because of
ω/ωA ∼ O(ε2). Scale separation can then still be done as in
the conventional fishbone theory. Once the requirement is not
satisfied, rigid step-function structure is not valid any more
as indicated in Refs. [18] and [19]. Thus, results based on a
step-function trial structure need to be revisited. We then in-
vestigate a low magnetic shear case and a case where there is
no q = 1 rational surface to show it explicitly.

Figure 4(a) shows a low magnetic shear case with the
shear control parameter α = 5, β̂h is as low as 0.005%, and
q0 = 0.99. We find that even for such a low β̂h, the mode
structure shows a large deformation in comparison with that
in the ideal MHD case in Fig. 4(b). That is to say, under a
low magnetic shear, the step-function mode structure is not
valid. Because of the low shear, Alfvén continuum damping
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(represented by the peak of dotted line which is not so sharp
as in Fig. 3) becomes weak, thus a low energetic ion drive
can be enough to cause an instability. And due to the low
magnetic shear, the singular layer ∆ ∼ ŝ−1 is widened, and
the scale separation is not clear, which means that the singu-
lar layer disappears and the mode becomes more like infernal
mode structure.[19] Though the mode is still internal, the slop
of the mode structure suggests that the fluctuation energy will
be concentrated in a smaller core region, causing the level of
saturation of the fluctuation in core to be higher than that in
the MHD case.
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Fig. 4. (color online) Low magnetic shear case with q0 = 0.99 and
α = 5 with (upper)/without (lower) energetic ions. The red line repre-
sents the q-profile and the blue line denotes the mode structure.

In order to further understand the competition between
the stabilization factor, α (related to the shear), and destabi-
lization factor, β̂h, we perform a parameter scan in α–β̂h space
with fixed q0= 0.99 as shown in Fig. 5 with the contour plot
for the mode growth rate. We can see that the growth rate de-
pends much more strongly on β̂h than α . The parameter α

determines the width of the shear-free region of the q-profile
as shown in Fig. 1 evidently. As α increases, the shear-free
region expands, and so does the unstable region. And thus, the
growth rate of the mode is faster.

When q0 is slightly greater than unity, the m/n = 1/1
mode should be stabilized in the pure MHD regime. Neverthe-

less, due to the weak shear, the pressure driven term becomes
marginally unstable, which is however a fourth order contri-
bution to a very slowly growing mode. On the other hand, the
low magnetic shear corresponds to weak Alfvén continuum
damping. Then with energetic ions injected to the plasma, the
strong gradient of the fast ion pressure will release free energy
to overcome the damping, to dirve an instability. So, in our nu-
merical procedure, we exclude the plasma pressure contribu-
tion, but retain the energetic particles contribution. Due to the
fact that the low magnetic shear weakens the damping mecha-
nism, the mode structure can stretch within a wide region and
even a small drive can cause a fast-growing instability.
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Fig. 5. (color online) Mode growth-rate γ dependence on α and β̂h with
fixed q0 = 0.99. The solid line represents the contour line of γ , which
increases from lower left to upper right.

1.0

1.0

0.8

0.8

0.6

0.6

0.4

0.4

0.2

0.2

0

0
-0.2

0.5

1.5

2.5

3.5

4.5

ξ

r̂

S
a
fe

ty
 f
a
c
to

r 
q

Re[ξr]

Im[ξr]
q profile

still unstable configuration

ω=0.00624+0.00462i

q0=1.01

Fig. 6. (color online) Mode structure when q0 is slightly greater than
unity and high-energy particle beta β̂h = 0.05%, with the red-line for
the safety factor profile, the solid blue line for the real part, and the
dotted blue line for the imaginary part of the mode structure.

Figure 6 shows such a case with q0 = 1.01 and β̂h =

0.05%. There is a peak in the imaginary part of the mode
structure, corresponding to the minimum k‖, but Alfvén res-
onance. Its growth rate is then comparable to the mode fre-
quency. Such a fast-growing instability may degrade the con-
finement dramatically.
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To further understand the difference between core safety
factor greater than unity and core safety factor lower than
unity, we perform the same parameter scan as did above, and
the results are shown in Fig. 7. When the low shear region
widens, the unstable region becomes larger, and the growth
rate of the mode rises up because of weaker damping mecha-
nism. And with increasing β̂h, the growth-rate ramps up just
as expected, which proves strongly that the instability is also
driven by energetic particles. One may note that there is not
a significant difference between Fig. 5 and Fig. 7, thus show-
ing the most interesting fact that no matter whether the q = 1
rational surface exists the 1/1 internal mode stability is not af-
fected, if q0 is constrained in the vicinity of unity, which is
very different from the scenario of ideal MHD due to the en-
ergetic particle drive.
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Fig. 7. (color online) Distributions of the mode growth-rate γ in the (α ,
β̂h) space with q0 = 1.01.
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This results can be deduced explicitly from Fig. 8, which
shows the dependence of mode frequency and growth-rate on
central safety-factor q0 = q(r = 0) with βh = 0.15%. The
stars in the figure are obtained by our numerical procedure,

while the lines are fittings, for four different shears. The fre-
quency of the mode decreases with q0 when it is obviously
below unity, i.e., in the resonant mode case, but rises up in
the q0 > 1 regime, i.e., in the non-resonant mode case, after a
transition regime for q0 . 1. And the growth-rate of the modes
shows a similar transition property of rising in the significant
q0 < 1 regime and dropping in the q0 > 1 regime, with the
transition in the region of q0 . 1. This is because the mode
is excited by interaction of EPs with m/n = 1/1 internal kink
mode, as q0 increases to the regime above unity, the resonance
surface is lost and the growth-rate of the non-resonant mode
drops down. Also, the shear decreases as the parameter α in-
creases, so that the growth rate of the mode rises.

4. Conclusions
Unlike previous work on fast ion driven kink modes, we

consider the special q-profiles with a wide shear-free region,
so that the spatial scale separation fails. And a self-consistent
method is then used to recalculate the linear instability in such
tokamak plasmas. A general dispersion relation and a mode
structure equation are used to determine the eigenmode struc-
ture and eigenvalue frequency simultaneously. By studying
various q-profiles, we find that the weaker the magnetic shear,
the more similar the mode structure is to that of infernal mode
with a feature of gently varied shape instead of the rigid kink
mode structure. Even when q0 is greater than unity, i.e., the
resonance is removed, energetic particles can drive a non-
resonant instability, whose unstable region can stretch across
a wide region and whose growth rate is comparable to its real
frequency. And thus, rational surface is not an important factor
in determining the properties of the instability when energetic
particles are present in plasma.
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