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Turbulence modulation model for gas–particle flow based on
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The paper focuses on the turbulence modulation problem in gas–particle flow with the use of probability density
function (PDF) approach. By means of the PDF method, a general statistical moment turbulence modulation model without
considering the trajectory difference between two phases is derived from the Navier–Stokes equations. A new turbulence
production term induced by the dispersed-phase is analyzed and considered. Furthermore, the trajectory difference between
two media is taken into account. Subsequently, a new k–ε turbulence modulation model in dilute particle-laden flow is
successfully set up. Then, the changes to several terms, including the turbulence production, dissipation, and diffusion
terms, are well described consequently. The promoted model provides a more probable explanation for the modification of
particles on the turbulence. Finally, we applied the model to simulate a gas–particle turbulence flow case in a wall jet, and
found that the simulation results agree well with the experimental data.
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1. Introduction
The modification of particles on the turbulence has been

studied extensively and is one of the central topics in the field
of the particle-laden turbulence dynamics. Up to now, much
attention has been paid to their theory, modelling, and experi-
mental studies. The experimental and direct numerical simula-
tion (DNS) results, most of these studies are qualitative, have
shown that the turbulence flow can be affected by several im-
portant factors, including the particle diameter,[1] the Stokes
number,[2,3] the particle Reynolds number,[4,5] and the ratio of
the particle diameter to the turbulence length scale (dp/le).[6]

Although great efforts have been made to understand the ef-
fects of particles on turbulence, due to the extremely complex
interactions between the particles and turbulent structures, the
mechanism of the turbulence modulation is still not clear at
present.

It is difficult to carry out fully resolved simulations con-
taining a large number of particles. Presently, the progress of
quantitative studies on turbulence modulation is slowly. Prin-
cipally, three types models describing the turbulence modula-
tion have been put forward. The first one is the Reynolds aver-
aging method,[7,8] in which the source term of the Reynolds
stress equation is derived from multiplying the momentum
source term by ui and applying a Reynolds averaging pro-
cedure. It can be found that the kinetic energy source term
from the emergence of particles is always negative, there-
fore the models based on this approach are only able to pre-
dict an attenuation of the carrier phase turbulence. In or-
der to overcome the deficiency of the Reynolds averaging ap-

proach, the semi-empirical approach was proposed to include
the effect of the particle wake. Consequently, some semi-
empirical models,[9–11] with additional turbulence production
terms were introduced. Although this method is simple and
effective in dealing with the turbulence modulation problems,
it was criticized for its lack of a theoretical basis. The third
approach, namely the volume averaging method,[12] was in-
troduced by means of the volume-averaged equations for the
kinetic energy of the carrier phase. This approach yields a
turbulent energy equation which contains the turbulence pro-
duction and redistribution terms resulted from particles. How-
ever, the model in terms of this approach is only able to re-
flect the particle’s enhancement effect on the turbulence. Later,
Mandø,[13] divided the momentum source term into two parts.
Correspondingly, he applied the Reynolds averaging method
on one part and applied the volume averaging method on the
other part. The hybrid method is able to predict the attenuation
and augmentation of the carrier phase turbulence. However, it
could not predict turbulence damping of the carrier phase for
small particles.

Therefore, the turbulence modulation problem is still an
open topic. Given most previous studies applies the PDF
method to establish discrete models,[14–16] the PDF approach
has played a prominent role in dealing with the two-phase tur-
bulence flows. Moreover, Pope et al.[17,18] proposed a con-
tinuous phase PDF model for turbulent flows. In particular,
Minier et al.[19] attempted to establish a unified PDF model
of the two-phase turbulent flow. Unfortunately, the models do
not give full consideration for the turbulence modulation prob-
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lem and the attenuation and augmentation of the carrier phase
turbulence influenced by particles have not been explained in
the PDF theory.

From the description mentioned above, one can find that,
the PDF theory has been widely used to study the two-phase
turbulence flow. However, utilizing it in the investigations
of turbulence modulation problem has not been explored so
far, and its advantages deserve to be further exhibited, which
makes the studies meanwhile. The outline of the paper is fol-
lows: in Section 2, a general turbulence modulation model is
established and then the trajectory differences between phases
is taken into consideration. In Section 3, a brief description
of the computational setup is presented, and the two-way cou-
pling numerical analysis are discussed with a concrete com-
parison with the traditional methods. The conclusions of the
paper are given in Section 4.

2. Turbulence modulation model based on PDF
theory
In this section, we provided a general statistical moment

turbulence modulation model based on the PDF approach, and
build upon this to build a new k–ε turbulence modulation
model. For the present research, we consider Newtonian vis-
cous incompressible fluid flows. The fluid is assumed to be
composed of a large number of ‘fluid elements’ or ‘fluid par-
ticles’ (each ‘particle’ is a very small amount of fluid with the
same densities), and the turbulence is considered as a stochas-
tic process containing Gaussian colored-noise. The dispersed-
phase is treated as rigid spherical particles. For heavy particles
where ρp� ρf, any interphase forces other than the drag force
are ignored.

2.1. The statistical moments turbulence modulation model

In the PDF approach, the turbulence was generally de-
scribed as a stochastic process. For any random variable 𝑅,
whose components can be expressed as Ri (or R j, Rk), the
mean and fluctuating values of the component Ri are denoted
as Ri and ri. The fluid-particle state vector is defined as
𝑍(𝑡) = (𝑥(t),𝑈(t)) (or 𝑍 = (𝑥,𝑈)), where 𝑥 and 𝑈 are
the fluid positions and fluid velocities, respectively. The fluid
Lagrange model was generally characterized at the stochastic
level in the previous works.[20,21] In this paper, the Lagrangian
model from Navier–Stokes equations for ‘fluid particles’ are
written as

dxi

dt
=Ui, (1)

dUi

dt
=− 1

ρf

∂P
∂xi

+ν4Ui︸ ︷︷ ︸
Af,i

+Ap,i. (2)

In Eq. (2), the first two terms on the right-hand side are the ac-
celerations of the fluid particles due to the pressure and shear

force. The drift vectors Ap,i, which is induced by the presence
of particles, is given by[19]

Ap,i =


0, with a probability 1−αp,

χ
Vi−Ui

τp
, with a probability αp,

(3)

where χ = αpρp/αfρf, P and ν are the fluid pressure and the
kinematic viscosity, Vi and τp are the particle velocity and par-
ticle response time, αf and αp refer to the phase volume frac-
tions of the fluid and particles, ρf and ρp are the fluid and
particle densities. According to the Liouville’s theorem, the
fluid transitional PDF Pf(t;𝑥,𝑈) verifies the following equa-
tion corresponding to Lagrange model (Eq. (1) and Eq. (2)):

∂Pf

∂ t
+

∂ (UiPf)

∂xi

= −
∂ (Af,iPf)

∂Ui
−

∂ (〈Ap,i | 𝑥,𝑈〉Pf)

∂Ui
, (4)

where 〈Ap,i | 𝑥,𝑈〉 represents the conditional expectation of
the random variable Ap,i for a given value of (𝑥,𝑈). By chang-
ing the coordinates in the fluid velocity space, 𝑢=𝑈−𝑈 , the
differential equation of pf(t;𝑥,𝑢) can be obtained from the
differential equation of Pf(t;𝑥,𝑈). During the derivation, the
following equations need to be used[19]

∂P(𝑈)

∂ t
=

∂P(𝑢)
∂ t

− ∂Ui

∂ t
∂P(𝑢)

∂ui
, (5)

∂P(𝑈)

∂xi
=

∂P(𝑢)
∂xi

−
∂U j

∂xi

∂P(𝑢)
∂u j

. (6)

In terms of Eq. (4), combined with Eq. (5) and Eq. (6), it
is straightforward to obtain the Fokker–Planck equation

d pf

dt
+ui

∂ pf

∂xi

= −
∂ (Ai j pf)

∂ui
+

dUi

dt
∂ pf

∂ui
+ui

∂U j

∂xi

∂ pf

∂u j

− ∂

∂ui

[
χ

τp
(Vi−Ui)pf

]
− ∂

∂ui

[
χ

τp
〈vi|𝑥,𝑢〉pf

]
. (7)

The method of solution for the unclosed term 〈vi|𝑥,𝑢〉pf

is one of the key issues in the PDF approach. Many success-
ful methods have been developed[22–24] by assuming that the
stochastic term had the white noise property. Here, the un-
closed term is treated by applying the Gaussian integration by
parts[25]

〈vi|𝑥,𝑢〉pf(t;xi,ui) =
∫

vi pf(t;xi,ui,vi)dvi

= −viu j
∂ pf

∂u j
− vix j

∂ pf

∂x j
. (8)

The statistical moments equation for the fluid phase is
then obtained by multiplying Eq. (7) with Hf and integrating
it over the fluid velocity 𝑈 , that is:

d(αfρfHf)

dt
+

∂ (αfρfuiHf)

∂xi
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= αfρfAi j
∂Hf

∂ui
−αfρf

dUi

dt
∂Hf

∂ui
−αfρf

∂U j

∂xi

∂ (uiHf)

∂u j

+ αpρp
Vi−Ui

τp

∂Hf

∂ui
+αpρp

viu j

τp

∂ 2Hf

∂ui∂u j

− αpρp
∂Uk

∂x j

vix j

τp

∂ 2Hf

∂ui∂uk

−
αpρp

αfρf

vix j

τp

∂

∂x j

(
αfρf

∂Hf

∂ui

)
. (9)

By replacing the variable Hf with 1, ui, and uiu j, respec-
tively, the mean continuity equation, momentum equations,
and Reynolds stress equation can be obtained as follows:

∂ (αfρf)

∂ t
+

∂ (αfρf)Ui

∂xi
= 0, (10)

∂ (αfρfUi)

∂ t
+

∂ (αfρfU iU j)

∂x j

= −
∂ (αfρfuiu j)

∂x j
−αf

∂P
∂xi

+αfρfν
∂ 2Ui

∂x j∂x j
+ IM

pf,i, (11)

∂ (αfρfuiu j)

∂ t
+

∂ (αfρfUkuiu j)

∂xk
= Pi j +Πi j +Di j + εi j, (12)

where

IM
pf,i = αpρp[

Vi−Ui

τp
−λi j

∂ ln(αfρf)

∂x j
], (13)

Pi j = −αfρf

(
uiuk

∂U j

∂xk
+u juk

∂Ui

∂xk

)
︸ ︷︷ ︸

PI,i j

− αpρp

(
vixk

τp

∂U j

∂xk
+

v jxk

τp

∂Ui

∂xk

)
︸ ︷︷ ︸

PII,i j

, (14)

εi j = −2αfρfν
∂ui

∂xk

∂u j

∂xk︸ ︷︷ ︸
εI,i j

+αpρp
viu j +uiv j−2uiu j

τp︸ ︷︷ ︸
εII,i j

, (15)

Πi j = αf p
(

∂ui

∂x j
+

∂u j

∂xi

)
. (16)

Di j = − ∂

∂xk

[
αf

(
puiδ jk + pu jδik +ρfuiu juk

− ρfν
∂uiu j

∂xk

)]
. (17)

Here, Πi j and Di j can be found in Ref. [26]. The dissi-
pation of uiu j is approximated as εI,i j = 2δi jε/3, where ε is
the turbulent dissipation rate, that will be discussed in Subsec-
tion 2.2. A new unclosed term vix j/τp (denoted as λi j) needs to
be modelled. We predit that the ratio of the fluid displacement
to the particle response time is proportional to the fluid fluc-
tuating velocity, that is (x j/τp) ∝ u j. Then a semi-empirical
formula based on the dimension analysis theory can be written
as follows:

λi j =
vix j

τp
=Cfpviu j, (18)

where Cfp is a model constant. The generation and dissipation
of the turbulence are composed of four parts: PI,i j and εI,i j

are inherent production and dissipation, PII,i j and εII,i j indicate
the influence of particles. The previous studies found that the
term εII,i j is always negative, so it reflects the weakening ef-
fect of the particles on the fluid turbulence. The new term,
PII,i j, which has a similar form with the inherent production of
the fluid in the case without particles, is of great significance
to the turbulence modulation. The condition PII,i j > 0, means
the particles enhanced the turbulence, it induces an opposite
effect with comparing with the case PII,i j < 0. The differences
between the new model with the previous works are shown in
Table 1.

Table 1. Compression of different turbulence modulation models.

Model Production term due to particles Dissipation term due to particles

Reynolds averaging method 0 εII,i j

Volume averaging method
αpρp

τp
[2(Ui−Vi)(U j−Vj)+2viv j− viu j−uiv j] 0

Hybrid method
2αpρp

τp
(Ui−Vi)(U j−Vj)

2αpρp

τp
(viv j−uiu j)

Semi-empirical method semi-empirical formulas εII,i j

Present work PII,i j εII,i j

2.2. The k–εk–εk–ε turbulence modulation model with different trajectories

The typical two-phase trajectories can be represented in Fig. 1. Suppose a discrete particle is located in the center of the
fluid particle. The displacement vector is 𝑟 = (𝑉 −𝑈)δ t after a time step δ t. Thus, the influence of the discrete particles on the
fluid can be expressed as follows:

Ap,i =


0, with probability 1−αp,

χ

[
Vi−Ui

τp
+(Vj−U j)

∂Ui

∂x j

]
, with probability αp.

(19)
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Fig. 1. (color online) The fluid and particle trajectories.

Similar to the model described by Eqs. (10)–(18), a
turbulence modulation model with different trajectories can
be achieved when the equation (3) is replaced by Eq. (19).
The Reynolds stress is modelled by using the Boussinesq
approximation,[27] and the volume fraction gradient is ig-
nored for the dilute particle-laden flows. A generally accepted
method to model the turbulent dissipation rate ε is the analogy
method, which consider that the turbulent energy and dissi-
pation equations have similar form of expressions.[28] In this
case, the k–ε turbulence modulation model for different trajec-
tories can be expressed as:

∂ (αfρf)

∂ t
+

∂ (αfρfUi)

∂xi
= 0, (20)

∂Ui

∂ t
+U j

∂Ui

∂x j

=
∂

∂x j

[
(ν + fpνT )

(
∂Ui

∂x j
+

∂U j

∂xi

)]
− 1

ρf

∂P
∂xi

+ IM
pf,i, (21)

∂k
∂ t

+U j
∂k
∂x j

=
∂

∂x j

[(
ν +

fpνT

σk

)
∂k
∂x j

]
+Pk− ε + Ik

pf, (22)

∂ε

∂ t
+U j

∂ε

∂x j

=
∂

∂x j

[
(ν +

fpνT

σε

)
∂ε

∂x j

]
+

(
Cε1

Pk

ρ
−Cε2ε + Ik

pf

)
ε

k
, (23)

where

IM
pf,i = χ

[
Vi−Ui

τp
+(Vj−U j)

∂U i

∂x j

]
, (24)

Ik
pf = χ

[
uivi−2k

τp
+(Vj−U j)

∂k
∂x j

]
, (25)

Pk =−( fpuiuk +χλ
∗
ik)

∂U i

∂xk
, (26)

fp = 1+
χτp

τ∗+ τp
, (27)

λ
∗
i j =C∗fpviu j. (28)

Here, σk, σε , Cε1, Cε2, and C∗fp are model constants equal

to 1.0, 1.3, 1.44, 1.92, and 1.2, respectively. As mentioned in

Subsection 2.1, the term Pk contains the production of the tur-

bulence from the effect of the dispersed phase. In the present

model, the correction factor fp modified the diffusion and pro-

duction terms, and it is obvious that the correction factor ap-

proaches to 1, namely fp→ 1 when τp→ 0 (with dp→ 0). It

means that the model expressed in Eqs. (21)–(29) is changed

to the standard k–ε model when τp→ 0. Furthermore, the ad-

ditional items IM
pf,i and Ik

pf contain the contributions of the ve-

locity and turbulent kinetic energy gradient, which reflect the

effect of the different trajectories. The correlation of the two-

phase fluctuation velocity in Eq. (28) is modelled by Light-

stone’s semi-empirical correlations[29]

uiv j =
τ∗

τ∗+ τp
uiu j, (29)

where

νT =Cµ

k2

ε
,

1
τ∗

=
|Ui−Vi |

LI
+

1
τLI

,

LI = 2τLI

√
2k
3
,

τLI = 0.135
k
ε
,

and Cµ = 0.09 is a model constant.

3. Numerical results and discussions

The wall jet case[30] has certain representativeness as a

test of the gas–particle turbulence flow. The sketch of the ge-

ometry is shown in the following Fig. 2, and the corresponding

parameters describing the case are represented in Table 2.

wall

wall

b

y x

outletinlet

Fig. 2. Geometry of the Wall jet test case.

Table 2. Characteristics of the case.

Dimensions of the case Width of jet Jet velocity at nozzle exit Freestream velocity
150 mm×100 mm×300 mm 5 mm 10 m·s−1 2 m·s−1

Jet Reynolds number Particle diameter Particle density Particle mass loading

3300 49.4 µm 2590 kg·m−3 0.1
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Based on the two-dimensional flow equations, the com-

puter program for the simulation of wall jet case is developed.

The mesh is made up of 170× 100 sites. The two-way cou-

pled Eulerian/Lagrangian method is employed to predict the

flow fields. The fluid phase is simulated by the new model

as shown in Eqs. (20)–(29), and the Lagrangian model (30) is

adopted to describe the particle phase.[31]

dyi =Vi dt,

dVi =
1
τp
(Ui−Vi)dt,

dviv j =
2
τp
(uiv j− viv j)dt,

(30)

where, yi is the particle positions. A brief description of the

procedure developed in this work is presented here: (i) The

Euler equations for fluid phase are solved initially by the SIM-

PLEC algorithm. (ii) The Lagrangian solver is adopted to

simulate the track of particles and the source terms to the

gas-phase governing equations are calculated. (iii) The Eu-
lerian solver is run again to solve the turbulence modulation
model by considering the presence of particles. (iv) The above
Step (ii) to Step (iii) are repeated until final convergence.
A more detailed description for solving the two-phase Eule-
rian/Lagrangian model can be found in Refs. [29].

Since the model in Eqs. (20)–(29) becomes the standard
k–ε model when τp → 0, the single-phase flow can be sim-
ulated by this model, which is shown in Fig. 3. One major
deficiency of the standard k–ε model is that it cannot analyze
the anisotropy of the turbulence because the turbulent viscos-
ity coefficient is assumed to be isotropic. For the wall jet flow
case, the dynamical characteristics in the free shear layer is
more complicated, besides, the turbulence fluctuation shows a
strong anisotropy. One can see that the simulative data have
little difference with the actually measured data in the free
shear layer, but on the whole the satisfactory result is achieved
by using the k–ε model.

0 0.5

6

4

2

0

6

4

2

0

1.0 0.5 1.0 0.5 1.0 0.5 1.0 0.5 1.0 0.5 1.0 0.5 1.0 0.5 1.0

x/b/ x/b/ x/b/ x/b/ x/b/ x/b/ x/b/ x/b/

y
/
b

Fig. 3. Vertical mean fluid velocity profiles for the single-phase flow case. The solid line represents calculated results and is to be compared with experimental
date (•).

Combined with the Lagrangian model for particles, the
two-phase flow case is simulated in the use of the present tur-
bulence modulation model. The simulation results are com-
pared with that calculated from Reynolds averaging method.
Correspondingly, the simulation results are shown in Fig. 4. It
is found that the values of the mean fluid velocities calculated
by using the Reynolds averaging method is slightly larger than
that from experiment, and the results of the PDF method are
better than those of the Reynolds averaging method near the
wall and in fully developed turbulent flow region. Although
the present model has not shown its obvious advantage in pre-
dicting fluid mean velocities, it performs very well in other
respects. Figure 4(b) displays detailed comparisons of fluid

fluctuating vertical velocities and the Reynolds stress, which

shows that the calculation results from the present model are

in accord with the experimental value.

The more accurate calculated results of the fluid phase

will improve the simulation accuracy of the particle phase.

The simulation results of particles are shown in Fig. 5. The

simulation results of the Reynolds averaging method tender to

be larger near the wall, while the results of the PDF method

are much more accurate. Compared with the Reynolds aver-

aging method and the experimental data, it indicates that our

considered model is better than the Reynolds averaging model

since it agrees well with the experimental data.
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Fig. 4. Profiles for the two-phase flow case: (a) Fluid mean vertical velocity; (b) Fluid fluctuating vertical velocity and Reynolds stress. • experimental date;
—– PDF method; ----- Reynolds averaging method.
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Fig. 5. Profiles for the particle phase: (a) Particle local volumetric fraction; (b) Particle mean vertical velocity; (c) Particle fluctuating vertical velocity. •
experimental date; —– PDF method; ----- Reynolds averaging method.

4. Conclusion

In conclusion, we have developed models for the turbu-

lence modulation in terms of the PDF approach. Detailed

derivation of the turbulence modulation model without trajec-

tory difference was introduced firstly and then the trajectory

difference between phases was discussed and modelled. Com-
pared with the Reynolds averaging model, our model contains
a new production term of turbulence from the effect of the dis-
persed phase. The present model has been successfully applied
to simulate a two-phase turbulence flow in a wall jet. Simi-
lar to the standard k–ε model, the limitations of the present
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k–ε turbulence modulation model is that it has adopted the
isotropic Boussinesq approximation, besides, the white Gaus-
sian assumption is also used to close the PDF equation. Ac-
cordingly, the predictions in the fully developed turbulent flow
region were more reasonable. Theoretical analyses and nu-
merical simulations all indicate that the proposed model is
more accordant with practical circumstances than the tradi-
tional models.
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