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As a kind of multi-physics imaging approach integrating the advantages of electrical impedance tomography and ul-
trasound imaging with the improved spatial resolution and image contrast, magneto–acoustic tomography with magnetic
induction (MAT-MI) is demonstrated to have the capability of electrical impedance contrast imaging for biological tissues
with conductivity differences. By being detected with a strong directional transducer, abrupt pressure change is proved to
be generated by the gradient of the induced Lorentz force along the force direction at conductivity boundary. A simplified
boundary normal pressure (BNP)-based conductivity reconstruction algorithm is proposed and the formula for conductivity
distribution inside the object with the clear physical meaning of pressure derivative, is derived. Numerical simulations of
acoustic pressure and conductivity reconstruction are conducted based on a 2-layer eccentric cylindrical phantom model
using Hilbert transform. The reconstructed two-dimensional conductivity images accord well with the model, thus success-
fully making up the deficiency of only imaging conductivity boundary in traditional MAT-MI. The proposed method is also
demonstrated to have a spatial resolution of one wavelength. This study provides a new method of reconstructing accurate
electrical conductivity and suggests the potential applications of MAT-MI in imaging biological tissues with conductivity
difference.
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1. Introduction

Magneto–acoustic tomography with magnetic induction
(MAT-MI), first proposed by Xu and He in 2005,[1] is a non-
invasive multi-physics imaging approach, which integrates the
good contrast of electrical impedance tomography (EIT)[2–4]

with the improved spatial resolution (mm-level) of ultrasound
imaging.[5,6] MAT-MI was demonstrated to have the capabil-
ity of electrical impedance contrast imaging[7,8] of biologi-
cal tissues with conductivity differences. In MAT-MI,[9–16]

a time-varying magnetic stimulation is used to induce eddy
current inside conductive object. In the presence of a static
magnetic field, mechanical vibrations are generated by the
Lorentz force acting on the induced eddy current to produce
detectable ultrasound. Through acoustic transmission in me-
dia, the magneto–acoustic signals can be acquired by the trans-
ducers placed around, which can be used to reconstruct two-
dimensional (2D) images relating to conductivity contrast of
scanned layer. Therefore, by combining magnetic fields with
acoustic field,MAT-MI is often referred to as a hybrid imaging
technology, which shows good potential applications in early

diagnosis of tumor.
In the past decades, several numerical and experimental

investigations were conducted to demonstrate the feasibility
and performance of MAT-MI. In 2008, based on the theories
of eddy current induction and acoustic transmission, Ma and
He[17] reported that the acoustic waveform was generated at
the conductivity boundary and the polarity of wave cluster re-
flected the direction of the exerted Lorentz force caused by
conductivity variation along the normal direction of the in-
duced eddy current. Hu et al.[18] verified that MAT-MI could
be used to image tumor inhuman liver tissue in vitro. Then
based on the radiation theory of acoustic dipole source, a to-
mographic conductivity reconstruction algorithm of MAT-MI
was presented by Sun et al.[19] and also verified by exper-
imental measurements. Both the configuration and the in-
ner conductivity of the scanned layer of the object were re-
constructed with improved spatial resolution. Mariappan and
He[20] combined the vector source reconstruction algorithm
with the relationship obtained using Helmboltz decomposi-
tion of the induced eddy current to estimate the conductivity
distribution.Guo et al.[21] reported that the relative conductiv-
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ity distribution could be mapped with reciprocal theorem in
magneto–acousto–electrical tomography with magnetic induc-
tion (MAET-MI) modality. In 2016, Yu[22] proved by using an
in vivo mouse model that high-frequency MAT-MI was able to
resolve the boundary and the internal structures of tumor.

In previous studies, although the capability of distinguish-
ing tissues with conductivity difference was demonstrated by
the 2D or three-dimensional (3D) image reconstructions us-
ing the waveforms collected around the object, several prob-
lems existing in physical meaning and signal processing still
need to be solved. (i) The physical meanings of acoustic
pressure and waveform are confused in image reconstruction
and the influences of magnetic fields and the transducer im-
pulse response are often neglected. (ii) The physical mean-
ing of pressure derivative in traditional MAT-MI[23,24] is not
explained clearly and the conductivity reconstruction process
is just mathematically computed but not analyzed in physics.
(iii) The dimension of the reconstructed image is not the elec-
trical conductivity, even for the normalized results. Whereas,
it was reported by Zhou et al.[25] that acoustic pressure with
sharp and clear boundary peaks could be detected by the trans-
ducer with strong directivity and wide bandwidth, reflecting
the gradient of the induced Lorentz force accurately. Corre-
sponding to the acoustic sources at conductivity boundaries,
the boundary pressures along the normal direction (boundary
normal pressure, BNP) could be retrieved through the anal-
yses of amplitude and phase of collected wave clusters, and
then the conductivity distribution of the scanned layer could
be reconstructed accurately.

In this study, based on the analyses of magnetic excita-
tion and acoustic vibration in conductive object, acoustic ra-
diation in diffraction mode, and acoustic detection with a pla-
nar piston transducer, the inverse problem solution for acoustic
source reconstruction is derived in 3D configuration with ex-
plicit formulae. By considering the strong directivity of the
transducer, the physical meanings of detected acoustic pres-
sure and its derivative are analyzed, proving that BNP could
be extracted exactly by the abrupt change of pressure deriva-
tive. Then, based on the analysis of wave cluster, a simplified
BNP-based electrical conductivity reconstruction algorithm is
developed by using Hilbert transform and the clear physical
meaning of pressure derivative relating to the property of con-
ductivity variation is demonstrated. The proposed algorithm
is also verified by numerical studies for a 2-layer eccentric
cylindrical model. The simulations consist well with the ex-
perimental results in our previous studies,[14,15,19] and the re-
constructed images are well consistent with the cross-sectional
conductivity distributions of the model. The favorable results
prove the feasibility of the proposed conductivity reconstruc-
tion algorithm based on BNP and suggest a new simplified
imaging method for potential applications in MAT-MI.

2. Principle and method
The schematic diagram of MAT-MI system is shown in

Fig. 1. A conductive object is placed in a complex mag-
netic field along the z direction, which is composed of a
static magnetic field 𝐵0 = B0𝑧 and a pulsed magnetic field
𝐵1(t) = B1(t)𝑧. The magnetic field is assumed to homoge-
nously cover the entire object. Excited by 𝐵1(t), the eddy
current 𝐽(𝑟, t) can be induced at 𝑟 inside the object as closed
loops in the xy plane. Then, the acoustic pressure p(𝑟, t) can
be generated by the induced Lorentz force 𝐹L(𝑟, t) acting on
the eddy current. Due to the interaction of the eddy current
with the static magnetic field, the medium vibration and acous-
tic transmission are produced. After propagating through the
object and surrounding water, the pressure p(𝑟′, t) can be de-
tected by the transducer at 𝑟′ to map the electrical conductivity
distribution of the scanned layer.
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Fig. 1. (color online) Schematic diagram of the MAT-MI system.

In order to simplify the theoretical derivation, the pulsed
magnetic field is set to be a Dirac delta function δ (t)𝑧, the in-
duced eddy current can be described by 𝐽δ (𝑟) = σ(𝑟)𝐸δ (𝑟)

for ∇×𝐸δ (𝑟)=−δ ′(t)𝑧. By considering the induced Lorentz
force 𝐹L(𝑟, t) = 𝐽δ (𝑟, t) ×𝐵0, p(𝑟′, t) satisfies the wave
equation[25]

∇
2 p(𝑟′, t)− 1

c2
∂ 2 p(𝑟′, t)

∂ t2 =−∇ · [𝐽δ (𝑟)×𝐵0]⊗δ
′(t), (1)

where ∇2 and ∇ are the Laplacian operator and the diver-
gence operator, ⊗ is the convolution operator, and c is the
acoustic velocity. As reported in previous studies, the Lorentz
force induced one-dimensional (1D) acoustic vibration can be
treated as a dipole source and the radiation pressure can be
described by ∇ · [𝐽δ (𝑟)×𝐵0]cosθ , where θ is the radiation
angel between the normal direction 𝑛(𝑟) of the eddy cur-
rent and the transmission path (𝑟′ − 𝑟). Meanwhile, based
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on the reciprocal theorem for the transducer, the reception
pattern D(β ) = |2J1(kasinβ )/(kasinβ )|[26] should be con-
sidered, where J1(·) is the regular cylindrical Bessel function
of first order, a is the radius of the planar piston transducer,
k = ω/c is the wave number for the angular frequency ω , ka
is the key parameter describing the directionality of the trans-
ducer, and β is the angle between the normal direction 𝑛(𝑟′)

of the transducer surface and the transmission path 𝑟′−𝑟. By
employing Green’s function, the acoustic pressure p(𝑟′, t) de-
tected at 𝑟′ can be calculated from[27]

p(𝑟′, t) =
∫∫∫

V

ξ

4π|𝑟′−𝑟|
{∇ · [𝐽δ (𝑟)×𝐵0]cosθ}

×
∣∣∣∣2J1(kasinβ )

kasinβ

∣∣∣∣d𝑟⊗δ
′
(

t− |𝑟
′−𝑟|
c

)
, (2)

where ξ is the pressure conversion efficiency of the transducer,
|𝑟′−𝑟|/c is the time delay for acoustic transmission from 𝑟

to 𝑟′. Finally, by considering the waveforms of the pulsed
magnetic field B1(t) and impulse response R(t) of the trans-
ducer, the collected acoustic waveform can be calculated by
w(𝑟′, t) = p(𝑟′, t)⊗B1(t)⊗R(t).[27]

By defining

A(𝑟) = {∇ · [𝐽δ (𝑟)]cosθ}
∣∣∣∣2J1(kasinβ )

kasinβ

∣∣∣∣
as the equivalent acoustic source, the inverse problem so-
lution for MAT-MI can be solved in 3D diffraction mode. In
Fourier transform, we obtain F [δ (t)] =

∫
δ (t)exp(jωt)dt = 1,

F [δ ′(t)] =
∫

δ ′(t)exp(jωt)dt = jω and F [δ ′(t−R/c)] =∫
δ ′(t − R/c)exp(jωt)dt = jkcexp(jkR) for R = |𝑟′−𝑟|

and k = ω/c. Then the Fourier transforms of Fk [δ (t)] =∫
δ (t)exp(jkt)dt =

∫
δ (t/c)exp(jkt)]dt =cF [δ (t)] and

Fk [δ
′(t−R/c)] = jkc2 exp(jkR) on variable t = ct can be

obtained. Further taking Fourier transform P(𝑟′,k) =∫ +∞

−∞
p(𝑟′, t)exp(jkt)dt,[28] the detected acoustic pressure in

the frequency domain can be written as

P(𝑟′,k) = jkξ c2B
∫∫∫

V
d𝑟A(𝑟)

exp [jk |𝑟− r′|]
4π |𝑟−𝑟′|

. (3)

In cylindrical coordinates, exp(jk |𝑟′−𝑟|)/(4π |𝑟′−r|)
can be expanded to[28]

− j
8π

+∞

∑
m=−∞

exp
[
jm(ϕ−ϕ

′)
][

Jm(µρ)H(1)
m (µρ

′)
]

×
∫ +∞

−∞

dkz exp[jkz(z− z′)]

and equation (3) can be transformed into

p(𝑟′,k)
jkξ c2B0

=
∫∫∫

V
d𝑟 ·A(𝑟)

{
1

2π

+∞

∑
m=−∞

exp
[
jm(ϕ−ϕ

′)
]

×
[

jπ
2

Jm(µρ)H(1)
m (µρ

′)

]}
×
{

1
2π

∫ +∞

−∞

dkz exp[jkz(z− z′)]
}
, (4)

where µ =
√

k2− k2
z , (ρ,ϕ,z) and (ρ ′,ϕ ′,z′) represent the

positions 𝑟 and 𝑟′ in the cylindrical coordinate, respectively.
Jm(·) is the m-th order Bessel function of the first kind and
H(1)

m (·) is the m-th order Hankel function.[29,30]

In order to extract A(𝑟) from the right-hand side in
Eq. (4), mathematical transformations are conducted accord-
ing to the following sequence. First multiplying both sides
of Eq. (4) by exp(jnϕ ′) and integrating them over ϕ ′ from
0 to 2π , and then replacing

∫ 2π

0 dϕ
′ exp [j(m−n)ϕ ′] with

2πδ (m−n), we obtain∫ 2π

0
dϕ
′ P(𝑟

′,k)
jkξ c2B0

exp(jnϕ
′)

=
∫∫∫

V
d𝑟A(𝑟)

[
1

2π

jπ
2

Jm(µρ)H(1)
m (µρ

′)

]
×

(
+∞

∑
m=−∞

exp [jmϕ]2πδ (m−n)

)

× 1
2π

∫ +∞

−∞

dkz exp[jkz(z− z′)], (5)

where ∑
+∞
m=−∞ exp [jmϕ]2πδ (m − n) can be simplified into

2π exp [jnϕ] only for m = n. Further multiplying both sides
of Eq. (5) by exp [−jnϕ0] and summing n from −∞ to +∞,we
obtain ∫ 2π

0
dϕ
′ P(𝑟

′,k)
jkξ c2B0

exp
[
jn(ϕ ′)

]+∞

∑
−∞

exp [−jnϕ0]

=
∫∫∫

V
d𝑟A(𝑟)

[
2π

2π

jπ
2

Jm(µρ)H(1)
m (µρ

′)

]
× exp [jnϕ]

+∞

∑
−∞

exp [−jnϕ0]

× 1
2π

∫ +∞

−∞

dkz exp[jkz(z− z′)], (6)

and it can be simplified into∫ 2π

0
dϕ
′ P(𝑟

′,k)
jkξ c2B0

+∞

∑
−∞

exp
[
jn(ϕ ′−ϕ0)

]∫ +∞

0
dµ

µJm(µρ0)

H(1)
m (µρ ′)

=
∫∫∫

V
d𝑟A(𝑟)

[
jπ
2

]
δ (ρ−ρ0)

ρ
2πδ (ϕ−ϕ0)

× 1
2π

∫ +∞

−∞

dkz exp[jkz(z− z′)]. (7)

Then, by multiplying both sides of Eq. (7) with
[µJm(µρ0)]/

[
H(1)

m (µρ ′)
]

and exp[ jγz′], and integrating them
over µ from 0 to +∞ and z′ from −∞ to +∞, the resulting
equation can be rewritten as∫ 2π

0
dϕ
′ P(𝑟

′,k)
jkξ c2B0

+∞

∑
−∞

exp
[
jn(ϕ ′−ϕ0)

]∫ +∞

0
dµ

µJm(µρ0)

H(1)
m (µρ ′)

×
∫ +∞

−∞

dz′ exp[jγz′]
∫ +∞

−∞

dγ exp[jγ(−z0)]
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=
∫

ρ ′

0
ρ dρ

∫ 2π

0
dϕ

∫ +∞

−∞

dzA(𝑟)
[

jπ
2

]
δ (ρ−ρ0)

ρ

× 2πδ (ϕ−ϕ0)exp[jγz]
∫ +∞

−∞

dγ exp[jγ(−z0)]. (8)

After integral transformation for the right-hand side, equa-
tion (8) can be simplified into∫ 2π

0
dϕ
′P(𝑟

′,k)
jkξ c2B

+∞

∑
−∞

exp
[
jn(ϕ ′−ϕ0)

]∫ +∞

0
dµ

µJm(µρ0)

H(1)
m (µρ ′)

×
∫ +∞

−∞

dz′ exp[jγz′]
∫ +∞

−∞

dγ exp[jγ(−z0)]

= 2jπ3A(ρ0,ϕ0,z0). (9)

So the equivalent acoustic source A(ρ0,ϕ0,z0) inside the
object can be restored from P(𝑟′,k). For a cylindrical model
without considering the z direction, we obtain µ =

√
k2− k2

z ≈
k and z′ = z0. By replacing (ρ0,ϕ0,z0) with (ρ,ϕ,z), and µ

with k for 2D cylindrical measurement configuration, equa-
tion (9) is changed into

A(ρ,ϕ,z)

=
∫∫

s′
ds′

π

2
4

π2ξ c2B0

2π

4π |𝑟−𝑟′|

×
(

1
2π

∫ +∞

0
dk(−jk)P(𝑟′,k)exp

[
−jk

∣∣𝑟−𝑟′
∣∣]) , (10)

and then, the equivalent source inside the object is achieved as
follows:

∇ · [𝐽δ (𝑟)]cosθ

∣∣∣∣2J1(kasinβ )

kasinβ

∣∣∣∣
=

1
πξ c3B

∫∫
s′

ds′
1

|𝑟−𝑟′|
∂ p(𝑟′, t)

∂ t
. (11)

For biological tissues with low conductivity, B0E(𝑟)∇ ·
[σ(𝑟)]� B0σ(𝑟)∇ · [E(𝑟)][31] and only the acoustic sources
generated at conductivity boundaries should be considered.
∇ · [𝐽δ (𝑟)] can be calculated to be E(𝑟) [∂σ(𝑟)/∂𝑛(𝑟)] by
the simplified gradient of the induced eddy current along
the normal direction. For a practical transducer with strong
directivity, only acoustic signals transmitted along the nor-
mal direction can be detected in a narrow angle scope, and
|2J1(kasinβ )/(kasinβ )| can be simplified into 1 for β ≈ 0.
Meanwhile, for two points 𝑟0 and 𝑟′0 as shown in Fig. 1, when
the direction of the induced Lorentz force is along the normal
direction of the transducer, the radiation and reception angles
θ and β are both zero, denoting that the pressure detected at 𝑟′0
transmitted from 𝑟0 is the BNP of the source with a maximal
amplitude. Therefore, in p(𝑟′, t), vertical pressure jumps are
generated at the conductivity boundaries in the direction of the
induced Lorentz force along the normal direction of the trans-
ducer for θ = β = 0, representing the corresponding BNPs.
With the derivative of pressure p(𝑟′, t) with respect to time t,
the amplitudes and directions of vertical pressure jumps can

be retrieved to restore BNPs generated at the corresponding
conductivity boundaries. So equation (11) can be transformed
into

E(𝑟)
[

∂σ(𝑟)

∂𝑛(𝑟)

]
θ=β=0

=
1

πξ c3B0

∫∫
s′

ds′
1

|𝑟−𝑟′|

[
∂ p(𝑟′, t)

∂ t

]
BNP

. (12)

When θ = β = 0, the normal direction 𝑛(𝑟) of the induced
eddy current points to the normal direction of the transducer.
Since the direction of BNP is along the radiation direction
(θ = 0) of the dipole source, [∂σ(𝑟)/∂𝑛(𝑟)]

θ=β=0 can be
changed into [∂σ(𝑟)/∂ (𝑟′−𝑟)] for the BNP transmitted from
𝑟 to 𝑟′ along 𝑛(𝑟), where ct = |𝑟′−𝑟|. So the integral over
𝑛(𝑟) can be changed into ct, and the conductivity distribution
can be reconstructed by[16]

σ(𝑟) =
Rm

πξ c4B0E(𝑟)

∫∫
s′

ds′

× 1
|𝑟−𝑟′|

∫ t

0
dt
[

∂ p(𝑟′, t)
∂ t

]
BNP

, (13)

where Rm and ϕ ′ are the scanning radius and measured angle
of the transducer. For a medium with the area and perime-
ter of S and L, the magnetic induction satisfies

∮
E(𝑟)dL =

−
∫∫

[∂B1(t)/∂ t]dS and the reconstructed conductivity can be
corrected into[16]

σ(𝑟) =
Rm

πξ c4B0

L
S

∫∫
s′

ds′

× 1
|𝑟− r′|

∫ t

0
dt
[

∂ p(𝑟′, t)
∂ t

]
BNP

. (14)

In practical applications for MAT-MI, because the experi-
mental waveform B1(t)⊗R(t) (system transfer function) is not
accurate enough, the exact distribution of p(𝑟′, t) is difficult to
de-convolute from w(𝑟′, t), even for the widely used Wiener
inverse filter[32] in ultrasound imaging. Whereas, by applying
Hilbert transform,[33] BNPs at conductivity boundaries can be
retrieved with accurate positions and amplitudes as well as vi-
bration polarities from the wave clusters in w(𝑟′, t), and then
[∂ p(𝑟′, t)/∂ t]BNP can be restored for further conductivity im-
age reconstruction based on Eq. (14).

3. Numerical studies
In order to verify the performance of the proposed BNP

based conductivity reconstruction algorithm for MAT-MI, nu-
merical simulations were conducted for a 2-layer eccentric
cylindrical model with the conductivity similar to the conduc-
tivities of biological tissues. For simplicity, the acoustic wave
was assumed to propagate in acoustic homogeneous media
without considering the acoustic attenuation or reflection or
scattering, and the sound speed is set to be 1500 m/s in all me-
dia. The cross-sectional conductivity distribution of the cylin-
drical model is shown in Fig. 2. The outer and inner media
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were set to have radii of 30 mm and 18 mm, centered respec-
tively at (0, 0) mm and (−6, 0) mm where the corresponding
conductivities are 1 S/m and 0 S/m. The scanning radius of
the transducer was set to be 40 mm centered at (0, 0) mm. The
entire system was placed in distilled water with the electrical
conductivity of 0 S/m.
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Fig. 2. Cross-sectional conductivity distribution of 2-layer eccentric cylin-
drical model.

The acoustic waveforms collected by the transducers
placed around the cylindrical model at the angles ranging from
1◦ to 360◦ were simulated. As indicated in Fig. 2, the distribu-
tion of acoustic pressure detected at (−40, 0) mm is illustrated
in Fig. 3(a), which is normalized by the maximum pressure.
Two positive pressure peaks (at 113 µs and 141 µs) and two
negative pressure peaks (at 117 µs and 153 µs) are clearly dis-
played, representing the four tissue boundaries (A, B, C, and D
in Fig. 2) with opposite conductivity variation directions. Due
to the influences of the reception angle (β ) of the transducer
and the radiation angle (θ) of the acoustic dipole sources, con-
tinuous pressure attenuations are generated, forming gradually
pressure varying from one peak to zero and then to the oppo-
site one. The positive and negative peaks A and D are gener-
ated by the dipole sources respectively at the boundaries A and
D of the outer medium, while the peaks B and C are produced
by the boundaries of the inner medium. The positive polarity
of peaks (A and C) represents the conductivity change from
1 S/s to 0 S/m along the transmission path, while the negative
ones (B and D) denote the conductivity change from 0 S/m
to 1 S/m. The time interval between the peaks A and D is
40 µs, which equals the diameter 60 mm of the outer medium.
The vertical pressure jumps at the peaks A, B, C, and D ex-
actly denote the BNPs produced at the corresponding bound-
aries, comprising the intensities and polarities of the vibration
sources. In addition, although the strengths of the acoustic
sources at the boundaries A and D are the same, the amplitude
of peak A is higher than that of peak D because of the shorter
transmission distance.

After convolution between the detected acoustic pressure
and the system transfer function, the collected acoustic wave-
form was simulated and plotted in Fig. 3(b), which is normal-
ized by its maximum amplitude. Corresponding to the four
pressure peaks in Fig. 3(a), four wave clusters are clearly dis-
played. Meanwhile, the wave clusters generated by the con-
tinuous pressure attenuations are counteracted to zero. The
amplitudes and vibration polarities of wave clusters are gen-
erated by the corresponding vertical pressure jumps (BNPs),
reflecting the values and polarities of conductivity changes at
the corresponding boundaries. The clusters A and D are in op-
posite vibration polarities with a time interval of 40 µs, which
denote the two boundaries between the outer medium and sur-
rounding water. The clusters A and C produced by the cor-
responding positive pressure peaks are in the same vibration
polarity, which is opposite to the vibration polarity of clusters
B and D generated by negative pressure peaks.
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Fig. 3. Simulated time-dependent (a) acoustic pressure p(𝑟′, t) and (b) the
corresponding time-dependent amplitude of waveform w(𝑟′, t).

After applying Hilbert transform to the collected wave-
form in Fig. 3(b), the envelope distribution of which was cal-
culated and plotted in Fig. 4(a). Four envelope peaks A, B,
C, and D produced by the wave clusters corresponding to the
four conductivity boundaries are clearly displayed. With the
analyses of amplitude and phase for wave clusters, four BNPs
with corresponding amplitudes and polarities were retrieved,
and the distribution of BNP along the measurement direction
was restored as plotted in Fig. 4(b).
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Fig. 4. (a) Envelope distribution of the collected waveform after Hilbert
transform, and (b) the distribution of BNP restored through the analyses
of locations, amplitudes, and polarities of wave clusters.
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Fig. 5. (a) Normalized distribution of pressure derivative ∂ p(𝑟′, t)/∂ t and
(b) the restored distribution of [∂ p(𝑟′, t)/∂ t]BNP.

In order to realize the performance comparison with theo-
retical results, differential calculation for the simulated acous-

tic pressure p(𝑟′, t) in Fig. 3(a) was also performed and the
normalized pressure derivative ∂ p(𝑟′, t)/∂ t was calculated as
illustrated in Fig. 5(a). Four dual-polarity spikes are located at
the conductivity boundaries with “+/−” and “−/+” presenting
the positive and negative polarities, respectively. Meanwhile,
the absolute amplitudes of vertical pressure jumps were used
to retrieve the corresponding BNPs. Through the analyses of
amplitude and polarity for Fig. 5(a), the theoretical distribution
of [∂ p(𝑟′, t)/∂ t]BNP was restored as plotted in Fig. 5(b). It is
obvious that the positions, amplitudes and polarities of vertical
pressure jumps (BNPs) for spikes A, B, C, and D in Fig. 5(b)
are basically the same as those in Fig. 4(b), demonstrating that
the proposed algorithm using Hilbert transform can be used to
restore the distribution of BNP from the collected waveform
successfully as a simplified method.
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Fig. 6. Reconstructed images obtained with (a) the traditional MAT-MI
and (b) the proposed BNP based conductivity reconstruction algorithm.

With the 360 simulated waveforms collected around, the
traditional MAT-MI image was reconstructed as shown in
Fig. 6(a). Two eccentric rings with the radii of 30 nm and
18 mm are displayed, which are consistent with the cross-
sectional conductivity distribution in Fig. 2 in terms of shape
and size. Two fringe boundaries in opposite polarities (inner:
−/+/−, outer: +/−/+) reflect the reverse vibration polarities of
the wave clusters produced by the boundaries with opposite
conductivity changes (0 S/m→1 S/m and 1 S/m→0 S/m) from
inside to outside. The spatial resolution of the reconstructed
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image is reduced obviously by the wide width (> 5 mm) of the
boundary fringes, which are determined by the system transfer
function. However, besides the boundaries, the conductivity
distribution inside the media cannot be visualized in Fig. 6(a).

By applying the proposed reconstruction algorithm to
the collected waveforms, 360 distributions of BNP were re-
stored. Based on Eq. (13), the 1D relative distribution of∫ t

0 dt [∂ p(𝑟′, t)/∂ t]BNP at each measurement angle was calcu-
lated and the 2D image of normalized conductivity was re-
constructed by using Eq. (14) as plotted in Fig. 6(b). Besides
the shape and size, the conductivity distributions inside the in-
ner and outer media show good agreement with those in the
model. Whereas, obvious conductivity difference inside each
medium can still be visualized on different gray scales, which
is introduced by the superposition effects[19,28] during the to-
mographic calculation in image reconstruction.

4. Discussion

As is well known, the acoustic source in MAT-MI is gen-
erated by the derivative of the exerted Lorentz force, which
is determined by the conductivity gradient along the normal
direction of the induce eddy current.[31] Higher acoustic pres-
sure can be generated at the boundary with sharper conduc-
tivity variation. Therefore, in most of previous studies, cylin-
drical phantom models with sharp conductivity boundary are
often chosen to calculate source distribution for the scanned
layer. Only the effects of boundary sources are taken into ac-
count without considering the inner sources. With the simu-
lations as mentioned above, it can be concluded that the pro-

posed BNP based reconstruction algorithm can be used to re-
construct the conductivity distribution of the scanned layer in
terms of shape and size. And comparing with traditional MAT-
MI, the conductivity distribution inside the media can also be
reconstructed with improved spatial resolution and enhanced
image definition. Whereas, for the practical measurement of
early-stage or invasive cancer, conductivity gradual-varying
distribution is proved to be existent at the boundary between
the normal and pathological tissues.

In previous studies of our laboratory, acoustic source
analysis for MAT-MI is conducted for biological tissues with
conductivity gradual-varying boundaries.[31] It is proved that
the inner source is generated by the product of the conductiv-
ity and the curl of the induced electrical intensity, while the
boundary source is produced by the cross product of the gra-
dient of conductivity distribution and the induced electrical in-
tensity. For biological tissues with low conductivity, boundary
source is determined by the conductivity variation rate, while
the inner source is determined by the induced electrical field.
Only for sharp conductivity boundaries, will the strength of
boundary source be much higher than that of the inner source
and the influence of inner source can be neglected. There-
fore, for biological tissues with conductivity gradual-varying
boundaries, BNPs are too low to be retrieved from the low-
level wave clusters, when only applying the proposed simpli-
fied BNP based conductivity reconstruction algorithm. Further
characteristic analyses for the conductivity gradual-varying
model exhibit great significance for the practical application
of MAT-MI, and new reconstruction method with more effi-
ciency and precision should be developed in future studies.
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Fig. 7. (color online) (a) Cross-sectional conductivity distribution of the model with the spacing of 2 mm between the boundaries A and B, and (b)
reconstructed image using the proposed BNP based conductivity reconstruction algorithm.

In addition, in order to analyze the spatial resolution of

the proposed conductivity reconstruction algorithm, several

simulations are also conducted for the cylindrical model by

left moving the position of the inner medium. It is proved that

with the distance between the boundaries A and B decreasing

from 6 mm to 1 mm, the clusters B and C move left, and obvi-

ous cluster superimposition between the clusters A and B can

be observed to generate a wider wave cluster with relatively
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enhanced amplitude when the distance is less than 3.0 mm
(wave length). For the cross-sectional conductivity distribu-
tion of the model with a distance of 2 mm between the bound-
aries A and B as shown in Fig. 7(a), the 2D conductivity image
of the scanned layer obtained with the proposed reconstruction
algorithm is illustrated in Fig. 7(b). The reconstructed image
shows high consistency with the cross-sectional distribution of
the model. Whereas, as the distance between the boundaries
A and B is less than 3 mm, obvious errors can be visualized
with aliasing boundaries (A and B) and artifacts in surround-
ing water. Therefore, although BNPs can be retrieved from the
envelope peaks and vibration phases of the collected wave-
forms by using Hilbert transform, is the spatial resolution of
the proposed simplified BNP-based conductivity reconstruc-
tion algorithm demonstrated to be one wavelength due to the
superimposition influence of wave clusters.

5. Conclusions
In this paper, based on the analyses of MAT-MI, the

inverse problem solution for conductivity reconstruction is
derived in explicit formula with clear physical meanings of
acoustic pressure and the corresponding pressure derivative. A
simplified BNP based conductivity reconstruction algorithm is
proposed for the collected waveforms by using Hilbert trans-
form. Numerical simulations of acoustic pressure and con-
ductivity reconstruction are conducted for a 2-layer eccentric
cylindrical model, and also compared with the results of tra-
ditional MAT-MI. The good agreement between the recon-
structed images and the cross-sectional distributions of the
model demonstrates the feasibility of accurate conductivity
reconstruction with improved spatial resolution (one wave-
length) and image contrast. This study provides a simplified
method of accurate conductivity reconstruction for MAT-MI
and suggests potential applications in imaging pathological

states of tissues with conductivity variations.
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