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The impact of vibrational wave function on low energy electron
vibrational scattering from nitrogen molecule∗
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The vibrational wave function of the target theoretically plays an important role in the calculation of vibrational
excitation cross sections. By a careful study of the differential cross sections resulting from different vibrational wave
functions we find that cross sections are susceptible to vibrational wave functions. Minor changes in the vibration wave
function may cause a significant change in the cross section. Even more surprising is that by selecting a few numbers of
potential models (which determine the vibrational wave functions) we can often calculate the differential scattering cross
section in much closer agreement with experiment in the framework of body-frame vibrational close-coupling theory, which
suggest that an accurate potential energy may play a more important role in scattering than we thought before.
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1. Introduction
The collision of electrons is widely used in many

areas such as physics, chemistry, astrophysics, and even
biology.[1–3] One of the most difficult parts of the electron col-
lision lies in low energy scattering where quantum detail of
the incident electron and target is very important. In low en-
ergy electron–molecule scattering (E < 10 eV), the core pro-
cesses are elastic scattering and ro-vibrational excitation. An
accurate approach to deal with this problem is the body-frame
vibrational close-coupling (BFVCC),[4–6] in which the total
wave function is expanded in terms of the rotational, vibra-
tional and electronic states of the target. Under this frame-
work, if the expansion of wave function is completely strict,
one will get the exact physical description of the scattering
process. However, many approximations have to be intro-
duced to find a balance between theoretical strict and prac-
tical program implementation, such as the rotational motion is
treated adiabatically (and can be averaged), electronic states
are confined to the ground state for the energy exchange is
small, many-body correlation and induced polarization effects
are modeled by potentials (better than adiabatic (BTAD),[7]

distributed spherical Gaussian (DSG).[8]) After this hard work,
BFVCC studies have provided many good agreements with the
experiment for diatomic systems like N2,[5,8–10] which is an
accepted test molecule in study of accurate electron–molecule
interactions[11] and has many important applications in gas
lasers, plasmas, and atmospheric physics.[12]

In our previous studies,[9] we find that improving the ac-

curacy of ground state wave function (to obtain better model
potentials) to even the convergence results with diffuse orbital
cannot offer much help in improving the accuracy of differen-
tial cross sections (DCS) of N2 in the resonance region. We
previously thought that one may handle this problem by re-
laxing the restrictions of ground state (using multiple slater
determinants) and introduce more reasonable local potential
(energy dependent) to describe polarization effects.[9] How-
ever, after a detailed study of the approximation of BFVCC
program, it turns out that a small change in vibrational wave
function may lead to significant DCS difference. One can of-
ten calculate DCS in much closer agreement with experiment
by adjusting vibrational wave function even in the resonance
region.

The main goal of this study is to investigate the impact of
vibration wave function on the vibrational scattering and illus-
trate that atomic vibration may play a more important role in
scattering than we thought before. In Section 2, we provide a
brief description of the BFVCC equations and the numerical
method to obtain vibrational wave function with certain po-
tentials. In Section 3, we select several potentials (Morse,[5]

Hartree–Fock,[13] CCSD(T),[14] and Full CI[14] calculated by
GAMESS[15]) and calculate their corresponding vibrational
wave functions and DCS. Then, we do several numerical anal-
yses to show that, first, the difference of the low vibrational
wave function introduced by similar different model potential
is small; second, the small difference leads to obvious changes
in DCS calculation; third, one of the four potentials can pro-
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vide much better DCS calculation even in the resonance region
according to different scattering situation. We also provide de-
tailed discussion of the reasons for these phenomena. In Sec-
tion 4, we summarize our work.

2. Theoretical methods
2.1. Scattering equation

For the scattering of low energy electrons and light
molecules, one can ignore relativistic effects, the time free
Hamiltonian of the scattering system is[16]

Ĥ = T̂e + Ĥ(e)
m + T̂ (n)+Vnn +Vcoul, (1)

where T̂e is the kinetic term of incident electron, Ĥ(e)
m , T̂ (n),Vnn

are components of the Hamiltonian of target molecular, and

Vcoul is the Coulomb interaction between incident electron and
target molecule. The time-free electron-molecule Schrödinger
equation for scattering is

(Ĥ−E)
∣∣k0,α0v0 +

〉
= 0, (2)

where
∣∣k0,α0v0 +

〉
stand for scattering state.[17] In imple-

mentation of BFVCC method[4] to solve Eq. (2), the target
molecule is limited in the ground state, and the vibrational
dynamics of the target are treated by expanding the system
wave function in vibrational states while rotational effects are
treated adiabatically and averaged over different molecular
orientations. Then, quantum scattering problem equation (2) is
in form of coupled integro-differential equations for the radial
scattering functions[5]

[
d2

dr2 −
ℓ(ℓ+1)

r2 + k2
υ

]
uΛ

υℓ,υ0ℓ0
= 2 ∑

υ ′ℓ′

[
VΛ

υℓ,υ ′ℓ′(r)u
Λ

υ ′ℓ′,υ0ℓ0
−
∫

K Λ

υ ,υ ′(ℓ,ℓ
′|r,r′)uΛ

υ ′ℓ′,υ0ℓ0
(r′)dr′

]
, (3)

where subscript 0 means initial state, uΛ
υℓ,υ0ℓ0

is the ra-
dial coupled scattering function, k2

υ is the exit-channel en-
ergy, VΛ

υℓ,υ ′ℓ′ = 〈υ , ℓ;Λ |V
scp|υ ′, ℓ′;Λ〉 are coupling matrix el-

ements of the static and correlation/polarization local poten-
tials, and K Λ

υ ,υ ′ = 〈υ , ℓ;Λ|K (𝑟,𝑟′;R)|υ ′, ℓ′;Λ〉 are the ex-
change kernel matrix elements of the non-local exchange po-
tential. The polarization potential can be treated by dis-
tributed spherical Gaussian (DSG)[8] model or better than adi-
abatic (BTAD) mode.[7] We compared carefully the two mod-
els and found that DSG model is better for e–N2 system.[9]

When BFVCC scattering equation (3) is solved, one gains the
scattering functions uΛ

υ ′ℓ′,υ0ℓ0
. Then the scattering matrix T

can be calculated[17] which finally gives the differential cross
section.[9]

2.2. The role of vibrational wave function

The importance of vibrational wave function is reflected
with construction of vibrational coupling potentials (V and K

in Eq. (3)) by integrating product of the interaction potential
and pairs of vibrational wave functions over the internuclear
distance R.[4] The local term V considers static and correla-
tion/polarization effect:

V scp(r) =V st(r)+V cp(r) =
∞

∑
0

υ
scp
λ

Pλ (cosθ) (4)

and λ = 14 is required to obtain a numerical converged result
for the e–N2 system. For the static interaction (radical part),
the integration over R is required to evaluate the vibrational
coupling potentials:

ω
λ

υ ,υ ′(r) ≡
〈
ϕ
(v)
υ |υ

(scp)
λ
|ϕ(v′)

υ

〉
=
∫

∞

0
ϕ
(v)∗
υ (R)υ(scp)

λ
(r,R)ϕ(v)

υ ′ (R)dR. (5)

Introduce angular coefficients gλ (ℓ,ℓ
′;Λ)[18] to separate the

angle-related part from the radial part,

gλ (ℓ,ℓ
′;Λ) =

(
2ℓ′+1
2ℓ+1

)1/2

C(ℓ′λℓ;Λ 00)C(ℓ′λℓ;000), (6)

where C is the Clebsh–Gordan coefficient[19] and using the
property of the spherical harmonic function and the Clebsch–
Gordon coefficient, the matrix element of the local potential
energy in Eq. (3) under the base vector representation is

VΛ

υℓ,υ ′ℓ′(r) =
λmax

∑
0

gλ (ℓ,ℓ
′;Λ)ωλ

υ ,υ ′(r). (7)

The non-local exchange-potential comes from anti-symmetry
requirement of the wave function of the scattering system. Its
kernel is[10]

K (𝑟,𝑟′;R) =−
Nocc

∑
i=1

ξ
Λi
i (𝑟;R)

1
𝑟−𝑟′

ξ
Λ∗i (𝑟′;R), (8)

where ξ is molecular orbital. To calculate exchange-potential
matrix in Eq. (3), expand molecular orbital by the spherical
harmonic function and deal the electron repulsive potential
with multipole expansion. The matrix elements are

K Λ

υ ,υ ′ = 〈υ , ℓ;Λ |K (𝑟,𝑟′;R)|υ ′, ℓ′;Λ〉 . (9)

The detailed form of Eq. (9) is complex and can be found
in Ref. [10]. The initial and final vibrational wave func-
tions sandwich the exchange kernel and integrated over the
internuclear separation R. It is worth mentioning that the ex-
change potential makes scattering problem become integro-
differential equations which is very complicated and time con-
suming to solve.
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2.3. Numerical method for vibrational wave function

The one-dimensional radial Schrödinger equation for vi-
brational wave functions is solved by the standard Numerov
method where the numerical Schrödinger equation can be ex-
pressed as[20]

ψn+1 ≈
2ψn−ψn−1 +5Gnψns2/6+Gn−1ψn−1s2/12

1−Gn+1s2/12
, (10)

in which Gn ≡ G(xn) ≡ mh̄[2V (xn) − 2E], and V used
here is obtained by three quantum models (Hartree–Fock
(PVQZ), CCSD(T) (PVQZ), and Full CI (PVDZ)) calculated
by GAMESS and a fitted Morse[5] model. The energy is
scanned from zero to potential upper limit to find the first n
eigen-energies and the corresponding vibrational functions. If
the scanning energy is exactly the eigenvalue, the classically
forbidden condition can be satisfied. To enhance the accu-
racy, the nodes of each eigen-function and energy mesh recon-
struction are taken into account in our numerical approach. If
there are n nodes in the wave function, the vibrational quantum
number is n for that state.

3. Results and discussion
3.1. Potential models and their wave functions

The four models are used to construct the potential en-
ergy curve of N2 in the ground electronic state. They are illus-
trated in Fig. 1, from which one can tell that all models catch
the main features of diatomic molecules potential: equilibrium
position, repulsive interaction within the equilibrium position
while attractive interaction without the equilibrium position,
and smooth dissociation region. The four models are similar
near the equilibrium position but have a relatively large dif-
ference near the dissociation region. The purpose of the Full
CI and CCSD(T) methods is to describe electron correlation
the HF missed. The three models are similar near the equilib-
rium position while the difference increases with the increase
of internuclear distance, which means the electron correlation
becomes more and more important when the target molecular
atoms away from each other. It is worth noting that HF and
CCSD(T) potentials have wrong dissociation behavior: HF in-
creases steadily and CCSD(T) goes up and down respectively.
In real quantum calculations, the electron states of molecular
are built up by atomic orbital, so when the two atoms separate
from each other far away, the very high exited electron atomic
orbital and their correlation must be considered, which means
the Full CI method has to be introduced. However, the Full
CI is very expensive when there are many electrons. In other
words, the Full CI method forces us to use relatively small ba-
sis sets (PVDZ basis sets are used in our study) which may
cause an accuracy decrease in all region potential calculations.
In fact, it is still very difficult to obtain the high vibrational

excited states (near the dissociation region) either by exper-
iment or theoretical calculation.[21–24] In previous studies of
low energy scattering, the system is not likely to be excited to
very high vibrational state, only low vibrational exciting (near
the equilibrium position) is important, and the dissociation re-
gion has relatively small influence on them, so one could just
ignore the dissociation region and select one of these similar
computations of vibrational wave functions, then much atten-
tion is focused on the electron part of the scattering process.
However, in the following discussions, one will find, based
on these small changes in low vibrational wave functions, the
DCS has a significant change.
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Fig. 1. (color online) The four potential energy curves for N2 in the ground
electron state.
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Fig. 2. (color online) The vibrational energy levels for the four potential
energy curves. Note that the results of CCSD(T) and Morse are very close
to each other.

In our actual calculations, 25 vibrational states are large
enough to expand the vibrational part of the scattering wave
function (calculation converges). The first 25 vibrational lev-
els we chosen are compared in Fig. 2. One can see that they
all go up steadily, which means when incident energy is low,
the lower ones are more likely to be involved. The first and
last two vibrational wave functions we chose are illustrated
in Figs. 3(a)–3(d). One can note that the wave functions are
similar to each other, they all share the same wave form, how-
ever the similarity goes down with the vibrational level and
the interatomic distance R. In the potential side, from Fig. 1
one can see that the similarity goes down with R as well. It is
worth noting that, the potential is very similar with each other
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(except the HF model) in R < 3.5 a.u., while the highest vibra-
tional state we choose is in R < 3.2 a.u. (most part is within
3) and shows a clear difference. That is because the quantum
effect produces wave function based on the whole potential

curve (up to the upper limit, see Subsection 2.3) even if you
only need the low local state. The dissociation region affects
the vibrational states we used, and may be important in the low
energy scattering.
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Fig. 3. (color online) The vibrational wave functions for the four potential energy curves: (a) v = 0, (b) v = 1, (c) v = 23, and (d) v = 24.

3.2. Best potential energy curve for DCS calculation with
different incident energies

We systematically calculated the DCS by increasing the
incident energy to test the four sets of vibrational wave func-
tions. The results are shown in Figs. 4–8. It appears that, when
energy is low (Figs. 4 and 5) the HF and Morse models fit the
experiment best. When energy is high (Fig. 8), the CCSD(T)
and FCI models fit the experiment best. In the resonance re-
gion (Fig. 7), the HF and FCI models work better than other
models. The reason for this is that, when the incident energy is
low, the molecular system is hard to excite to high vibrational
states, the lower vibrational wave functions are more impor-
tant. The HF and Morse potentials are more accurate in these
regions because in HF we can choose a very large base set to
calculate accurate potential and in Morse the potential is fitted
by the experimental results which are accurate in low vibra-
tional levels. In FCI model the base set is relatively small, so
the results may not be as accurate as HF and Morse. Because
the wave functions are determined by the whole potential, the
above discussion is qualitative. However, from Figs. 3(a) and
3(b) one can see that the Morse and HF models are indeed
very similar to each other in low vibrational states. When the
incident energy is high, the high vibrational states become im-
portant, the FCI and CCSD(T) methods become more accurate
than the two others, which means they give a relatively better

dissociation behavior than the HF and Morse potentials.
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Fig. 4. (color online) Elastic differential cross sections for e–N2 scattering
at E = 0.80 eV for panels (a) 0–0 and (b) 0–1. Experiment data are taken
from Ref. [25].

It is more complicated in the resonance region, in 0–0
scattering (Fig. 7(a)), the HF model is the best, while in 0–1
scattering (Fig. 7(b)) the FCI catches up. The laws behind are
the same, the 0–1 scattering involves excited states explicitly
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which means the energy exchange is larger and high vibra-
tional states are more important.
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Fig. 5. (color online) Elastic differential cross sections for e–N2 scattering
at E = 1.50 eV for panels (a) 0–0 and (b) 0–1. The experiment data are
taken from Ref. [5] for panel (a) and Ref. [26] for panel (b).
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Fig. 6. (color online) Elastic differential cross sections for e–N2 scattering
at E = 1.98 eV for panels (a) 0–0 and (b) 0–1. The experiment data are
taken from Ref. [5].

However, in the resonance region, the interaction time is
relatively long, vibrational states are relatively more involved,
so the requirement for a whole accurate vibrational wave func-
tions and hence the whole region potential energy curve are
needed (many-body correlation effect must be considered, like
FCI). Finally, it is worth noting that, in the four models, there
is always a potential fitting the experiment well, which means
that the vibrational part of the scattering has been underesti-
mated in comparison with the electron part. A whole region

accurate potential is needed to do the right calculation, which
is a challenge because accurate potential near the dissociation
region is very hard to obtain.

0             50            100           150 

0             50            100           150 

θ

θ

(a)

(b)

Morse

Morse

HF

HF

CCSD(T)

CCSD(T)

FCI

FCI

Exp

Exp

0

10

5

15

20

0

1

2

3

4

5

D
if
fe

rn
e
n
ti
a
l 
se

c
ti
o
n
 a


/
sr

-
1

2
D

if
fe

rn
e
n
ti
a
l 
se

c
ti
o
n
 a


/
sr

-
1

2

Fig. 7. (color online) Elastic differential cross sections for e–N2 scattering
at E = 2.46 eV for panels (a) 0–0 and (b) 0–1. The experiment data are
taken from Ref. [5].
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Fig. 8. (color online) Elastic differential cross sections for e–N2 scattering
at E = 5.00 eV for panels (a) 0–0 and (b) 0–1. The experiment data are
taken from Ref. [25].

4. Conclusion
The low energy electron scattering wave function is ex-

panded by the vibrational states and the electronic states. The
electronic part is more complicated and has attracted most of
the scientists’ attention in previous studies. After a systemat-
ically detailed study of the vibrational part by fixing the other

083401-5



Chin. Phys. B Vol. 26, No. 8 (2017) 083401

factors affecting the DCS, we find that a small change in the vi-
brational wave function will cause a significant change in the
DCS calculation. Wave functions are determined by poten-
tials. However, it is still very hard for us to obtain accurate po-
tential in the whole region especially near the dissociation re-
gion either by experiment or quantum theory calculation. Un-
fortunately, the potential in the dissociation region can cause
a change in vibrational wave function, although the change is
small in the low vibrational level, the ultimate impact on the
DCS calculation is significant. We compared four usually used
potential models and find that no one is perfect for low energy
scattering, the HF and Morse methods are suitable for low in-
cident energy, and FCI and CCSD(T) methods are suitable for
high incident energy. In the resonance region, all models have
an accurate decrease. The HF method is better in 0–0 scat-
tering while the FCI catches up in 0–1 scattering. Generally
speaking, the HF potential works well in low incident energy
and lowly excited scattering situation while the FCI method
works well in high incident energy and highly excited scatter-
ing situation. In the resonance region, both models work good
but have room to improve. The vibrational part is very impor-
tant in the low energy scattering and it is still worth finding an
accurate one in all the regions including the dissociation part
to improve the DCS calculation.
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