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Ferroresonance is a complex nonlinear electrotechnical phenomenon, which can result in thermal and electrical
stresses on the electric power system equipments due to the over voltages and over currents it generates. The prediction
or determination of ferroresonance depends mainly on the accuracy of the model used. Fractional-order models are more
accurate than the integer-order models. In this paper, a fractional-order ferroresonance model is proposed. The influence
of the order on the dynamic behaviors of this fractional-order system under different parameters n and F is investigated.
Compared with the integral-order ferroresonance system, small change of the order not only affects the dynamic behavior of
the system, but also significantly affects the harmonic components of the system. Then the fractional-order ferroresonance
system is implemented by nonlinear circuit emulator. Finally, a fractional-order adaptive sliding mode control (FASMC)
method is used to eliminate the abnormal operation state of power system. Since the introduction of the fractional-order
sliding mode surface and the adaptive factor, the robustness and disturbance rejection of the controlled system are en-
hanced. Numerical simulation results demonstrate that the proposed FASMC controller works well for suppression of

ferroresonance over voltage.
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1. Introduction

Fractional calculus, as a mathematical problem with a
long history, plays a very important role in various fields of
science and engineering. It has been accepted as a novel
modeling method which can extend the descriptive power of
the conventional calculus, yield a more accurate description
and give a deeper insight into the physical processes under-
lying a long range memory behaviour.!'™* New researches
suggest that many real objects are “intrinsic” fractional-order,
such as real capacitors and inductors. In Ref. [5], Jonscher
and his partner pointed out that there are no ideal integer-
order capacitors in nature, capacitors are all fractional-order
components.’) Westerlund and his partner established the
fractional-order model of the capacitor, and measured the
orders of fractional-order capacitors in different dielectrics
experimentally.[®! Jesus and his partners realized fractional-
order capacitors with different orders.!”] Haba and his partner
created the fractional-order capacitor.!®) Many real dynami-
cal circuits, like fractional-order Chua’s system, viscoelastic-
ity model, nonlocal epidemics model, and so on, were better
characterized by non-integer order models based on fractional
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Ferroresonance as a complex nonlinear electrotechnical
phenomenon has been studied over the past 100 years and is
nowadays well established among electrical engineers.!!8-20]
The predictive power of ferroresonance depends mainly on the
accuracy and fidelity of the model used. Because of its accu-
racy and flexibility, the fractional-order model accords with
the requirement of the ferroresonance system modeling. Since
the intrinsic fractional-order behavior of real capacitors and
inductors, the idea of establishing the fractional-order model
of ferroresonance seems to be far more sensible. The introduc-
tion of the order which can be seen as an adjustable parame-
ter of the model, the degrees of freedom and flexibility of the
model are increased. As far as the author is concerned, there
are few studies on fractional-order ferroresonance.

In recent years the number of ferroresonance incidents
has increased due to network complexity and improved equip-

21221 There are many unknown parameters

ment efficiency. !
and disturbances in the actual operation of power system.
The suppression of ferroresonance has become a hot issue for
scholars. The combination of fractional calculus and con-

trol theory has attracted more and more attention. Twenty
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years ago, Oustaloup and partners proposed the first fractional-
order controller CRONE. >3] Then a variety of fractional-order
control methods have been proposed, such as fractional-order
PID control,?*! fractional-order sliding mode control,!?>-26]
fractional-order optimal control,?’! etc. Sliding mode con-
trol (SMC) is an effective robust control strategy. When in
the sliding mode, the closed loop response becomes totally
insensitive to both internal parameter uncertainties and exter-
nal disturbances.?®-3%] Combining the fractional calculus with
sliding mode control, the fractional-order sliding mode control
strategy is more robust and of better features than conventional
SMC.[3132]

In this paper, based on the fractional calculus theory, a
ferroresonance system is extended to fractional-order system.
And an adaptive sliding mode control with fractional-order
sliding surface is proposed. The rest of this paper is orga-
nized as follows: In Section 2, firstly, fractional calculus the-
ory is introduced briefly. Then a fractional-order ferroreso-
nance system model is established. The influence of the or-
der on the dynamic behavior of ferroresonance system and
the dynamic behaviors of this fractional-order system under
different parameters n and F are investigated. In Section 3,
the fractional-order ferroresonance system is implemented by
nonlinear circuit emulator. In Section 4, an adaptive sliding
mode controller with fractional-order sliding surface is pro-
posed to eliminate the abnormal operation state of power sys-
tem. Finally, the conclusion part summarizes the whole devel-
opment process and presents some concluding remarks.

2. Modeling and analysis of ferroresonance sys-
tem based on fractional calculus

2.1. Fractional calculus

The theory and applications of fractional calculus had
a considerable progress during the last two decades. Re-
searchers have reported the “intrinsic” fractional-order be-
And it has been demonstrated that
fractional-order models can increase the flexibility and degrees

havior of real objects.

of freedom by means of fractional-order parameters.[!?) The
fundamental operator: ;DY is defined as

dOC
—, o >0,
o dr
Dy =191, a=0, M

[idn)™ %, a<0,

where o (@ € R) is the order, a and ¢ are the bounds of the
operation.

There are three best known definitions for fractional
Griinwald-Letnikov (GL) definition, Riemann—
Liouville (RL) definition, and Caputo definition.

Caputo definition is more convenient for initial conditions

calculus:

problems, so in this paper, it is used. The fractional derivative

of f () is defined as

D] f (1) =

1 d ") (¢
/ ) 4 @
F(n— a) " (t o T)Ot n+1
where I'(+) is the Gamma function, and n € N is the first inte-
ger which is not less than at, n — 1 < & < n.

The Laplace transform of Caputo fractional derivative sat-
isfies

L{D}f (1)}

n—1
= s%F (s) — Zsafkflf(k) 0), n—-1<a<n (3
k=0

For zero initial conditions, the Laplace transform of frac-
tional derivatives has the form

L{D}f (1)} = s“F (s). ©)

2.2. Analysis of integer-order ferroresonance system

Ferroresonance is an effective term between power sys-
tem engineers and can be applied to a wide variety of capaci-
tors and nonlinear inductors. In this paper, a single phase iron
core transformer circuit which is three-order non-autonomous
ferroresonance chaotic circuit, as shown in Fig. 1, is selected
as the research object.[?"] N, is the primary side of the iron
core transformer. Nj is the secondary side. The circuit is
drived by a sinusoidal voltage source. The current through
the resistance, capacitance, and inductance, respectively.

R, R,
AW AW—

Nz§‘ ‘g | Ci=— Chy—

6./ u(t)

Fig. 1. Ferroresonance circuit of a single phase transformer.

Transformer magnetization characteristics is approxi-
mated by polynomial expression i3 = ay” + by, where v do-
nates the flux in the nonlinear inductance, n is the index of
nonlinearity of the curve. With the excitation of the sinusoidal
power source u(t) = U, sin(®t), when the transformer coil is
saturated, the inductor coil is regarded as the nonlinear induc-
tance element. the system model is:

av_,
dr cls
duc U2 — Ul
=L =222 (ayr+b
4 % (ay" +by), 5)
ducy _ u(t)—uer  uea—uer
2 dr R Ry '
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Setx; =W, x2 =uc1 /0, x3 =us /0, T= ot the equation

can be written as follows:

da _

dt = A2,

dx:

o = @@ —x) ~ {(ax} +bx). 6)
dx

d; B (xa —x3) —nx3+ Fsint,

where F = U, /(@>C3R;), & = 1/(wC1R,), B
£ =1/(0°C1),n =1/(0CRy).

When the outside source Fsint = 0, Ry = 163.3 Q,
R, =8166Q,C; =156 uF, C; =30 uF,a=1, b =1, the

system become a three-order autonomous circuit. The equilib-

= 1/(0)C2R2),

rium point is 0(0,0,0), the Jacobian matrix is

0
J=|-065(mx""1+1) 025 025
0 0.13 —0.78
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When n = 3, characteristic roots of the system are A; =
—0.11314j0.7861, A, = —0.1131 —j0.7861, A3 = —0.8039.
A1 and A, are a pair of the conjugate complex roots with neg-
ative real part, A3 is a negative real root, so the equilibrium
point O is stable. When the external excitation is not zero, the
three-order nonlinear non-autonomous system can enter into
the chaotic state.

As shown in Fig. 2(a), when F = 1, the magnitude of ex-
ternal excitation is small, due to the normalization process,
the fundamental frequency of the system is 0.1579. When
F = 260, the harmonic components become complex. The
fundamental component is no longer the main component. As
shown in Figs. 2(b) and 2(c), when F = 1, the system is actu-
ally stable. When F' = 260, the system is chaos. The amplitude
of the state variable x, increases significantly. It means that the
system is over voltage. Poincare sections also verifies that the
dynamic behavior of the system varies with the parameter as
shown in Fig. 2(d).

20

15+

" . ()]

Fig. 2. (color online) Dynamic behavior analysis of ferroresonance system with the variation of parameters. (a) Harmonic spectrum, (b) phase plane orbit,

(c) waveform plane, and (d) Poincare section on x3 = 0.

In Fig. 3, when F' = 260, one Lyapunov exponent is pos-
itive, the system is in chaotic state.
With the increase of the index of nonlinearity n, the cur-

rent through iron core transformer is increased dramatically

as shown in Fig. 4. The Lyapunov exponent in Fig. 5(a)-5(d)
reveal that with the increase of n, the amplitude of the exter-
nal excitation F which drive the system enter into chaos is

reduced. The chaotic region of parameter ' becomes larger.
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Fig. 3. (color online) The Lyapunov exponent for n = 3.
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Fig. 5. (color online) The Lyapunov exponent of chaotic system.

2.3. Modeling and analysis of fractional-order ferroreso-
nance system

At present a large number of researches indicate that
the actual inductance and capacitance are all fractional-
order. 333 The fractional-order model is more accurate than
the integer-order model, and the flexibility and freedom of the
system are increased due to the introduction of the order pa-
rameter. However, due to the limitation of the analytical meth-
ods and the implementation methods, ferroresonance systems
are currently integer-order models.

The model of the iron core transformer is formed with
two capacitances C| and C, which can be written as fractional-
order model. That means two of the three differential equa-
tions is fractional-order which makes the system less than 3 or-
der. Consider the fractional-order form of the ferroresonance
system (6), the standard derivative is replaced by a fractional
derivative as follows:

dx1 —

dr = A2,

quQ

T = a(xz3—xz) — § (ax] +bxy),
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d¢
d—:;:ﬁ(xzfm)fnerFsin’c. 8)

Adams—Bashforth—-Moulton method proposed by Di-
ethelm is adopted in this paper.!*! Predictor corrector algo-
rithm is the main method to solve fractional-order nonlinear
system in the time domain, this method has the advantages of
calculating the differential operator with arbitrary order.

As shown in Fig. 6 and Fig. 7, set the order g = 0.99 and
F is changed from 0 to 1000, the periodic and chaotic states
of the system appear alternately. When F < 61, the system is
in the periodic state. When F' = 300, the system is in chaotic
state as shown in Fig. 6(c), the fractional-order chaotic attrac-
tor is similar to the integer-order one. When the parameter F
ranging from 350 to 650, the system becomes periodic.

8

Fig. 6. (color online) Bifurcation diagram of the order of 0.99 (1-600).

The system is turning into a state of chaos by period dou-
bling bifurcation. The chaotic strange attractor is a product of
global stability and local instability, and the performance of
the orbit in phase space is the extension and folding. So they
are neither balanced nor divergent in phase space, unlimited
filling and loitering in space.

External excitation F takes the following different values:
F = 61,250,800, 1000, simulation results using these param-
eter F' which is choosing from different areas in bifurcation
diagram contain different states, such as chaos and periodic
states. Phase diagrams and the corresponding time-domain
waveform are shown in Fig. 8. It indicates that the trajec-
tory has changed from limit cycles to chaotic strange attrac-
tors. But when F = 1000, the voltage of this model becomes

periodic state after a short transient process while the maxi-
mum over-voltage becomes smaller.

(a) ‘ ®) ©) — )

Fig. 7. (color online) Bifurcation diagram of the order of 0.99 (600-1000).
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Fig. 8. (color online) Waveform plane orbit of F = 61,250,800, 1000. (a)
Time-domain waveform. (b) Phase diagram.
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In order to study the influence of order on the dynamic be-
havior of the system, reduce the order to 0.95, dynamic behav-
iors of the system changed significantly,as shown in Figs. 9,
10, 11, 12, and 13.
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Fig. 10. (color online) Bifurcation diagram of the order of 0.95 when n = 5.

There are no chaotic states in this system for n = 3 and
n =5. The waveform of x; is still periodic state as shown in
Fig. 9 and Fig. 10. The trajectory in phase diagram stay in
limit cycle all the time. It indicates that the fractional-order
ferroresonance is hardly happened.
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Fig. 11. (color online) Bifurcation diagram of the order of 0.95 when
n="17.
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Fig. 12. (color online) Bifurcation diagram of the order of 0.95 when
n=9.
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Fig. 13. (color online) Bifurcation diagram of the order of 0.95 when
n=11.

When the parameter # is further increased, there are inter-
mittent chaotic regions as shown in the bifurcation diagrams
Figs. 11, 12, and 13. Further more, when the fractional-order
iron core transformer model is in chaotic status, the harmonic
components show the same characteristic as the integer-order
one. When the system becomes periodic, the frequency dou-
bling components appeared as shown in Fig. 14.

Set n =7 as an example, the period-doubling bifurca-
tions can satisfy the Feigenbaum constant. The first period-
doubling is in F' = 10.45, and the system comes into period
two. The second period-doubling is F' = 41.95, and the third
one is F = 48.696. The Feigenbaum constant is

5— Oy — O _ 41.95-10.45
Oyy1 — 0,  48.696—41.95

As shown in Table 1, harmonic components in the

= 4.669. )

fractional-order system are mostly odd. When F = 65, for the
integer-order system, the principal component of harmonics
is fundamental. For the fractional-order system, the principal
component of harmonics is the 5th. Increase the external ex-
citation F to 200, the main component of harmonic changes.
For the integer-order system, since the system is in a chaotic
state, harmonic components become complex. The principal
harmonic component is a non-integer multiple of the funda-
mental. For the fractional-order system, the component of the

harmonic is still an integral multiple of the fundamental and

the principal component of harmonics is the 11th. The above
analysis shows that the small change of order not only affects
the dynamic behavior of the system, but also significantly af-

fects the harmonic components of the system.

3. Implementation of the fractional-order fer-
roresonance system based on nonlinear cir-
cuit emulator

Since the nonlinear inductance of arbitrary order is dif-
ficult to be obtained in practical engineering, the author veri-
fies the correctness of the theoretical analysis of the fractional-
order ferroresonance system with the method of analog circuit
based on the mathematical model of the system indirectly. As
is known, the method we used in numerical simulation can-
not be implementation in circuit. The solving precision of the
predictor—corrector method and the frequency domain method
is different, which is reported in Ref. [36].

The fractional integral operator of order “g” can be rep-
resented by the transfer function F (s) = 1/s7 in the frequency
domain. In Ref. [34], an effective algorithm is developed to
approximate the fractional-order transfer functions. The ap-

0.95

proximation of 1/s with error of approximately 1 dB is

given by
1 1.2831s2 + 18.6004s +2.0833

Hs) = —— = .10
()= 055 = 71 18.473852 1 2.6575 1 0.005° 0

The chain structure of the fractance is shown in Fig. 15.
H (s) can be expressed as

B 1/ 1/C3
H(s) = s+1/(RnC)  s+1/(RnGCs)
1/Cq4
Sy ey "

Comparing Egs. (13) and (14), the following param-
eters can be obtained: Ry = 1.7 kQ, Ry = 171.7 kQ,
Ry3 = 79.2392 MQ, C, = 3.1816 uF, C3 = 4.0510 uF,
Cy = 1.1175 uUFE, Ry = 1.7 kKQ, Rys = 171.7 kKQ, Rys =
79.2392 MQ, Cs = 3.1816 uF, Cs = 4.0510 uF, C; =
1.1175 uF.

The fractional-order ferroresonance system is imple-
mented by Orcad/Pspice. In the analog circuit, which is shown
in Fig. 16, parameters are taken as follows: R| = R, = R4 =
Rs = R; = Ri2 = Ri3 = Rig = Ri7 = Rig = Ryo = 1 kQ,
R3; =10kQ, Rg = Rg = 2.6 kQ, Rg = 100 Q, Rjg = 650 Q,
C; =100 pF.

Nonlinear terms of this fractional-order ferroresonance
are implemented by analog multiplier AD633. The circuit
is consists of resistors and multipliers, parameters are Ry7; =
Ryg = R31 =R33 = R34 = 1 kQ, Ryg = R30 = R3» = 10 kQ.
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Fig. 14. (color online) Harmonic components of iron core transformer in order of 0.95. (a) Fractional-order system for F = 65. (b) Fractional-order system
for F =200. (c) Integer-order system for F' = 65. (d) Integer-order system for F' = 200.

Table 1. Harmonic components when n = 7.

Range Ist/Hz 2nd/Hz 3rd/Hz 4th/Hz
q=1,F=65 0.6997 0.1592 (fundamental)  0.796 (Sth) 1.0196
q=0.95F =065 0.796 (5th) 1.1144 (7th) 0.1592 0.4776 (3rd)
qg=1,F=200 1.5594 0.1592 1.519 1.2393
q=0.95F =200 1.7512 (11th) 0.1592 1.4328 (9th)  1.1144 (7th)

Ry, R, Ro

OFFPAGELEFT—-R2 OFFPAGELEFT-L2

C, C, C,

Fig. 15. (color online) Integration circuit for the fractional order 0.95.

The chaotic attractor can be obtained by analog circuit.
As shown in Figs. 18 and 19, for n =7, F = 200, the fractional-
order system is in periodic state, but the integer-order system
is in chaotic state. The results of harmonic analysis and nu-
merical simulation are basically the same, which verifies the
correctness of the theoretical analysis.

4. Chaotic synchronization based on fractional-
order adaptive sliding mode control method

4.1. Fractional-order adaptive sliding mode control strat-
egy

In this paper, to eliminate the abnormal operation state of
power system caused by ferromagnetic chaos, the fractional-
order adaptive sliding mode control (FASMC) is proposed.
The design of the FASMC consists of two main steps: se-
lection of an appropriate sliding surface and definition of a
control law.
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Fig. 16. (color online) Simulator circuit of fractional-order ferroresonance system.
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Fig. 17. (color online) Circuit realization of nonlinear inductance model.
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Fig. 18. Attractors of ferroresonance system for n =7, F = 200. (a) Fractional-order system (¢ = 0.95) x;—x,, (b) fractional-order system (¢ = 0.95) x;—x3,

(c) integer-order system x;—x3, (d) integer-order system x—x3.
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Fig. 19. Harmonic components of ferroresonance system for n = 7, F = 200. (a) Fractional-order system (g = 0.95), (b) integer-order system.

Consider the drive system

Dix=Ax+f(x), (12)
and the response system:
Diy=By+g(y)+U, (13)

where x,y € R™" are state variables of driving system and
response system. f(x), g(y) are the nonlinear part. The er-
roneous dynamical fractional-order system between the drive

system (12) and response system (13) can be expressed as
Die=By+g(y)—Ax—f(x)+U. (14)
A fractional-order sliding surface is proposed:

Si (Z) = a,-qule,- (Z) +/Ot sgn (e,- (’L')) |e,' (T)|adT, (15)

where 5; (1) ERand 0 < ¢ < land a; >0,i=1,2,...,n, let
a; = 1. For the existence of the sliding mode it is necessary
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and sufficient that

5i(t) = DI +/ sen (e; (1)) |e; (1) %dz,  (16)

§i (t) = D%; (t) +sgn (e; (1)) |e; (1)|* = 0. (17)

In order to increase the robustness and performance of the
system, the adaptive law are defined as

Ki =6 i |6j| |S,‘|, 6 >0.
j=1

(18)

Adaptive coefficient 0 is used to adjust the adaptive law.
Theorem 1 In order to stabilize the error system, the fol-
lowing fractional-order controller is designed

U(t) = —Bx—g(y)+Ax+f(x)

n
—sgn(e;) |ei|” — uK; ) lei|sgn (si).
i=1

19)

It always satisfies the reaching condition, that means the error
system under arbitrary initial conditions will reach the sliding
surface S = 0.

Proof Choose a positive—definite function in form of
1 n
—a kit

where K* > M/u

n

Zu (Ki—K")?,

(20)

V(¢
= is,-s',-Jr %[Ji(KlfK*)K

= ZS’ qu, +Sgn(€z( ))lel (t)|a)

fuy (w) R ol Dol I

+ uilsz'l (KZ ’€f|)>

(Z —sgn(ei () le: (1)|%)

+ Zsi (sgn(ei(1))le (f)|a)>

i=1

+ (isi (Be; () ZK* ()f yej|> |s,|> 1)

Since the coefficient matrix B can be written as ||B|| =
Yoy Y= bij, M can be simply obtained, which satisfies 0 <

|B|| <M
|bf,~|~|e,-|)

|bij|> ' (Ji] |e,»\>

UK Z Z lej il

i=1j=

Il
-
~.

Il
=

IA

N
= T
M= TPM=

I
~.
I

'M=
™=

— k'Y Y e i 22)
i=1j=1
£t (£E0)- (£ )
i=1j=1 j=1
—uk 5 ol
i=1j=1
IBIIZ\stl Zlej\—uK*ZZM!Iszl
i=1j=
< M3 ool -k s
i=1j=1 i=1j=
= —(uK" - ZZ\e,llsil. (23)
i=1j=1

It is obvious that the condition V (¢) < 0 will be satisfied,
and the trajectories of the error system will converge to the
sliding surface. In summary, the drive system and the response
system can achieve synchronization.

4.2. Numerical simulation

Considering parameters of drive and response systems are
q =0.95,n ="7. The drive system is

dx
dar
%%y,
qg005 = 025 (x2 —x1) —6.5x1, (24)
4095
W,;Cs =0.13x, —0.78x3 + 65sin 7.
The response system is described by
d
% =y +Ui,
do.95y2
G095 = 02502=31) =065 (y[+y1) + U2, (25)
do.%y3 .
q095 0.13y, —0.78y3 +65sin T + Us.

The change of parameters may significantly improve the
performance of the FASMC.37! As shown in Fig. 20(a), with
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the increase of the gain 0 in the adaptive law, the synchroniza-  troller u is added to the response system. Trajectories of the
tion setup time decreases. In Fig. 20(b), the synchronisation  response system asymptotically approach of the drive system
setup time increases with o. as shown in Figs. 21(a)-21(c) and erroneous vector eventually
Parameters of the FASMC controller are: 6 =5, @ =0.6.  converges to zero, as shown in Fig. 21(d). Simulation results
Numerical simulation using SIMULINK proves that the con-  indicate that the synchronisation of two fractional-order fer-
clusion mentioned in Section 4 is right. Att = 20 s, the con- roresonance systems is realized.
1.5 —0=0.5 ] — a=0.9
—0=1 1.01 - - a=0.8 1
1.0 Soo0=2 a=0.7
0=5 ---a=0.6
o 9=10 — a=0.5 1
0.5,
d $
0. S ——
—0.51 —-0.5
(a) (b)
—1.0 * * * —1.0 * * * *
20 25 30 35 20 22 24 26 28 30
Time/s Time/s
Fig. 20. (color online) Synchronization setup time with different parameters: (a) parameter 6, (b) parameter .
3
— Y1
--=-T,
2 I 1|
f !
] | I'lll 'II;
Lk wb g
]
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> ' 1 =)
! b
ll 1 1
—1¢F ! r I 1
i :,' 0
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—2F
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—3 L L
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60 . . . . . . iy .
3 e
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> =
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—20}t
—40 ]
c d
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Fig. 21. (color online) Synchronization between two fractional-order ferroresonance systems. (a) Time waveforms of the states x| (dashed) and y; (solid);
(b) Time waveforms of the states x, (dashed) and y, (solid); (c) Time waveforms of the states x3 (dashed) and y3 (solid); (d) Error dynamical system states
ey, e, e3.
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5. Conclusions

In this paper, fractional calculus is introduced into the
modeling of the ferroresonance system based on fractional-
order characteristics of the capacitance. The influence of the
order on the dynamic behavior of ferroresonance system is
studied. Compared with the integral-order ferroresonance sys-
tem, the small change of the order not only affects the dy-
namic behavior of the system, but also significantly affects
the harmonic components of the system. In order to elimi-
nate the abnormal operation state of the power system caused
by ferromagnetic chaos, a fractional-order adaptive sliding
mode control method is used to realize the synchronization
of this fractional-order system. Since the introduction of the
fractional-order sliding mode surface and the adaptive fac-
tor, the robustness and disturbance rejection of the controlled
system are enhanced. The circuit and numerical simulation
results demonstrated that the correctness of the analysis of
the fractional-order ferroresonance system model and the pro-
posed FASMC controller works well for suppression of the
ferroresonance over voltage.
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