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Properties of the ground-state solitons, which exist in the spin—orbit coupling (SOC) Bose—Einstein condensates
(BEC) in the presence of optical lattices, are presented. Results show that several system parameters, such as SOC strength,
lattice depth, and lattice frequency, have important influences on properties of ground state solitons in SOC BEC. By
controlling these parameters, structure and spin polarization of the ground-state solitons can be effectively tuned, so ma-

nipulation of atoms may be realized.
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1. Introduction

Spin—orbit coupling (SOC), the intrinsic interaction
between a quantum particle’s spin and its momentum,
plays a crucial role in various areas of condensed matter
physics,[I=7) such as spin Hall effects,!®! spintronics, ! topo-
logical insulators,['%! and so on. Generally speaking, neutral
atoms do not have the spin—orbit coupling effect when they
are in their original state. Nevertheless, the recent experimen-
tal results show that synthetic SOC can be realized for ultra-
cold neutral atoms by employing atom-light interactions.!!!]
In a landmark experiment, a synthetic spin—orbit coupling in a
neutral atomic Bose—FEinstein condensate (BEC) is engineered
by dressing two atomic spin states with a pair of counter-
propagating Raman laser lights.['?l The idea of such an ex-
periment is that the two Raman laser beams are used to cou-
ple with a two-component BEC, and the momentum can be
transferred between lasers and atoms generating a synthetic
spin—orbit coupling.!!3-26] The SOC opens a new door for ar-
tificially controlling atoms, and stimulates much research in-
terest in it. However, the experiments on SOC BEC are have
only ever been realized in a one-dimensional system before.
Encouragingly, not so long ago, group Pan has received two-
dimensional SOC BEC in their experiments. !}

The matter—wave soliton in BEC is one of the most in-
teresting topics. The most fascinating and well-known feature
of this localized wave packet is that it can propagate without
changing its shape as a result of the balance between nonlin-
earity and dispersion.[>7-?8] So far, the matter—wave soliton in
BEC in the absence of SOC has been most extensively stud-
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ied and discussed through experiments and theoretical analy-

ses, including such aspects as the soliton dynamics,2%-3]

33,34

vor-
tex dynamics,[>!3?] interference patterns,3>34 domain walls
in binary BEC,[3-% and the modulational instability.37-38]
However, for the reason of the complexity in physics, soli-
tons in spin—orbit coupled BEC have been paid little attention,
only a few researchers focused on this subject. For example,
Zhang presented a detailed study on gap solitons in a spin—
orbit coupled BEC in two cases relating to a spin-dependent

parity symmetry;°

1 Kartashov reported a diversity of stable
gap solitons with different physical symmetries (with respect
to parity (P), time (T'), and internal degree of freedom, i.e.,
spin (C), inversions) in a spin—orbit coupled BEC subject to a
spatially periodic Zeeman field;**! Gautam addressed vortex-
bright solitons in a quasi-two-dimensional spin—orbit coupled
hyperfine spin-1 three-component BEC by using variational
method and numerical solution of a mean-field model;*!! dy-
namical behavior of solitons in one-dimensional uniform BEC
subjected to a spin—orbit coupling was studied in detail.[4?]

In this paper, we present ground-state solitons and their
properties in an SOC BEC in the presence of an optical lattice.
Our results suggest that atoms that make up the solitons can be
artificially manipulated by controlling the system parameters.
Furthermore, the spin polarization of the spin—orbit coupled
BEC can also be efficiently dominated. These results will be
helpful for us to understand deeply the physics of the system
in which the SOC is significant.
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2. Model

We addressed one-dimensional (1D) mixture of a two-
component BEC with an experimentally realized SOC which
is described by a spinor wave function ¥ = (¥,%,)", where
v = W[+ | and

[wiwax = [ (19 + ) ax =n

with N being the total number of atoms. The components ¥4
and Y| are the wave functions of two (pseudo)spin states, with
¥, for up spin and ¥| for down spin. The dynamics of the
spin—orbit coupled BEC in an optical lattice are governed by
the following Gross—Pitaevskii equation (GPE)

o [1

5 = |5, (Px H1K0,) +hAG, — g7 W Vi | ¥
ey

The nonlinear coefficients g4 (or g ) and g4, (or g 1) charac-

ih

terizes inter- and intra-spin interaction strengths, respectively,
which can be adjusted by employing Feshbach resonances. [+3]
Generally, the difference between inter- and intra-spin two-
body interactions can be made as small as necessary,!'>#* so
we have taken g1 = gy = g1 = g+ = g for simplicity and
g > 0 for attractive interatomic interactions below. The SOC
is induced experimentally by using two counter-propagating
Raman lasers along the z direction to couple two hyperfine
ground states ¥; and |, which leads to constituting a pseudo-
spin-1/2 system. The SOC strength K is determined by the

relative incident angle of the Raman beams and is tunable by

changing the angle.!'¥) The Rabi frequency A can be easily
controlled by varying the intensities of the Raman lasers, o,
and o3 are Pauli matrices. The spin—orbit coupled BEC is
loaded into a 1D optical lattice Vi = vsin® (k1o X) by adiabat-
ically ramping up the lattice beams, ki, is the wave number of
the lattice beams, and v is lattice depth which can be tuned by
changing the intensity of the lattice beams.

To study numerically solitons in the system described by
Eq. (1), we begin with the following dimensionless GP equa-

tion,
0P -1 9?2 0 .
iW: [7ﬁ+ia62£+6377¢1 ~(157vocos(a)Lx)]<P

@)
by scaling energy with iA, time with 1/A, and length with
/h/mA. The dimensionless parameters o0 = —K+/fiiA /m,
@1, = 2kiage\/B/mA, vo = v/ (2RA), and y = Ng+/m/hA /h.
In addition, Vjp = —vpcos(@Lx) is the optical lattices. The
dimensionless wave functions @ = (<15T, (15¢)T satisfy

/(\@T\zﬂ@i\z) dx=1.

It is worth pointing out that the SOC term ity (d/dx) in
Eq. (2) suggests that the spin 0> only couples the momentum
in the x direction. One can define

(03) = /qs*cgcbdxz / (| = | ] dx

as the spin polarization of the spin 03. The energy functional
of our system is

E= / dx[% XA % 0.0, + | @1 ° — | @y |* + 0D 0, P, — b} 5, D;

_g (|¢¢\4+ \qn\“) +2|®: || B, |” — vocos (@r.x) (\cpﬂ% \cpﬁ)].

To investigate the properties of the SOC BEC in the sys-
tem described by Eq. (2), one can numerically solve Eq. (2) by
using imaginary time-evolution method.**~*¢ The numerical
results show that the ground states of BEC in the system (2)
happen to be stationary bright solitons.

3. Results and discussions

By instinct, in the absence of the spin—orbit coupling ef-
fect, i.e., o = 0, one of two spin components will disappear.
Figure 1 presents the typical profile of bright solitons which
exist in the system (2). One can find from Fig. 1, when the
spin—orbit coupling strength ¢ is equal to zero, the up compo-
nent @4 vanishes, and only the down component @, survives.
Further studies reveal that optical lattices have an important
impact on the properties of the down component in the case
when o = 0. As can be seen from Figs. 1(a)-1(c), the magni-

\
tude of the lattice depth v significantly influences the profile

of bright solitons for the down component. More specifically,
with an increase of the lattice depth vy, the peak amplitude
of the down component increases, and its root-mean-square
width decreases, as shown in Figs. 2(a) and 2(b).

Yet, the influence of the lattice frequency wp on the
bright soliton for the down component is more complex (see
Figs. 1(d)-1(f)). When the lattice frequency @ increases,
the changes in root-mean-square (RMS) width and the peak
Con-
cretely speaking, with an increase of the lattice frequency @

amplitude of the down component is nonmonotonic.

from zero, the peak amplitude of the down component first
increases, then it decreases and finally tends to be a constant
(see Fig. 2(c)); whereas for its width, the reverse phenomenon
happens and it initially decreases (see Fig. 2(d)). More re-
markably, by comparing Fig. 1(a) with Fig. 1(f) and further
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numerical simulations, one can see that, for @, — oo, the peak
amplitude of the down component and its width respectively
tend to a constant, which is the right one at @y, = 0 (without
optical lattices). The reason for this phenomenon is that the
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averages of the lattice potential (Vi) is nearly equal to zero
within the existence space of the down component. In addi-
tion, the spin polarization (03) remains to be equal to —1 in
the case of o = 0.
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Fig. 1. (color online) Stationary bright solitons (red lines for up spin and blue lines for down spin) and optical lattices Vi, (dotted lines) in the system (2) at
(@) vo =0, (b) vo =2, and (c) vo =4 for o, =2; (d) o, =1, (e) wp. =4, and (f) o, = 8 for vo = 4. The other parameters are ¢ =0 and y = 1.
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Fig. 2. (color online) The dependence of [(a) and (c)] peak amplitude and [(b) and (d)] root-mean-square width of the down spin component on the lattice
depth v for wp, = 2; dependence of (a) peak amplitude and (b) root-mean-square width of the down spin component on the lattice frequency @y, for vo = 4.

The other parameters are ¢ =0 and y = 1.

In the presence of spin—orbit coupling effect, i.e., @ # 0,
the properties of ground-state solitons of BEC in the system
described by Eq. (2) is markedly different from the case for
a = 0. As seen in Fig. 3, with an increase of the SOC strength

a from zero, the up component grows out of nothing and goes
from strength to strength (comparing with Figs. 3(a)-3(f)).
Apparently, when o # 0, the spin polarization (o3) no longer
keeps equaling to —1, instead it changes with the alteration
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of the SOC strength. The physical mechanism of such a phe-
nomenon is easy to understand. When the SOC strength ¢ is
not equal to zero, the atoms, which are originally at a lower
level (ground state, labeled as “spin down”) are coupled to a
higher level (excited state, labeled as “spin up”). If the SOC
strength o slowly increases from zero, the atoms at the higher
level get more and more, and those at the lower level become
less. There is a critical SOC strength o, when « is above
O, the number of the atoms at the higher level is equal to
that at the lower level, and the total spin is zero. As seen from
Fig. 5(a), there exists a quantum phase transition from a spin-
polarized to a spin-balanced ground-state soliton in a lattice-
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trapped SOC Bose-Einstein condensate with an increase of
the SOC strength from zero. It is worth noting that there is a
unique symmetry for the system described by Eq. (2), the up
component @ is an odd function of x while the down com-
ponent @, is even when the SOC strength changes. Besides,
there are several “nodes” in these ground-state bright solitons,
and the more the SOC strength o, the more the node number
(see Fig. 3). The occurrence of such type of soliton in Fig. 3
is the result of synergetic action of three factors, such as SOC
effect, optical lattices and interatomic interaction. The spin—
orbit coupling effect may make the BEC be in a spin mixed or
“stripe” phase, [*3] that is why the “nodes” appear in Fig. 3.
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Fig. 3. (color online) Stationary bright solitons (red lines for up spin and blue lines for down spin) and optical lattices Vi, (dotted lines) in the system (2) at
(@o=0,b)a=0.5,(c)a=1,d) a=2,(e) a=>5,and (f) &« = 10. The other parameters are vo =2, & =2, and y = 1.

Lattice depth v has a significant influence on the proper-
ties of ground-state bright soliton of spin—orbit coupling BEC.
When the lattice depth vy increases from zero, these bright
solitons tend to become more localized in the space domain,
as shown in Fig. 4. When the SOC strength o is small, the
shape of either spin-component of the ground-state bright soli-
ton has not changed much with a change of lattice depth v, in
this case, the number of nodes in either spin-component keeps
unchanged, as illustrated by Figs. 4(a)—4(c). However, for the
larger SOC strength ¢, one can see from Figs. 4(d)—4(f) that
its shape has changed significantly when the lattice depth vg
increases; the larger the lattice depth, the simpler the structure

of the ground-state soliton and the fewer its node number. Fig-
ure 5(a) presents the dependence of the spin polarization (o73)
on the SOC strength ¢ for different lattice depths. Moreover,
one can see from the figure that the spin polarization (o3) may
also be effectively regulated by adjusting the lattice depth vy.
It is interesting that the spin polarization (03) can be observ-
ably changed by altering the lattice depth vy only when the
SOC strength is medium, as shown in Fig. 5(b). On the con-
trary, for smaller or larger SOC strength, no matter how one
tries to change the lattice depth, the spin polarization (03) ex-

periences an ignorable difference.
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Fig. 4. (color online) Stationary bright solitons (red lines for up spin and blue lines for down spin) and optical lattices Vi, (dotted lines) in the system (2) at
(@) vog =0, (b)vo =1, and (c) vo =4 for a = 0.5; (d) vo =0, (e) vo = 1, and (f) vo = 4 for o = 5. The other parameters are @, =2 and y= 1.
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Fig. 5. (color online) The dependence of spin polarization (03) on (a) the SOC strength ¢ for different lattice depths vo = 0 (blue solid line), vo = 1 (red
solid line), vo = 2 (blue dashed line), vo = 3 (red dashed line), and vy = 4 (blue dot line); the dependence of spin polarization (03) on (b) the lattice depth vg

at & = 2. Other parameters are @, =2 and y= 1.

To investigate the influence of lattice frequency @p on
properties of the ground-state soliton in Bose—Einstein con-
densate, we have scaled a length with /7%i/mA instead of
1 /kia in obtaining Eq. (2). Specifically speaking, when the
lattice frequency @y is equal to zero, this means that opti-
cal lattices do not exist. With an increase of the lattice fre-
quency @, from zero, the ground states of the spin—orbit cou-
pling Bose—Einstein condensate firstly become more localized
in space and then expanded, as illustrated in Figs. 6(a)-6(d).
Remarkably, when the lattice frequency @ is big enough,
the ground-state soliton is very close to that in the case of

o, = 0 (see Figs. 6(a) and 6(d)). Furthermore, if the spin—
orbit coupling strength « is larger, the node number in the
ground state first decreases and then increases when the lattice
frequency @y increases from zero. Figure 7(a) presents the de-
pendence of the spin polarization (03) on the SOC strength o
for different lattice frequencies. When the value of the SOC
strength is adjusted, a quantum phase transition, which occurs
in the lattice-trapped BEC, takes on dissimilar characteristics
in this case to the case for different lattice depth. For a small
lattice frequency, the value of the spin polarization (03) in-
creases monotonically from —1 to 0 with an increase of the
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SOC strength from zero. However, when the lattice frequency
is larger, the increase of (03) becomes nonmonotonic as the
SOC strength increases. From Figs.7(a) and 7(b), one can see
that the spin polarization (03) can be changed dramatically by
altering the lattice frequency @;, when the SOC strength o is at

3 ] T T T L 1.0

an intermediate value. Also, for a medium-value SOC strength
a, with an increase of the lattice frequency, the spin polariza-
tion (03) keeps negative, its value firstly decreases and then
increases, finally tending to a certain value which approaches
the value at @, = 0, as shown in Fig.7(b).

2 1 M, ~ F 10

(b) 4

Fig. 6. (color online) Stationary bright solitons (red lines for up spin and blue lines for down spin) and optical lattices Vi, (dotted lines) in the system (2) at
(a) o, =0, (b) o, =1, (¢) . =2, and (d) @y, = 10. The other parameters are vo =2, ¢ =5, and y= 1.
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Fig. 7. (color online) The dependence of spin polarization (o3) on (a) the SOC strength o for different lattice frequencies @ = 0 (blue solid line), o =3
(red solid line), @, = 6 (blue dashed line), and @, = 9 (red dashed line); the dependence of spin polarization (o3) on (b) the lattice frequency @, at o = 2.

Other parameters are vo =2 and y = 1.

4. Conclusion

In summary, the properties of the ground-state solitons,
which exist in the spin—orbit coupling Bose—Einstein conden-
sates in the presence of an optical lattice, are investigated in
detail. The synergetic action of three factors, including SOC
effect, optical lattices, and interatomic interaction, leads to the

occurrence of tunable ground-state solitons in spin—orbit cou-

pling Bose—Einstein condensates in the presence of optical lat-
tices. Several system parameters, such as SOC strength, lattice
depth, and lattice frequency, have different influences on prop-
erties of the ground state solitons in the SOC BEC. The SOC
effect remarkably changes the spin-polarization of the conden-
sates, which can lead to a quantum phase transition. Moreover,

it may make the BEC in a spin mixed or “stripe” phase, and
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make several “nodes” appear in the ground-state soliton. The

larger lattice depth can make the ground-state solitons become

more localized. However, it does so only for the medium-value

lattice frequencies. By controlling these parameters, the struc-

ture and spin polarization of the ground-state solitons can be

effectively tuned.
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