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Image reconstruction for cone-beam computed tomography using
total p-variation plus Kullback–Leibler data divergence∗
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Accurate reconstruction from a reduced data set is highly essential for computed tomography in fast and/or low
dose imaging applications. Conventional total variation (TV)-based algorithms apply the L1 norm-based penalties, which
are not as efficient as Lp (0 < p < 1) quasi-norm-based penalties. TV with a p-th power-based norm can serve as a
feasible alternative of the conventional TV, which is referred to as total p-variation (TpV). This paper proposes a TpV-
based reconstruction model and develops an efficient algorithm. The total p-variation and Kullback–Leibler (KL) data
divergence, which has better noise suppression capability compared with the often-used quadratic term, are combined to
build the reconstruction model. The proposed algorithm is derived by the alternating direction method (ADM) which offers
a stable, efficient, and easily coded implementation. We apply the proposed method in the reconstructions from very few
views of projections (7 views evenly acquired within 180◦). The images reconstructed by the new method show clearer
edges and higher numerical accuracy than the conventional TV method. Both the simulations and real CT data experiments
indicate that the proposed method may be promising for practical applications.
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1. Introduction
Computed tomography (CT) configured with circular

scanning is widely used in many imaging applications,[1] such
as medical imaging and industrial inspection. Accurate image
reconstruction from sparse or few-view data is greatly impor-
tant in areas needing fast imaging and/or low radiation dose.

When observation data is not quite adequate, itera-
tive image reconstruction (IIR) algorithms, especially the
optimization-based ones, are often considered. A typical re-
construction method is usually comprised of two aspects, the
optimization models and the corresponding algorithms. The
optimization models are often the combinations of regulariza-
tion parts and data fidelity parts. The regularization term is
always used to describe some properties of the intended image
itself. This may be some sparse representations or de-noising
functions on images.

The state-of-the-art regularization methods can be
roughly divided into four categories. Firstly, among the earli-
est ones, the prior information-based ones such as the method
proposed by Chen[2–4] have seen some valuable applications.
The feature constrained compressed sensing reconstruction[5]

is closely related to the above method. Secondly, the meth-
ods such as wavelet-, framelet-, or tight frame-based ones
have been proposed in recent years, and some[6–8] of them
show practical capabilities. These methods are based on har-
monic analysis which can help the recovery of the image de-

tails for some applications. However, the selection of proper
wavelets cannot be very easy, and the most appropriate form
of the potential wavelet for practical applications is still an
open question. Thirdly, the methods are dictionary learning-
based ones. These methods[9,10] are usually training or ap-
plying an over-complete dictionary in the reconstruction pro-
cedure. However, training or getting such a dictionary pos-
sibly needs a large amount of available dataset and it may
not work for all applications. Fourthly, much work regard-
ing IIR algorithms has been focused on total variation (TV)
minimization,[11–17] which exploits the sparsity of gradient
magnitude image (GMI) of images. TV is the L1 norm of GMI
and reconstruction by minimizing TV can reduce the amount
of data acquisition when GMI is sparse in non-zero entities.
Some extensions of TV, such as high-order TV,[18] total gener-
alized variation,[19] and TV-stokes,[20] are proposed for image
reconstruction and restoration. These forms in this type incor-
porate second-order (or higher) information which can help
to improve the image quality but meet with sacrifices of effi-
ciency.

The state-of-the-art optimization-based algorithms for
reconstruction can also be roughly divided into four cat-
egories: 1) the adaptive-steepest-descent-projection-onto-
convex-sets (ASD-POCS) framework,[11] 2) the Chambolle–
Pock (CP) framework,[12,13,21,22] 3) the split-Bregman (SB)
iteration,[23] and 4) the alternating direction minimization
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(ADM) method.[14,15] The ASD-POCS-type methods are
well designed to solve the constrained TV minimization
by incorporating the traditional POCS and the steepest de-
scent, resulting in relatively good performance for under-
sampled[24] or low dose dataset.[25–27] The CP framework and
its extensions[28] provide a feasible tool for various problems
raised in practical applications, and until now some valuable
applications[29,30] confirm this property of CP. The SB origi-
nates from Bregman iteration and can solve a very broad class
of l1-regularized problems. The first attempt of SB for im-
age reconstruction, to the best of our knowledge, is carried out
by Vandehinste[31] for sparse-view reconstruction. ADM is
a more straightforward iteration scheme and has been widely
applied in optimization community. The basic idea of ADM
is to decouple the complex problem into several simple ones
and deal with these simple ones alternatively and iteratively.
Some of the most important applications of ADM are image
reconstructions for magnetic resonance imaging (MRI),[32]

CT,[33–36] and other x-ray-based imaging applications.[37]

It should be noted that the L1-normed-based TV can yield
easy computation using shrinkage mapping[38] (also known
as “soft thresholding”), which makes it easy to use in prac-
tical CT imaging applications. However, TV is not the most
direct method to describe the GMI’s sparsity. It is logical
to assume that a relaxation closer to the L0 quasi-norm can
measure GMI sparsity better than TV, which implies that the
p-th power of the Lp norm ‖𝑧‖p

p
∆
= ∑i |zi|p (0 < p < 1) is

a feasible alternative. Researchers in both theory and engi-
neering fields have made many efforts to develop practical
solvers for Lp minimization.[39,40] Fortunately, recent theoret-
ical progress[40] and applications[16,17,41] show that, although
the Lp norm causes non-convex optimization problems, it may
be practical for CT imaging with reduced datasets and that ef-
ficient solvers can help design reconstruction algorithms[17,42]

with greater capabilities than those designed with the conven-
tional TV model.

Besides the regularization term (i.e., the TV term), the
forms of the data fidelity terms are also of great importance.
The data term should account for the inconsistencies of data
observation. It is widely known that the acquisition of projec-
tion can be roughly seen as the random Poisson process. Com-
pared to the conventional quadratic term based on least square
(or the L2-norm-based term), the Kullback–Leibler (KL) may
have better noise suppression capabilities. The Kullback–
Leibler data divergence can be a proper choice in building op-
timization problem. This paper combines the total p-variation
(TpV) plus the KL data divergence for few-view CT image re-
construction. The practical algorithms are designed by ADM,
and both simulations and real CT data experiments are carried
out to verify the performances.

The remainder of this study is organized as follows. Sec-

tion 2 introduces some necessary theoretical background, and
presents the proposed reconstruction model and the design of
the proposed algorithm. In Section 3, numerical simulations
and real data experiments are used to validate the performance
and capability of the proposed algorithm. In Section 4, a brief
discussion is given to the results obtained from Section 3, and
our conclusions are given in Section 5.

2. Method
A typical CT system mainly consists of an x-ray source,

a flat panel detector, a mechanical gantry system, and a
computer-based data processing system. When modeling the
imaging system, a discrete form of the x-ray transform is usu-
ally taken into consideration

𝑊𝑥= 𝑝, (1)

where 𝑝∈Rl is the data vector representing the measured pro-
jections, 𝑥 ∈Rs is the object vector, and 𝑊 ∈Rl×s is the sys-
tem matrix. With the linear equation expressed above, image
reconstruction is to solve Eq. (1). However, even under ideal
and consistent conditions, finding the solution is not an easy
task. This is mainly for two reasons, one of which is that the
projection matrix 𝑊 is tremendously huge thus computing its
(pseudo) inverse is computationally intractable. Another rea-
son is that 𝑊 is often severely ill-conditioned having huge
condition number resulting in numerical computing being un-
stable.

2.1. General p-shrinkage and its induced penalty function

Conventional TV minimization is often related to the op-
timization of an L1-norm-based function. With regard to
the minimization of an L1-norm-based function, the proximal
mappings of L1 functions are defined as

proxβ ‖·‖1 (𝑥) := argmin
𝑦

{
‖𝑦‖1 +

β

2
‖𝑥−𝑦‖2

2

}
, (2)

where 𝑥,𝑦 are vectors of the same dimension, and β > 0 is a
constant scalar. The symbol := in Eq. (2) stands for definition.
Actually, the solution 𝑦̃ for Eq. (2) is quite concise, and it can
be expressed as the soft thresholding or the shrinkage operator

𝑦̃ = shrink(𝑥)

= max
(
|𝑥|− 1

β
,0
)
· sgn(𝑥), (3)

where sgn( ) is the signum function and |𝑥| returns a vector
whose entities are absolute values of those in 𝑥. We denote
shrink(𝑥) as S(𝑥), and S(𝑥)i = s(|𝑥i|) ·sgn(𝑥i) for each entity
where s(x) = max(x−β−1,0). However, the above solution
is not directly applicable for the situations of Lp (0 < p ≤ 1)
pseudo-norm. For a class of penalty functions which have sim-
ilar properties to Lp pseudo-norm-based function (depicted in
the theorem in the following context), a p-shrinkage mapping
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is proposed as an exact solution. The p-shrinkage mapping[40]

Sp (𝑥) = Sβ ,p (𝑥) for 0 < p≤ 1 that is considered in this paper
is defined by Sp (𝑥)i = sp (|𝑥i|) · sgn(𝑥i), where the general-
ized p-shrinkage function sp = sp,β is defined by

sp (x) = max
{

x−β
p−2xp−1,0

}
, 0 < p≤ 1. (4)

It is straightforward that the p-shrinkage Sp(𝑥) and the con-
ventional shrinkage S(𝑥) coincide when p = 1.

The motivation for using alternative shrinkage mappings
in Eq. (4) is to obtain a closed-form formula in the reconstruc-
tion algorithm, which means that the alternative shrinkage
mappings are required to be proximal mappings of the penalty
functions and that their induced penalty functions should be
guaranteed to be better measurements of sparsity than L1. The
following theorem indeed guarantees these properties and was
first proposed and proven by Chartrand.[39]

Theorem 1 Suppose s : [0,∞)→ R is continuous, satis-
fies x≤ β ⇒ s(x) = 0 for some β ≥ 0, is strictly increasing on

[β ,+∞), and s(x)≤ x. Define Sp (𝑥)i = sp (|𝑥i|)sign(𝑥i) ,0<
p≤ 1 for each i. Then, Sp is the proximal mapping of a penalty
function Gp (𝑤) = ∑i g(𝑤i), where g is even, strictly increas-
ing, and continuous on [0,+∞), differentiable on (0,+∞),
and non-differentiable at 0 if β > 0 (in which case ∂g(0) =
[−1,1]). If x− s(x) is also non-increasing on [β ,+∞), then g
is concave on [0,+∞) and Gp satisfies the triangle inequality.

The proof of the theorem constructs g using the
Legendre–Fenchel transform of an anti-derivative of s. Al-
though g cannot be guaranteed to have a closed-form expres-
sion for the penalty function Gp, this is considered an accept-
able price to pay for having an explicit proximal mapping,
which is much more suitable for implementing a practical,
cone-beam CT algorithm than having a closed-form penalty
function. In order to have an intuitive impression of the p-
shrinkage and its induced penalty functions, we can compute
sp and the corresponding g numerically and some examples
are plotted in Fig. 1.
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Fig. 1. (color online) Examples of (a) p-shrinkage functions and (b) their induced penalty functions for some typical values of p.

2.2. Minimization of TpV plus Kullback–Leibler term by
ADM

In conventional applications, the projection data fitting
or fidelity term is always built using the square of L2-norm.
However, for applications with different noise properties, L2-
norm is not always presenting satisfying outcomes. This gen-
erates the needs for seeking an alternative of the projection
data fitting term. When the data noise is an important physical
factor that must be considered as a multivariate Poisson proba-
bility distribution, we then consider the Kullback–Leibler data
divergence, which is based on the maximum likelihood expec-
tation maximization method. The KL data error function form
is chosen as the fidelity term which can be written as

min
𝑥

∑
i
𝑝i ·
(
𝑊𝑥

𝑝
−1− ln

(
𝑊𝑥

𝑝

))
i
, (5)

where 𝑝i and (·)i denote the i-th entity in vectors, and divi-
sion 𝑊𝑥/𝑝 in the above equation is a component-wise op-
eration and it returns a vector, and 1 ∈ Rl is a vector whose
entities are all 1. The KL data term is based on the fact that

f (x) = (x−1− lnx)≥ 0 for x∈R+. Furthermore, the function
f (x) on x ∈R+ is convex which makes the optimization easily
solvable.

We incorporate the KL term into the TpV model which
can be written as

𝑥̃ = argmin
𝑥

ρ1Gp(∇𝑥)

+ρ2 ∑
i
[𝑊𝑥−𝑝+𝑝 ln𝑝−𝑝 ln(pos(𝑊𝑥))]i

+δRl
+
(𝑊𝑥)+δRs

+
(𝑥), (6)

where ρ1 > 0 and ρ2 > 0 are the weights for two terms, and
the summation ∑i [𝑥]i over i is a component-wise addition
for 𝑥, and pos(𝑥) enforces all negative entities in 𝑥 to be 0
while keeping other entities unchanged. The operator Gp, the
penalty function on image gradient in Eq. (6), is described and
defined in the above theorem. Note that when 𝑊𝑥 exactly
equals to 𝑝 for the ideal and noiseless condition, the KL term
vanishes to 0. Once the data is contaminated by noise, the KL
becomes non-negative values.

We introduce auxiliary variable 𝑧 to decouple the TpV
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term and the KL term

𝑧 =

(
𝑧1
𝑧2

)
, (7)

where 𝑧1 = ∇𝑥,𝑧2 = 𝑊𝑥. Consequently, the KL-TpV can
be equivalently converted into

(𝑥̃, 𝑧̃1, 𝑧̃2) = arg min
𝑥,𝑧1,𝑧2

ρ1Gp(𝑧1)+δRs
+
(𝑥)+δRl

+
(𝑧2)

+ρ2 ∑
i
[𝑧2−𝑝+𝑝 ln𝑝−𝑝 ln(pos(𝑧2))]i,

s.t.
{
𝑧1 =∇𝑥,
𝑧2 =𝑊𝑥.

(8)

The corresponding augmented Lagrangian (AL) function of
Eq. (8) is

(𝑥̃, 𝑧̃1, 𝑧̃2) = arg min
𝑥,𝑧1,𝑧2

ρ1Gp(𝑧1)+δRs
+
(𝑥)+δRl

+
(𝑧2)

+ρ2 ∑
i
[𝑧2−𝑝+𝑝 ln𝑝−𝑝 ln(pos(𝑧2))]i

+
β1

2

∥∥∥∥∇𝑥−𝑧1 +
𝜆1

β1

∥∥∥∥2

2

+
β2

2

∥∥∥∥𝑊𝑥−𝑧2 +
𝜆2

β2

∥∥∥∥2

2
, (9)

where 𝜆1 and 𝜆2 are the multipliers, and β1,β2 > 0 are scalars.
It should be pointed out that solving the above AL function is
actually easily-handled. ADM applies an alternative fashion
to tackle with each variable (𝑥;𝑧1;𝑧2) independently.

We optimize the above problem (9) with respect to each
variable in (𝑥;𝑧1;𝑧2) while fixing the others and update each
variable in an alternative and iterative fashion. We first obtain
the following sub-problem of 𝑧1 expressed as

𝑧̃1 = argmin
𝑧1

ρ1Gp(𝑧1)+
β1

2

∥∥∥∥∇𝑥−𝑧1 +
𝜆1

β1

∥∥∥∥2

2
. (10)

It is obvious that the solution of Eq. (10) is exactly the p-
shrinkage mapping. Applying the p-shrinkage formula di-
rectly, we can obtain the optimal solution for 𝑧1

𝑧1 = max

{∣∣∣∣∇𝑥+
𝜆1

β1

∣∣∣∣−ρ1
1

β
p−2
1

∣∣∣∣∇𝑥+
𝜆1

β1

∣∣∣∣p−1

,0

}

×sgn
(
∇𝑥+

𝜆1

β1

)
.

The sub-problem for 𝑧2 can be obviously written as

𝑧̃2 = argmin
𝑧2

δRl
+
(𝑧2)+ρ2 〈1,𝑧2−𝑝 ln(pos(𝑧2))〉

+
β2

2

∥∥∥∥𝑊𝑥−𝑧2 +
𝜆2

β2

∥∥∥∥2

, (11)

where some constants irrelevant to 𝑧2 are omitted and the
component-wise summation is replaced by inner product nota-
tion. Actually the above problem can be converted into solving
a quadratic equation, and we obtain the non-negative solution
for 𝑧2 as

𝑧2 =
−(ρ2−β2C)+

√
(ρ2−β2C)2 +4β2ρ2𝑝

2β2
, (12)

where 𝐶 =𝑊𝑥+𝜆2/β2. However, the solution for 𝑥 needs
some derivations, and we leave the detailed derivation in Ap-
pendix A and write directly here explicitly as

𝑥 = pos
(
F−1

{
𝛬−1F

(
β1∇T𝑧1−∇T𝜆1

+
β2

τ
𝑥k−β2𝑔k

)})
, (13)

where τ > 0, 𝑔k = 𝑊 T(𝑊𝑥k − 𝑧2 + 𝜆2/β2), 𝛬 =

β1F∇T∇FH +β2/τ𝐼, and F is the FFT matrix. We conclude
the pseudo-code of the proposed KL-TpV algorithm as Algo-
rithm 1.

Algorithm 1: Pseudocode for K steps ADM iteration scheme for KL-TpV reconstruction.

1: ξ ← 1; β1,β2 > 0; ρ1← 1,ρ2← 1; k← 0

2: 𝑥← 𝑥0; 𝑧1← (𝑧1)0,𝑧2← (𝑧2)0; 𝜆1← 0, 𝜆2← 0

3: Do

4: 𝑥k ← pos
{
F−1

{
𝛬−1F

(
β1∇T(𝑧1)k−∇T(𝜆1)k +

β2

τ
𝑥k−β2𝑔k

)}}
,

5: (𝑧1)k ←max

(∣∣∣∣∇𝑥k +
(𝜆1)k

β1

∣∣∣∣−ρ1
1

β
p−2
1

∣∣∣∣∇𝑥k +
(𝜆1)k

β1

∣∣∣∣p−1

,0

)
· sgn

(
∇𝑥k +

(𝜆1)k

β1

)
,

6: (𝑧2)k ←
−(ρ2−β2𝑊𝑥k− (𝜆2)k)+

√
(ρ2−β2𝑊𝑥k− (𝜆2)k)2 +4β2ρ2𝑝

2β2
,

7: (𝜆1)k ← (𝜆1)k +β1ξ (∇𝑥k− (𝑧1)k),

8: (𝜆2)k ← (𝜆2)k +β2ξ (𝑊𝑥k− (𝑧2)k).

9: until k ≥ K, end do

10: return 𝑥.
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It should be noted that there are two groups of parameters,
i.e., 1) the model-parameters p, ρ1, ρ2; and 2) the algorithm-
parameters ξ , τ , β1, and β2. The model-parameters have im-
pacts on the designed solutions and different choices of the
model-parameters lead to different reconstructions. Unlike the
model parameters that specify feasible solutions, if a reason-
able range is chosen, the algorithm parameters have no impact
on the solution specification. Instead, they impact the algo-
rithm’s convergence path and rate to the feasible solution set.
In the selection for these parameters, a direct way is to try and
see. For the convenience of implementation for readers, we
offer a group of available choice in this paper. Here we choose
β1 = 0.16, β2 = 1.0, ρ1 = 0.005, ρ2 = 1.6×104, τ = 1.0, and
ξ = 1.0.

2.3. Relationship between Kullback–Leibler term and
projection data noise

Although the KL data discrepancy applied here is not di-
rectly derived from the Poisson noise model, it has a very close
relationship with the noise distribution. For the case of a nor-
mal dose of exposure, the x-ray CT photon measurements are
often modeled as independent Poisson random variables with
means of

Îi(𝑥) = I0 exp(−µi) , (14)

where µi = ∑ j 𝑤i j𝑥 j. Therefore, the measured photons Ii are
considered as

Ii ∼ Poisson
(
Îi(𝑥)

)
, (15)

and then we introduce a transmission Poisson likelihood (TPL)
data discrepancy term as

D
(
I, Î(𝑥)

)
= ∑

i

[
Îi(𝑥)− Ii− Ii ln

(
Îi(𝑥)/Ii

)]
. (16)

The derivation for the forming of Eq. (16) is explained in Ap-
pendix B. We expand Eq. (14) and plug it into the above equa-
tion, resulting in

D
(
I, Î(𝑥)

)
= I0 ∑

i

[
exp
(
−∑ j 𝑤i j𝑥 j

)
− (Ii/I0)− (Ii/I0)

× ln
(

exp
(
−∑ j 𝑤i j𝑥 j

)
/(Ii/I0)

)]
. (17)

From formulas (5) and (17), it can be found that if we apply the
logarithm function on each term in Eq. (17), the two formulas
turn out to be the same regardless of notations.

Strictly speaking, formulas (5) and (17) are not equiva-
lent as they cannot be directly induced by each other. How-
ever, they share some similar properties in noise suppression

because 1) the exponential (or logarithmic) function is mono-
tonic, and 2) both Eqs. (5) and (17) are nonnegative, and 3)
reach the minimum value at the same position (i.e., 𝑊𝑥 = 𝑝

or equivalently ∑ j 𝑤i j𝑥 j = − ln(Ii/I0)). From a physics per-
spective, the KL and TPL data discrepancies are quite differ-
ent from the often used least square (LS) ones in that KL and
TPL give greater weights to higher count measurements while
LS treats all measurements equally. This implies that the data
discrepancy we apply here can result in better images when
noises are presented in the observation. Moreover, it should
be pointed out that KL and TPL can be useful even when there
are data inconsistencies due to other physical factors besides
the stochastic nature of the counts measurement. Furthermore,
compared with the TPL data discrepancy, the KL data term is
simple and convex, which is very helpful for algorithm devel-
opment. This is the consideration for the application of the KL
term in this work.

3. Results
3.1. Tests with ideal data set

In this experiment, a fan beam geometry is set to simulate
the data acquisition of CT imaging. The typical Shepp-Logan
phantom with a discretization of 256×256 pixels is utilized
as the standard image. This image is generated by MATLAB
code phantom (‘Shepp-Logan’, 256) which returns a low con-
trast image, widely used by tomography researchers. The dis-
tance from the x-ray source to the iso-center is 164.86 mm and
the distance from the x-ray source to the center of the line de-
tector is 1052.00 mm. The number of detector bins is 512 with
a size of 0.074 mm for each.

In this experiment, 7 projections are evenly acquired
within 180◦ along the circular trajectory. The reconstructions
are carried out using alternating direction TV minimization
(ADTVM),[35] which is an L2-normed-based fidelity plus TV
minimization model (also termed as L2-TV hereafter), KL-
TV, and KL-TpV (with different p values), and the results for
each algorithm at the iteration number of 2000 are shown in
Fig. 2. In addition, the root mean square errors (RMSEs) for
these algorithms are listed in Table 1. The RMSE of a recon-
structed image 𝑥 is defined as

RMSE =

√
‖𝑥− 𝑥̃‖2

2/S, (18)

where 𝑥̃ is the background truth, S is the total number of en-
tities in 𝑥. The numbers in bold face are the relatively better
outcomes. Moreover, the curves of RMSE for each algorithm
are plotted in Fig. 3. Obviously, the KL-TpV algorithms give
relatively clearer images compared to the conventional KL-TV
algorithm.
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(a) (b) (c)

(f)(e)(d)

Fig. 2. Background truth and 7-view reconstructions: (a) background truth, (b) ADTVM, (c) KL-TV, (d) KL-TpV (p = 0.94), (e)
KL-TpV (p = 0.93), (f) KL-TpV (p = 0.92). The displayed gray window is [0.016 0.022].

Table 1. Numerical comparisons of RMSE at different iterations of each algorithm for 7 views.

Iteration 100 400 600 1000 1600 2000

ADTVM 0.06084 0.01755 0.002028 0.001033 0.0008267 8.276×10−4

KL-TV 0.06347 0.02577 0.009507 0.0009691 0.0007355 5.5764×10−4

KL-TpV p=0.94 0.06081 0.01242 0.002133 0.0007333 0.0003368 2.0951×10−4

KL-TpV p=0.93 0.06036 0.01022 0.001907 0.0006879 0.0003496 2.0457×10−4

KL-TpV p=0.92 0.05991 0.008157 0.001491 0.0007092 0.0004104 1.9240×10−4

KL-TpV p=0.90 0.05902 0.004731 0.001418 0.0008034 0.0003554 2.1869×10−4

Iteration number

400 800 1200 1600 2000

R
M

S
E

0

0.002

0.004

0.006

0.008

0.010

ADTVM

KL TV

KL TpV 0.95

KL TpV 0.93

KL TpV 0.90

Fig. 3. (color online) Comparison of RMSE curves for ADTVM, KL-
TV, and KL-TpV (with different p values) with 7 views of projections.

In the following of this subsection, some more tests are
carried out in order to obtain more knowledge of the proposed
method. Reconstructions using only 6 views evenly acquired
within 180◦ are performed. Different values of p are chosen
within [1.0 0.90]. It should be noted that 6 views are too few
to obtain accurate reconstructions, and consequently, we prop-
erly increase the number of detector bins to 640 for each view.

Moreover, the iteration number for each algorithm is extended

to 10000 to obtain meaningful results. Other geometric param-

eters are the same as those in the first experiment. It must be

declared that, for reconstructions with 6 views of projections,

the objective of the following investigations is to test the con-

vergence behavior rather than merely getting high-accuracy

images since the projections are too few for high-accuracy re-

constructions.

Some typical results are shown in Fig. 4 which gives us an

intuitive expression of the reconstructions. ADTVM and KL-

TV fail to provide clear images, while KL-TpV with p = 0.90

and p = 0.91 generates clear images. Some more numerical

results are listed in Table 2. Similar to those in Table 1, the

numbers in bold face are the relatively better outcomes. The

behaviors of RMSE for each KL-TpV with some typical val-

ues of p are plotted in Fig. 5. A basic knowledge that can be

concluded from these two plots is that KL-TpV has a faster

error reduction speed (related to the value of p) than KL-TV

or ADTVM does.
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(a) (b) (c)

(f)(e)(d)

Fig. 4. Reconstructions with 6 views of projections. The results of (a) ADTVM, (b) KL-TV, (c) KL-TpV (p = 0.95), (d) KL-TpV
(p = 0.93), (e) KL-TpV (p = 0.91), and (f) KL-TpV (p = 0.90) at the iteration number of 10000. The displayed gray window is
[0.016 0.022].

Table 2. Numerical comparison of RMSE at different iterations of each algorithm for 6 views.

Iteration 600 1000 2000 4000 8000 10000
ADTVM 0.04936 0.0405 0.0270 0.0182 0.0154 0.0147
KL-TV 0.0429 0.0216 0.0033 0.0038 0.0038 0.0037
KL-TpV p = 0.96 0.0322 0.0022 0.0017 0.0016 0.0011 0.0012
KL-TpV p = 0.95 0.0292 0.0016 0.0017 0.0014 0.0012 0.0011
KL-TpV p = 0.93 0.0225 0.0016 0.0013 9.151×10−4 3.568×10−4 1.697×10−4

KL-TpV p = 0.91 0.0156 0.0014 0.0012 7.879×10−4 2.184×10−4 7.507×10−5

KL-TpV p = 0.90 0.0121 0.0014 0.0011 6.846×10−4 1.107×10−4 7.932×10−5

Iteration number

103 104

R
M

S
E

0

0.01

0.02

0.03

0.04

0.05
ADTVM

KL TV

KL TpV 0.98

KL TpV 0.95

KL TpV 0.91

Fig. 5. (color online) Comparison of RMSEs for ADTVM, KL-TV, and
KL-TpV (with different p values) with 6 views of projections.

Another important issue remains in the selection of values
of p, and here we carry out a comparison between KL-TpV al-
gorithms with different p with 7 and 6 views of projections. In
the reconstructions with 7 and 6 views, the best RMSEs of
each reconstruction are plotted as the functions of p in Fig. 6.
The plots in Fig. 6 indicate that a proper range of p is in (0.91
0.93). Therefore, 0.92 is selected for p in the following tests
including simulations with noisy data and real CT projections.

p

p

0.84 0.88 0.92 0.96 1.00
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M
S
E
/
1
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-
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R
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S
E
/
1
0
-
4

2

3

4

5

6

0.90 0.92 0.94 0.96 0.98 1.00

(a)

(b)

Fig. 6. (color online) Best RMSEs of each reconstruction as the func-
tions of p with 7 views (a) and 6 views (b).
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3.2. Simulations with Poisson random noise

Reconstructions with noisy projections are carried out
and demonstrated in this subsection. The objective of this sim-
ulation is to test the preliminary performance between KL- and
L2-norm-based data fidelity in the reconstructions. The Pois-
son noise is added into the simulated projections. Similar to
the previous studies, the phantom we apply here is also the low
contrast Shepp–Logan phantom.

In the simulations, the initial photon count is 66000 for
the utilized low contrast phantom in the generation of the pro-
jection data. In order to get an expression of the noise level,

the SART reconstruction with 361 views of projections ac-
quired evenly within 360◦ is shown in Fig. 7. It should be
pointed out that although the noise level here is not very high
compared with the background truth image, reconstructions
with very few views (e.g. less than 10 projections) are still
very difficult tasks. Even very tiny data inconsistencies can
result in reconstruction errors for sparse views. The compar-
isons are carried out using the ASD-POCS (implemented by
SART and TV minimization, termed as SART-TV in this pa-
per), ADTVM (L2-TV), KL-TV, and the proposed KL-TpV
algorithm.

  

(a) (b) (c)

Fig. 7. (color online) Background truth image and SART reconstruction with noise projections: (a) background truth image and (b),
(c) SART reconstruction with 361 views under different displayed windows. The displayed gray scale window is [0.016 0.022] in
panel (b) and [0.018 0.021] in panel (c).

   

   

   

   

(a 1) (a 2) (a 3)

(b 1) (b 2) (b 3)

(c 1) (c 2) (c 3)

(d 1) (d 2) (d 3)

Fig. 8. (color online) Reconstruction comparisons for (a) SART-TV, (b) ADTVM, (c) KL-TV, and (d) KL-TpV with different pro-
jection views with Poisson noise. From the left column to the right column, images are reconstructed from 9, 30 and 60 views at the
iteration number of 2000. The displayed gray window is [0.018 0.021].
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Table 3. Numerical comparisons for each algorithm with noisy data under different views.

View number 9 views 30 views 60 views
RMSE/SNR RMSE SNR in ROI/dB RMSE SNR in ROI/dB RMSE SNR in ROI/dB
SART-TV 0.06054 10.7533 9.193×10−4 47.1260 2.833×10−4 57.3496
ADTVM (L2-TV) 3.8986×10−4 55.9871 1.084×10−4 65.6909 7.612×10−5 68.7648
KL-TV 3.208×10−4 56.2699 9.259×10−5 67.0635 5.710×10−5 71.2620
KL-TpV (p=0.92) 3.01×10−4 56.8234 8.410×10−5 68.9225 4.810×10−5 73.7318

In this test, 9, 30, and 60 projections evenly acquired
within 180◦ are applied to perform the reconstructions. Typi-
cal results are shown in Fig. 8. The signal-to-noise ratio (SNR)
of a region of interest (ROI, depicted by a red rectangle in
Fig. 7) of each reconstruction is calculated and listed in Ta-
ble 3. The SNR of 𝑥ROI is computed as

SNR = 20lg
‖𝑥̃ROI‖2

‖𝑥̃ROI−𝑥ROI‖2
, (19)

where 𝑥̃ROI is the background truth in ROI. Also the RMSEs
of the entire reconstructed images are listed in Table 3. With
visual comparison, the KL-based algorithms (i.e., KL-TV and
KL-TpV) give better results than SART-TV or ADTVM (L2-
TV) does. These observations are also verified by the SNRs in
ROI and the RMSEs of the reconstructions in Table 3.

3.3. Verifications with real CT projections

In this subsection, real CT verifications are carried out
to test the proposed algorithm. These projections are ac-
quired from an adult male rabbit in vivo on a CBCT imag-
ing system. The distance from the source to the rotation
center is 502.8 mm, and the distance from the source to the
center of the detector is 1434.7 mm. The flat detector has
1024×768 bins with pixel size of 0.3810 mm×0.3810 mm
for each. The reconstructed image is of 512×512×384 with
0.2671 mm×0.2671 mm×0.2671 mm for each voxel. The
working voltage and current of the x-ray tube are 100 kV and
200 µA. There are 360 projections acquired evenly within the
range of 360◦. We first perform the reconstruction with the
real CT projections using the standard FDK algorithm. Both
full views and sparse views (60 projections evenly chosen with
angular step of 3◦ within 180◦) are conducted and the typical
results are shown in Fig. 9.

For iterative reconstructions, it is well known that con-
ducting fully three-dimensional reconstructions is very time
consuming because the forward- and backward-projection op-
erations are of severely high computational complexity. In this
paper, accelerations for the two operations using graphic pro-
cessing unit (GPU) under NVidia CUDA framework are incor-
porated in the implementation. Specifically, a fast and parallel
algorithm for projection developed by Gao[43] is implemented
on the NVidia Tesla K40c card. With the hardware acceler-
ation, the time consumption for each iteration loop is about
40 s.

Reconstruction from full views serves an expression of
the references while the result from sparse views indicates the
limitation of the analytical algorithm. In Fig. 9, three slices in
the transverse direction are selected to demonstrate the results
of full and sparse-view reconstruction by FDK. Images recon-
structed from sparse views by FDK suffer severely from the
streak artifacts and lots of tiny structures are degraded.

FDK reference FDK 60 views  

(a) (b)

(c) (d)

(e) (f)

Fig. 9. (color online) FDK reconstructions with real CT projections.
(a), (c), (e) FDK reconstructions with full views (i.e., 360 projections)
and (b), (d), (f) FDK reconstructions with sparse views (60 projections).
From the top to the bottom row, images are at the 72th, 192th (central
transverse section), and 302th transverse sections. The displayed gray
scale window is [0.01 0.06].

We carry out the iterative reconstructions using 60 views
of projections acquired the same as sparse-view reconstruction
of FDK above. The iterative algorithms applied are the SART-
TV, ADTVM (L2-TV), and the proposed KL-TpV (p = 0.92)
method. For iterative algorithms under real CT projections, it
is an essential problem to properly set the stop criterion. We
test the KL-TpV algorithms with the real CT data and plot the
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relative change (in RMSE) of the current image with the pre-
vious adjacent one in Fig. 10. The relative RMSE of the image
𝑥 at the iteration number k is defined as

rel.RMSE(k) =
√
‖𝑥k−𝑥k−1‖2

2/S,k ≥ 2, (20)

where S is the total number of entities of 𝑥. It can be easily
known that when the iteration number is between 80 and 100
(the red part in Fig. 10), the relative change between two out-
comes of adjacent iterations is very tiny and almost no visible
change can be observed. Consequently, we set the iteration
number to 100 for SART-TV, ADTVM, and KL-TpV algo-
rithms.

Slices on three different directions (sagittal, coronal, and
transverse sections) are chosen to demonstrate the reconstruc-
tion of each algorithm. Iterative results (with 60 projections)
are shown in Figs. 11 and 12. The results of KL-TpV under
sparse views are very similar to those of full-view FDK. The
comparisons between SART-TV, ADTVM, and KL-TpV indi-
cate that these methods give very close outcomes. However,
the KL-TpV results show better qualities in image contrast and
artifacts. We take the FDK reconstruction with full views as
the reference and calculate the RMSEs of the selected slices

in the iterative reconstructions. The RMSEs of the selected
slices on the transverse section are listed in Table 4, and those
of sagittal and coronal sections are listed in Table 5. Both the
images and the numerical statistics indicate that the proposed
KL-TpV algorithm can give better reconstructions. In order to
compare the details in the structures of the rabbit head of the
reconstructions, several ROIs are chosen on slices of sagittal
and coronal sections and the zoomed pictures are also shown
in Fig. 12.

Iteration number
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e
la

ti
v
e
 c

h
a
n
g
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S
E
)

0

0.004

0.008

0.012

Fig. 10. (color online) The reduction curve of relative changes (in
RMSE) of two adjacent outcomes of KL-TpV iterations. The red part
indicates that the changes are little on images, and it means that the
images are becoming stable.

 SART-TV 60 views ADTVM 60 views KL-TpV 60 views

(a)
(b) (c)

(e)

(g) (h) (i)

(f)(d)

Fig. 11. (color online) Comparisons of reconstructions given by (a), (d), (g) SART-TV, (b), (e), (h) ADTVM, and (c), (f), (i) KL-TpV
(p = 0.92) on transverse section with 60 views. From the top to the bottom row, the images are results in the 72th, 192th, and 302th

slice of the transverse section. The gray scale of the displayed window is set to [0.01 0.06].

078701-10



Chin. Phys. B Vol. 26, No. 7 (2017) 078701

FDK reference SART-TV ADTVM KL-TpV

(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j) (k) (l)

(m) (n) (o) (p)

Fig. 12. (color online) Zoomed comparisons of FDK reference, SART-TV, ADTVM, and KL-TpV on sagittal and coronal sections. From
the left to the right column the images are results of FDK (full views), SART-TV (sparse views, 60 projections), ADTVM (sparse views, 60
projections), and KL-TpV (sparse views, 60 projections, p = 0.92). Panels (a)–(d) and (e)–(h) are results of the 300th and 275th slice on the
sagittal section. Panels (i)–(l) and (m)–(p) are results of the 160th and 200th slice on the coronal section. The gray scale of the displayed
window is set to [0.01 0.06].

Table 4. RMSEs of the selected slices on the transverse section.

SART-TV ADTVM KL-TpV (p = 0.92)
Slice 72 0.1241 0.0675 0.0153
Slice 192 0.1328 0.0726 0.0173
Slice 302 0.1191 0.0762 0.0171

Table 5. RMSEs of the selected slices on the sagittal and coronal sec-
tions.

SART-TV ADTVM KL-TpV (p = 0.92)
Slice 300 (sagittal) 0.1635 0.1034 0.0170
Slice 275 (sagittal) 0.1588 0.1102 0.0176
Slice 160 (coronal) 0.1375 0.0922 0.0164
Slice 200 (coronal) 0.1308 0.0759 0.0161

4. Discussion
Although the conventional TV is an often used convex

relaxation to the L0 quasi-norm of image gradient, we point
out in Section 1 that a better approximation to L0 is the Lp
norm-based ones. In this paper, we apply the p-shrinkage
induced penalty for forming the reconstruction model. This

model is theoretically a better alternative of the TV because
the TpV may achieve better images with very few views. In
the simulation experiments, the gradient image of the utilized
phantom has 2184 non-zero entities, the TV method needs
more than 2184× 2/512 = 8.5313 views, and consequently
it is impossible for the TV method to reconstruct accurate im-
ages with only 7 views according to the sufficient-sampling
conditions[44] for sparsity-exploiting reconstruction. How-
ever, the reconstructions using TpV are of different situations.
The results in Fig. 2 show that the TpV method outperforms
the TV method in image quality. Moreover, the numerical
comparisons in Table 1 and RMSE curves in Fig. 3 also con-
firm this judgment.

The optimization built for reconstruction applies the KL
data term which shows capabilities in noise suppression over
the conventional L2-norm-based methods. The KL term has a
very close relationship to the TPL term which is drawn from
the maximum likelihood under Poisson random noise assump-
tion. Comparing the results in Figs. 7 and 8, one can eas-
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ily find that the images provided by the KL-TpV are clearer
than those of SART. Note that the observation data (with 361
views) for SART is relatively sufficient (since the observation
number of equations is bigger than that of image pixels), but
it still cannot provide satisfying quality. However, KL-TpV
algorithms, with only 60 views, generate relatively better out-
comes. This can be explained by two aspects: 1) the smooth-
ness function of TpV minimization and 2) noise suppression
property of the KL data term. In the last part of Section 3, the
real CBCT projections are utilized for tests, which verifies that
the proposed method can serve as an alternative of the popular
ASD-POCS method with almost no sacrifice on image quali-
ties. The proposed method implemented in this paper is only
on the working version stage, and only some necessary opti-
mizations and accelerations are incorporated when conducting
three-dimensional reconstructions with big scale of data. For
sparse-view situation, the proposed method gives out images
with almost the same qualities as the full-view FDK results
confirmed by Figs. 11 and 12.

Another essential point is that the KL-TpV reconstruction
is designed using ADM rather than CP or SB. This is for the
reason that the KL-TpV model is in fact a non-convex func-
tion and ADM does not restrict strictly the convexity of the
objectives while CP or SB is not directly applicable for this
model. Moreover, we apply the ADM for algorithm derivation
which can easily incorporate the p-shrinkage operator in the
implementation. Even so, we find that, by the experiments,
the relatively proper range for p is (0.91 0.93), and certainly
some necessary tuning on parameters can improve its perfor-
mance.

5. Conclusion
This paper proposed an efficient reconstruction algorithm

using total p-variation plus Kullback–Leibler data divergence.
We introduce the p-shrinkage method in the algorithm which
leads to an easy and concise implementation. This new method
is derived by ADM and can reach promising results for very
few views of projections compared with the conventional
method. The experiments demonstrate the effectiveness of this
method. However, this is only preliminary research and result.
Further optimizations and investigations should be studied in
the future.

Appendix A
The 𝑥 sub-problem can be written as

𝑥̃= argmin
𝑥

δRs
+
(𝑥)+

β1

2

∥∥∥∥∇𝑥−𝑧1 +
𝜆1

β1

∥∥∥∥2

+
β2

2

∥∥∥∥𝑊𝑥−𝑧2 +
𝜆2

β2

∥∥∥∥2

, (A1)

where the variables 𝑧1,𝑧2 are fixed as constants. We use a
replacement∥∥∥∥𝑊𝑥−𝑧2−

𝜆2

β2

∥∥∥∥2

2
≈
∥∥∥∥𝑊𝑥k−𝑧2−

𝜆2

β2

∥∥∥∥2

2
+2𝑔T

k (𝑥−𝑥k)

+
1
τ
‖𝑥−𝑥k‖2

2 , (A2)

where τ > 0 is a scalar in (0,2) and 𝑔k = 𝑊 T(𝑊𝑥k−𝑧2−
𝜆2/β2). Plug Eq. (A2) into Eq. (A1) and omit the constant
part

𝑥̃= argmin
𝑥

δRs
+
(𝑥)+

β1

2

∥∥∥∥∇𝑥−𝑧1 +
𝜆1

β1

∥∥∥∥2

+
β2

2
2𝑔T

k (𝑥−𝑥k)+
1
τ
‖𝑥−𝑥k‖2

2 , (A3)

where δRs
+
(𝑥) means that all the entities of 𝑥 should be non-

negative. When handling Eq. (A3), we first leave the indicator
function and check 𝑥 last. Thus, computing the derivative of
the following function alternatively

𝑥̃= argmin
𝑥

β1

2

∥∥∥∥∇𝑥−𝑧1 +
𝜆1

β1

∥∥∥∥2

+
β2

2
2𝑔T

k (𝑥−𝑥k)

+
β2

2
1
τ
‖𝑥−𝑥k‖2

2 , (A4)

and setting it to 0, results in

β1∇T
(
∇𝑥−𝑧1 +

𝜆1

β1

)
+β2𝑔k +

β2

τ
(𝑥−𝑥k) = 0. (A5)

Consequently, the solution for 𝑥 is(
β1∇T∇+

β2

τ

)
𝑥= β1∇T𝑧1−∇T𝜆1 +

β2

τ
𝑥k−β2𝑔k. (A6)

It should be noted that on the periodic definition condition, the
matrix form of ∇T∇ is block circulant. Therefore, ∇T∇ can
be diagonalized using FFT transform as

𝛬= β1F∇T∇FH +
β2

τ
𝐼, (A7)

where FH denotes the Hermite form of F. The matrix 𝛬 is
diagonal and all the entities in the principle diagonal are all
positive, which makes it easy to compute its inverse. Thus, the
solution can be easily computed as

𝑥= F−1
{
𝛬−1F

(
β1∇T𝑧−∇T𝜆1 +

β2

τ
𝑥k−β2𝑔k

)}
. (A8)

Appendix B
The transmission Poisson likelihood data term is derived

from the negative ln likelihood of Poisson stochastic model of
the photon measurements of Eq. (15). This means that min-
imizing this data term is equivalent to maximizing the like-
lihood function. The probability distribution of the observed
photon measurements can be expressed as

P(I = Ii) =
e−λ λ Ii

Ii!
. (B1)
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If we apply the following likelihood function

L(I, Î(𝑥)) =− ln

(
∏

i

P(I = Ii)|λ=Ii
P(I = Ii)|λ=Îi(𝑥)

)
, (B2)

and use the notation

D(I, Î(𝑥)) = ln

(
∏

i

P(I = Ii)|λ=Ii
P(I = Ii)|λ=Îi(𝑥)

)
, (B3)

with some simple and direct derivations (omitted here),
D(I, Î(𝑥)) has a very brief expression as

D(I, Î(𝑥)) = ∑
i

[
Îi(𝑥)− Ii− Ii ln

(
Îi(𝑥)/Ii

)]
. (B4)

The above expression is exactly the same as Eq. (16).
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