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Profile function properties & optical transition formulae*
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1. Introduction

Due to defects, strain, disorder, lattice vibration, and so
on in solids, an ideal optical absorption or emission transi-
tion line of rare earth ions, described by the Dirac function 6,
is usually a wider band, which can be described by a profile
function ¢, such as the Voigt function,!'*! with independent
variable wavelength A, frequency v, or angle frequency o,
which has the following relationships:

/¢>()t)d/l:1, (1a)

/¢(v)dv:1, (1b)

/¢(w)dw: 1, (1c)
AZ

9(v)=-—0(4), (2a)
12

0 ()= 2mm) (2b)

6(0)=2-0(v), 20)

where c is the light speed in vacuum. The frequency v or an-
gle frequency w of a light source is fixed when it transmits in a
medium or vacuum, so equations (2a)—(2c) are suitable for the
medium or vacuum, and A is the wavelength in vacuum. The &
function has the same relationships as in Egs. (2a)—-(2c). Based
on this, a physical quantity such as spontaneous transition rate
A(w) =A¢ (o) can be written as
2

A0) =40 (@)= 1 A0 ()=o(v). B
From Eq. (3), it seems that the transition rate has very differ-
ent amplitudes if a proﬁle function has a different independent

variable, e.g., 2mA or A in Eq. (3), which easily causes

9 27[ 9
much confusion in application.
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On the other hand, there are many unit systems of elec-
tromagnetics, such as the rationalized MKSA system of units,
the absolute electrostatic system of units (e.s.u. or CGSE), the
absolute electromagnetic system of units (e.m.u. or CGSM),
and the Gauss system of units (CGS). Electromagnetic quanti-
ties and formulae usually have a variety of values and expres-
sions. For example, the dielectric constant & and permeabil-
ity to in vacuum are 8.85 x 10712 F/m and 47 x 10~7 H/m in
MKSA but both are 1 in CGS; electromagnetic energy density
p= (E D+ H-B)inMKSA,butp = (E D+ H-B)
in the Gauss system of units. Although 1nternat10nal system of
units has been widely used recently, many very different sys-
tems of units have been used in references, which were usually
not declared explicitly, resulting in confusion about published
calculations. It is necessary to clarify transition formula ex-
pressions in order to perform spectral analysis or calculation.

The present work first discusses the distribution property
of a physical quantity with a profile in wavelength, frequency,
or angle frequency, and further clarifies the formulae of emis-
sion and absorption. The unit system of this work is SI units.

2. General properties of profile functions

Assume a physical quantity Q, such as the absorption co-
efficient, emission or absorption cross section, or transition
probability, with the variable angle frequency ® and profile
¢ (o) is expressed as

0(0) =009 (®). “

Substituting Egs. (2b) and (2c) into Eq. (4), we obtain the fol-
lowing equations:

Qo

Q(w)=-_0(v), ©)
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0@)=2""52). ©

Although equations (5) and (6) are expressed in profile ¢ (V)

or ¢ (1), either should be integrated against variable . In or-
der to obtain the distribution of Q with variable v or A, Q(V)
and Q(A) should satisfy the relationships

Jewav=[aw)av. ™
Jomyar=[ghe)ar. ®

Then, integrating Eq. (5) versus @, the left is changed as

/Q(a))da): /Q(a))anv,
and the right is changed as

L4 v)ao= [0 v)av.

The left integral should be equal to the right integral, so

/Q(w)anv - /Qo¢(v) dv. ©)

Comparing Eq. (9) with Eq. (7), we obtain the following equa-
tion:
0(v) =270(®), Qy= 0,

and then

0(v) =2m0(w) = Qo9 (v), (10)

which should be integrated against v on both sides directly to
obtain the total quantity Q.

Integrate Eq. (10) versus o, using dw = % dA, through
the same procedure, we obtain Q (1) = 550 (®) and Q5 = Qy,
and then

(1) = 550(@) = Qo9 (2), an

which should be integrated against A directly on both sides to
obtain the total quantity Q.

In summary, if a physical quantity Q can be expressed
as the product of amplitude and a profile function with vari-
able wavelength, frequency, or angle frequency, it has the same
distribution expression and amplitude Qy in different variable
spaces, and the profile function value is normalized in the re-
spective variable spaces. This reflects the fact that a physical
quantity should be the same no matter how it is described by a
profile function in variables of wavelength, frequency, or angle
frequency.

3. Transition formulae in absorption and emis-
sion spectra

3.1. Optical absorption and emission

Let us consider a plane electromagnetic wave, its electric
and magnetic vector can be written as

E = Eycos (0wt —k-T), (12)

ek nk
BuHu\/;kxEckxE, (13)
where p is the permeability, € is the dielectric constant, n is
the refractive index, c is the light speed in vacuum, and k is
the wave vector. In the atomic size region, k-r =~ r/A < 1,
cos (@t — k-r)=cos(wt), the electric field can be seen as a
uniform field whose energy density for a linear mediumb! is

(8E2 + 182)
u

= eE? = eEj cos’ (ot). (14)

p = %(E-D—i—H-B):

N =

During a period T = 27/ @, the average energy density

1 [27/o 1
p= SE(%—/ cos’ (ot)dr = - €E3, (15)
T Jo 2

and then the average energy density per unit angle frequency
Pe can be written as

1
Po = pd(w) = J€E58 ()

1
= S EEG (@), (16a)

and & (@) should have dimension Hz~!, which satisfies the re-
lationship p = [ ppd. If the energy is distributed in a finite
region near @, then & (@) should be replaced by ¢ (o):

Po = P9 () = 1eE39 (@)

1
Enzsoqub (o).

(16b)

The additional energies H’ induced by electric and magnetic
dipole pe and pp, in the time-dependent electromagnetic field
are

H. = pe- E = Eycos O e, a7n
Hpn = pim - B. (18)

With Eq. (13), equation (18) is written as

H;]:\//.LsumEcosezEcoseﬁ,um. 19)
¢
Consider a transition from the initial state |Ii) (i =1,...,g)

with lower energy E; to |Ff) (f = 1,...,gr) with higher en-
ergy Er. Where i and f are used to disignate degenerated
states, the transition probability caused by the electric or mag-
netic dipole should be written with respect to angle frequency
o according to Eq. (2.4.7) in Ref. [6]:

Wis (@) = 2—7;2|<Ff| H I (0 —arF),  (0)

where the 0 function in the reference has been replaced with a
profile function ¢, w;r = (Er —Ej)/h, h = h/2n, his Planck’s
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constant, & is the dielectric constant in vacuum. For randomly
oriented dipoles, mean value (cos8) over all dipole orienta-
tions is 1/3, so substituting Eq. (16), (17), or (19) into Eq. (20)
gives

Wis (@) (FFlO) po(0—or), (21a)

— T |
3n2egh?

with O = e for the electric dipole and 0= “ U for the mag-

netic dipole. Equation (21a) implies the following equations:

Wir (0) = Woo (0 — ayr),

T A 2
Wo= —"_|(FflO 1),
0 3n2€0h2\< flOl)|p

/Wif(w)da):WO.

For convenient comparison, we can substitute Eq. (2¢) into
Eq. (21a), yielding

2m? A2
Wif:WKFf‘OVM po(V—vir), (21b)
which corresponds to Eq. (2.4.30) in Ref. [6]
27T2 2
W= WW pgi(v—vo). (21¢)

It can be seen that the right side of either Eq. (21a) or (21b) is
equal to that of Eq. (21c¢), but all of them should be integrated
versus @ in order to obtain the total transition probability

Wo = /de:/Zanv

4m3
= W|N|2P/8t("_"0)d"
47

2
= 3n280h2 |1u'| pP-

If we want to know the total value Wy of W by integrating (21c)
versus V directly on both sides, W should be written as

47T3 2
W(v)—2nW—W\u\ pg(v—vo). (22)

In fact, this has been proved in Section 2; the factor 27 is from
the condition that equation (21c) should be integrated against
o, even though it contains the profile function g; (v — vp). Fur-
thermore, there exists a difference of a factor of 27 in the ab-
sorption probability formulae (24a)—(24d), (28), and emission
probability formulae (30a)—(30c) in the following contexts.

Consider that the local electric field correction Ey for the
electric dipole transition should be multiplied by a correct fac-
tor ' in Egs. (21a)-(21c). According to Egs. (17) and (19) in
Ref. [7], for an electron in a cubic insulator lattice site with
relative permittivity &, ' should be

&+2  n*+42
X = 3 37 o
1, for magnetic dipole.

for electric dipole, (23)

Then the average transition rate Wy of |Ii) — |F f)| is

T x’z

" 3nlegh® &1
<Y N FFON po (0 — ). (24a)

1 2
Wir(w) = =Y . x"W,.
IF( ) Py Z,’fx if

Furthermore, n is separated from O to form a medium correc-
tion coefficient for the magnetic dipole transition, and equa-
tion (24a) is written as

T X a2
Wik (0) = ——— 2 (Fflalli o — @), (24b
1 (0) = S 2 T A 1) o (0 orr) 24t
2
(n*+2) L
=3 o9 for electric dipole, (25)
n?, for magnetic dipole,

for electric dipole,

e,
0 — 1 2
2 { Hm _ @£ (L+28), for magnetic dipole, °®
c c

eh
2m

and mass of an electron, 7 is Planck’s constant divided by 27,

where U = 5~ is the Bohr magneton, e and m are the charge
and L and S are the orbital and spin momentum operators.
According to the conclusion in Section 2, W;r can be written
in terms of frequency or wavelength immediately as

T X
Wir (V) =2aWg; (0) = —— =
e (V) PO = S e &
x Y NEFIRID PP (v—vie),  (24c)
2mc T X
Wir(A) = —Wp(0) = —— =
i (4) A2 P1 (@) 3n2egh® g1
XY NEFIRIDPPO A —Np),  (24d)
where Ajp = EFthI' Consider the relationship
Wir = Brrp, 27)
Bir (0) = —— 2 Y [(FAOI ¢ (0~ arr), (28)
3n2egh? g1 =i

and the Einstein relation

AFI hw3n3

Bir _ sr ho’n
BF[ w23’

= (29)

Brr g1’
where B;r is Einstein’s stimulated absorption coefficient, Ar;
is Einstein’s spontaneous emission coefficient, Br; is Ein-
stein’s stimulated emission coefficient. Then the spontaneous

emission transition probability A;r can be written as

ho’n’ g 1 20° ny
A =" Y w,=—"_T4
r1 (@) n2c gr g Z”f Y7 3e0hed g
x Y NFflAl)Pe (@ —or),  (30a)
1673v3 ny
A = 27A = i
r1 (V) mAr1 (@) 3ephc3 gr
XY (EF RO (v—vir),  (30b)
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27c 1673 ny
AFI(A') = ﬁAFI(a)) = 380hl3 g7

XY NEFLAIPS (A =2F).  (300)

It is usually to call S line strength with dimension m?, whose
value is

ok
= Ly \EARIT

e

Sir = Sr1 31

3.2. Absorption coefficient and emission cross section
3.2.1. Absorption coefficient

The ion number variation rate in E; caused by the stim-
ulated absorption, stimulated and spontaneous emission be-
tween |Ii) and |F f) is given by

AN AN N pwBr (©) — NipoBir (©)
N A FPwDFI 1PwbIF
+Ar (0)Np, (32)

where Ny is the absorption ion center number in the volume
passed by light beam per unit time. For a general absorption
measurement, Np < Ny,

— & 7N]p ((D)B]F ((D) (33)

Assume a light beam with cross section A and intensity (o),
which is the energy passing through A per unit time, passes
through a medium by Al = ¢/n and decreases by —AI(®) per
unit time, then

AN; = —NpoBir (), (34a)
1(©) = SApo, (34b)
n

—Al () = —ANjho. (34¢)

The absorption coefficient is defined as

—Al()
OoF ((D) = I((!))Al . (35)

Substituting Eqs. (34a)—(34c) into Eq. (35) gives
NipoB h N:B h

ur (@) = 0oBir (O)h0_ aNBir (@)h0 56,

c
— c
nAp(a))Al

where N; is the absorption ion concentration,
_ N
OAAL
Substituting Eq. (28) into Eq. (36) leads to
TON; %

- 3nceph gg Zif (FflO |Ii>|2¢ (0 — o). (37a)

oF ((D)

According to the conclusion in Section 2, the following equa-
tion can be written immediately:

A3VN; x

= 2 = —
ar (V) T (@) 3nceoh g1

<Y MEFOUN o (v—vir),  (37b)

2me A3N; x
A’ = — = ! —
oir ( ) oir (60) 31’180/’!1 g1

A2
L | EAOUNG (2~ Aar). (7o)

oyr (@) can be measured experimentally and is labeled as
o (@) here; then integrate (37¢) against A4 directly, take 1/

as a constant and 1/ A for a sharp absorption band; then

2m%AN; % .

=Yy |(F 1i
3ngoch g; Z,f|< f1011i)
B aneziNié
~ 3negchd g

2
|

[ ait* (@) an =
S[F. (3821)

Based on Einstein’s relationship and Eq. (38a), Ar; can be ob-
tained from the absorption spectrum integral as

STCC”Z 81 ex]
Apr = —— —/a P(w)dA.
FI NA* gr ir (©)

(38b)

3.2.2. Emission cross section

For laser operation, spontaneous radiation does not need
to be considered, so equation (32) is changed to

AN AN,
A _TtF = NppoBri (@) — NipwBir (®)
= (NF - ‘ZM) PwBr (0), (39)

Like the absorption coefficient, the emission coefficient or
gain coefficient f§ is defined as

_ Al(w)
B (@) = 7051 (40a)
—ANf = <NF - ‘ZNI) poBri(®),  (40b)
Al (0)= —ANfpho. (40c)
Substitute Egs. (34b), (40b), (40c) into Eq. (40a),
(NF — ?N]) p ((D)BFI ((1)) hw
Bir (©) = L
;Ap (w)Al

_ anB[:[(CO) Fl(!)’ (40d)

c

where
Ny = (NF - gFN,)/(AAl),
81
which is the inversion activator number per unit volume. The
emission cross section is defined as

_ Bir(®)  nBr(®)ho
N Nf o C )

GF[(CO) (41a)

Substituting Eq. (28) into Eq. (41) gives

om0 X
- 3nceoh gr

or; () o ((ESI AN (0 —arF). (41b)
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Using Einstein’s relationship Eq. (29), or; (®) can be written

as
2.2 2
Tec C
O, w) = ——A w)=-—-A (0]
F1(0) = 5 5 AF(0) = 55 ArH (@)
A2 A2

= mAp[ (a)) = mAqu’ (CO) (41C)

Substituting Egs. (2b) and (2¢) into Eq. (41c), we obtain

A2 A4
WAFW (v)= WAFW 1),

which is the F-L formula. Note that A in Eq. (41a)-(41d) is
the wavelength in vacuum, and if we want to know the emis-

OFJ ((D) = (41d)

sion cross section integral value X;r, all of them should be
integrated against @, giving

Tw X a2
Y = do = =) KF I
= [on(@do= 2 XY Al
),2
= mAF,7 (41e)

which is the amplitude of the emission cross section and can
be multiplied by a profile function to give its distribution in
frequency, wavelength, or angle frequency space. Compar-
ing (41e) with Eq. (2) in Ref. [8], we find that the integrated
emission cross section Y. (¢, ) is unreasonable:

12

87n3c

Y (.B) E/G(V)de A(aB).

3.3. Related aspects of full profile fitting of the emission
spectrum

If the emission spectrum Z (1) of a rare earth ion is fitted
by the full profile method, Z (1) is described by!*!

Z(A) EZLF 1A (A9, Ay Mip, W) Vir. (42)

According to the conclusion in Section 2, Vir CjA;r (Afp)
should have the same value and is independent of the variable
type of ¢, so the intensity Z should have the same expression
and the same A;‘p should be obtained regardless of whether the
emission spectrum is described with wavelength, frequency or
angle frequency.

4. Conclusion

A physical quantity Q such as absorption and emission
that can be expressed as a product of amplitude and a pro-
file function with variable wavelength, frequency, or angle fre-
quency has the same distribution expression and amplitude Qg
in any of these variable spaces, and the profile function value
is normalized in the respective space. Optical transition for-
mulae about emission and absorption were deduced, and the
related confusions were clarified.
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