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The existing magnetomechancial models cannot explain the different experimental phenomena when the ferromag-
netic specimen is respectively subjected to tension and compression stress in the constant and low intensity magnetic field,
especially in the compression case. To promote the development of magnetomechancial theory, the energy conservation
equation, effective magnetic field equation, and anhysteretic magnetization equation of the original Jiles–Atherton (J–A)
theory are elucidated and modified, an equation of the local equilibrium status is employed and the differential expression
of the modified magnetomechancial model based on the modified J–A theory is established finally. The effect of stress
and plastic deformation on the magnetic parameters is analyzed. An excellent agreement is achieved between the theoretic
predictions by the present modified model and the previous experimental results. Comparing with the calculation results
given by the existing models and experimental results, it is seen indeed that the modified magnetomechanical model can
describe the different magnetization features during tension-release and compression-release processes much better, and
is the only one which can accurately reflect the experimental observation that the magnetic induction intensity reverses to
negative value with the increase of the compressive stress and applied field.
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1. Introduction
Because of the combined action of geomagnetic field

(about 40 A/m), stress–strain, and change in material mi-
crostructure, a self-spontaneous leakage magnetic field will be
formed on the surface of the stress concentration or plastic de-
formation region in the ferromagnetic material. Based on this
effect, the Russian researcher Dubov first proposed the con-
cept of metal magnetic memory (MMM) in 1994,[1] and put
forward the MMM technique in the 1998 fiftieth International
Conference on welding.[2] As a new nondestructive detection
method, which can effectively detect the early damage and
assess the development trend of fatigue damage, it has been
widely studied by the European and Chinese scholars.[3–7]

Essentially, the MMM effect is a result of the magnetome-
chanical effect, which is the change of magnetization resulting
from the application of stress in the constant and low intensity
field. Because of its complexity, lots of theoretical and ex-
perimental studies have been carried out.[8–11] Among them,
Jiles and Atherton assumed that the main effect on the mag-
netization of the ferromagnetic material caused by cycling the
applied stress is an irreversible change in the prevailing mag-
netization towards the anhysteretic magnetization Man, which
is named the approach law, and the bulk magnetization M is

the sum of a reversible component Mrev and an irreversible
component Mirr. Finally, they established the famous Jiles–
Atherton (J–A) theory.[12–14] Then, based on the J–A theory,
Sablik[11,15] and Jiles[16] took the elastic stress as an equiv-
alent field Hσ and established the primal J–A–S model for
the magnetomechanical effect, but the theoretical and exper-
imental studies of them mainly focus on analyzing the mag-
netization due to a changed magnetic field under the constant
stress or deformation, not the magnetization along with the
changed stress in the constant magnetic field. In order to make
the magnetomechanical model suitable for the magnetization
along with the stress in the constant magnetic field, Sablik[17]

employed two different relaxation constants ζa and ζr respec-
tively for loading and releasing stress processes, and modified
the approach law to improve the accuracy. Li et al.[18,19] ap-
plied the Rayleigh law to the stress, as well as a new linear
stress-dependent term σ ±ηE to improve the agreement near
zero stress. During the stage of plastic deformation, Leng,[4]

Wang,[5] Li,[6] Jiles,[20] Sablik,[21,22] Lo,[23] et al. analyzed
the effect of plastic deformation and stress on the parameters,
such as pinning constant k and coupling coefficient α , and de-
rived different magnetomechanical models for plastic defor-
mation.
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As for the approach law of the original J–A theory, the
Man is a global equilibrium status, it only happens when the
magnetization is on the major hysteresis loop or initial mag-
netization curve. However, in the constant and low intensity
field, the magnetization is on the minor hysteresis loop, and
the application of stress induces change in magnetization to-
ward the local equilibrium status Mo, so the approach law of
Man cannot be directly applied to model the magnetomechani-
cal effect in the constant and low intensity field.[24–26] In order
to solve this problem, Xu[27] established an equation of Mo and
derived the J–A–F model at elastic deformation stage. Nev-
ertheless, the calculated results of the J–A–F model are only
in agreement with the experiment results during the tension-
release process, and cannot reflect the experimental observa-
tion that the magnetic induction intensity Be reverses to a neg-
ative value with the increase of the compressive stress and the
external field. Additionally, there are also some mistakes in
the existing models, such as having Man confused with M.

The objective of this paper is to systematically identify
and modify the inaccuracy of the energy conservation equa-
tion, effective magnetic field equation, and anhysteretic mag-
netization equation of the original J–A model and to develop
a modified magnetomechanical model in the constant and low
intensity magnetic field, which is suitable for both tension-
release and compressive-release processes.

2. Modification of the J–A theory
The key parts of the J–A theory are the energy conser-

vation equation, the effective magnetic field equation, and the
anhysteretic magnetization equation. However, there are sev-
eral queries about them by analyzing the classic papers intro-
ducing the J–A theory. So it is necessary to determine which
expressions are reasonable.

2.1. The energy conservation equation

As is known, there are defects, irregularities of crystalline
lattice defects, impurities, etc. within the ferromagnetic mate-
rial, which hamper the movement of the domain wall, resulting
in the hysteresis loss. According to the law of conservation of
energy, the total magnetization energy is equal to the anhys-
teretic energy which would be in the ideal or unpinned case
minus the hysteresis loss due to the pinning effect. By ana-
lyzing three different forms of energy conservation equation
in the classic papers [11], [13], and [28], it is concluded that
it is inaccurate to replace Mirr with M to calculate the hys-
teresis loss in Ref. [11], and unreasonable to regard the irre-
versible magnetization energy as the total magnetization en-
ergy in Ref. [13]. Additionally, Jiles added (1− c) without a
clear interpretation to the hysteresis loss, and there is also a
mistake replacing Be with He in Ref. [28]. Consequently, the

correct expression of the energy conservation equation should
be ∫

MdBe =
∫

Man dBe−δk
∫ ( dMirr

dBe

)
dBe. (1)

Differentiating Eq. (1) leads to

M = Man− kδ
dMirr

dBe
= Man−

kδ

µ0

dMirr

dHe
. (2)

2.2. The effective magnetic field He

The notion of effective magnetic field He plays a crucial
role in the J–A theory, and the effect of the applied stress is
represented by an equivalent field Hσ in the model of effective
magnetic field He.[16] However, there is a discrepancy in the
definition of the equivalent field Hσ among different authors:
some of them claimed that the applied stress σ should be em-
ployed to calculate Hσ , such as Sablik in Ref. [11]; some of
them assumed that the σ should be replaced with the residual
stress σr, such as Leng in Ref. [4] and Sablik in Refs. [22]
and [29]; and the others introduced the decomposition of Hσ

into the magneto-elastic Hσe induced by elastic deformation
and the magneto-plastic Hσp induced by plastic deformation,
such as Wang in Ref. [5] and Li in Ref. [6]. Moreover, which
one of Man and M should be applied to He also remains a point
of divergence.

Actually, depending on the situation, He should be dis-
criminated between He(Man) and He(M), where He(Man) is the
anhysteretic effective magnetic field for anhysteretic calculat-
ing, and He(M) is the hysteretic effective magnetic field for hys-
teretic calculating. So the He could be respectively written as

He(Man) = H +αMan +Hσ(Man)

= H +αMan +
3σ

µ0

[
(r1(0)+ r′1(0)σ)Man

+2(r2(0)+ r′2(0)σ)M3
an
]
, (3)

He(M) = H +αM+Hσ(M)

= H +αM+
3σ

µ0

[
(r1(0)+ r′1(0)σ)M

+2(r2(0)+ r′2(0)σ)M3]. (4)

2.3. The anhysteretic magnetization Man

For the description of the anhysteretic magnetiza-
tion, Jiles and Sablik have applied the modified Langevin
function[15–20]

Man = Ms

[
coth

(
He(M)

a

)
− a

He(M)

]
. (5)

Nevertheless, some researchers claimed that the anhysteretic
magnetization should be given as an implicit of itself[21,22,30]

Man = Ms

[
coth

(
He(Man)

a

)
− a

He(Man)

]
. (6)
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According to the physical definition of Man, it can be con-
cluded that the curve of Man along with the changed magnetic
field H or stress σ should be a single value curve without hys-
teretic loop. It can be easily noticed that the assumption of the
definition given by Eq. (5) leads to the conclusion that even
the anhysteretic curve itself reveals hysteresis with respect to
the stress σ , which is inconsistent with the physical definition
of the hysteresis magnetization, as shown in Fig. 1(a). On the
contrary, it is obvious that the calculated result of Eq. (6) is
reasonable, as shown in Fig. 1(b), so equation (6) is the proper
one.

Stress/108 Pa

-1.0 -0.5 0 0.5 1.0

M
a
n
/
1
0

5
 A
Sm

-
1

M
a
n
/
1
0

5
 A
Sm

-
1

0

0.5

1.0

1.5

2.0

2.5

3.0
H=26 A/m
H=80 A/m
H=132 A/m

(a)

Stress/108 Pa
-1.0 -0.5 0 0.5 1.0
0

0.5

1.0

1.5

2.0

2.5

3.0

H=26 A/m
H=80 A/m
H=132 A/m

(b)

Fig. 1. (color online) Comparison between (a) Eq. (5) and (b) Eq. (6)
for anhysteretic magnetization Man.

3. Modification of the magnetomechanical
model

3.1. The local equilibrium status Mo

The existing magnetomechanical models established by
Sablik, Jiles, Leng et al. are all based on the global equilib-
rium status Man. From the microcosmic perspective, the global
equilibrium status Man is the case of ideal crystal in which the
domain walls move until they reach thermodynamic equilib-
rium without any pinning site obstruction. However, accord-
ing to the results of the experiment, the application of stress
in a constant and low intensity magnetic field induces change
in magnetization toward a local equilibrium status Mo, which
should be a stabilized loop around the anhysteretic magnetiza-

tion curve, as shown in Fig. 2. So Mo can be taken as a middle
status from M to Man. In contrast with status Man, Mo must
have some pinning sites in the crystal structure of the material,
and the pinning coefficient k1 is employed to characterize the
pinning loss from Mo to Man. The smaller the k1 is, the less the
amount of pinning sites that cannot be overcome is, the closer
the Mo is to Man, indicating that the hysteresis loss is less from
Mo to Man.
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Fig. 2. (color online) The experimental hysteresis loops during different
stress cycles in Figs. 4 and 5 of Ref. [31]: (a) cycles 500–505, (b) cycles
1600–1650.

Consider the energy balance from Mo to Man
[27]

∫
Mo dBe =

∫
Man dBe−

∫
δk1 dMo+

∫
(Man−Mo)dW

η
, (7)

where
∫

Mo dBe is the magnetization energy at the local equi-
librium status,

∫
δk1 dMo is the hysteretic loss due to the pin-

ning effect from Mo to Man, k1 is the pinning coefficient from
Mo to Man, which mathematically controls the amount of pin-
ning sites that cannot be overcome by applying a stress in
low magnetic field,

∫
(Man−Mo)/η dW is the inelastic energy

loss, η is the coefficient with the dimensions of the energy per
unit volume, and W is the elastic energy per volume. Differ-
entiating Eq. (7) leads to

Mo dBe = Man dBe−δk1 dMo+
(Man−Mo)dW

η
. (8)

Because Be = µ0He, W = σ2/2Y , replacing Man with Mo in
Eq. (3) and solving Eqs. (3) and (8) simultaneously give
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dMo

dσ
=

1
δk1

(Man−Mo)

{
3
[(

r1(0)+2r′1(0)σ
)

Mo +2(r2(0)+2r′2(0)σ)M3
o

]
+

1
η

σ

Y

}
1− µ0

δk1
(Man−Mo)

{
α +

3σ

µ0

[(
r1(0)+ r′1(0)σ

)
+6(r2(0)+ r′2(0)σ)M2

o

]} . (9)

With the model parameters of Fig. 9 in Ref. [16], and by
taking k1= 1,2,5, σ = −100 MPa to 100 MPa, the Mo varia-
tion with stress is shown in Fig. 3.
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Fig. 3. (color online) The Mo–σ curves with different k1 when H =
40 A/m.

It can be seen that the curve of Mo–σ is a loop around the
curve of Man–σ . With the increase of k1, the curve of Mo–σ is
far away from the curve of Man–σ , and the enclosed area in-
creases, indicating a larger energy loss from Mo to Man, which
is nicely coincident with the theoretical predications above and
the experimental results show that the magnetization caused by
stress is moving towards a stabilized loop, as seen in Fig. 3.

3.2. The modification of magnetization M

According to the modified energy conservation equation
in Subsection 2.1, by replacing the Man with Mo in Eq. (3), the

energy conservation equation from M to Mo is∫
MdBe =

∫
Mo dBe−δk2

∫ ( dMirr

dBe

)
dBe, (10)

where k2 is the pinning coefficient from M to Mo. Differenti-
ating and ordering Eq. (10) give

dMirr

dHe
=

µ0

k2δ
(Mo−M) . (11)

Because M = Mrev +Mirr and Mrev = c(Mo−Mirr),

M = cMo +(1− c)Mirr. (12)

Differentiating Eq. (12) leads to

dMirr

dσ
=

1
1− c

(
dM
dσ
− c

dMo

dσ

)
. (13)

Differentiating Eq. (4) leads to

dHe

dσ
=

{
α +

3σ

µ0

[(
r1(0)+ r′1(0)σ

)
+6(r2(0)+ r′2(0)σ)M2

]}
dM
dσ

+
3
µ0

[(
r1(0)+2r′1(0)σ

)
M

+2(r2(0)+2r′2(0)σ)M3
]
. (14)

The combination of Eqs. (11), (13), and (14) leads to the dif-
ferential magnetization susceptibility

dM
dσ

=

− 3
kδ

(Mo−M)
[(

r1(0)+2r′1(0)σ
)

M+2
(

r2(0)+2r′2(0)σ
)

M3
]
− c

1− c
dMo

dσ{
µ0

kδ
(Mo−M)

{
α +

3σ

µ0

[(
r1(0)+ r′1(0)σ

)
+6(r2(0)+ r′2(0)σ)M2

]}
− 1

1− c

} . (15)

Solving Eqs. (3), (4), (6), (9), and (15) simultaneously by
using the standard variable-step Runge–Kutta method, the M
changing with σ can be determined in the constant and low
intensity field.

3.3. The interrelating effects of plastic deformation and
stress on the model parameters

Figure 4 shows the stress against strain (ε = ∆L/L0).[21]

It is seen that starting from zero applied stress, the deformation
is increased linearly as the stress is increased. Once the yield
stress σy is reached and the applied stress σf continues to in-

crease, the deformation is increased nonlinearly from εy until
some final deformation εf is reached. The deformation εf− εy

we shall call εp, the plastic deformation after yield. The differ-
ence σf−σy is known as the strain hardening stress σF, which
is the part of stress producing plastic deformation, resulting in
the increase of dislocation density ζd . According to the ex-
perimental result of the x-ray test, the relationship between ζd

and σF is[21]

ζd =

[(
|σF|

αkGb

)
+ζ

1/2
d0

]2

, (16)
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where αk is a constant which is given as 0.76, G is the spec-
imen shear modulus as given by G = Y/2(1+ v), Y is the
Yang’s modulus, v is the Poisson’s ratio, b is the appropriate
Burgers vector magnitude for the specimen’s dislocations, and
ζd0 is the initial dislocation density prior to plastic deforma-
tion.
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Fig. 4. (color online) Schematic diagram of tensile stress–strain curves
for ferromagnetic materials. Applying a stress σf (σf > σy) to a spec-
imen, the specimen deforms elastically and linearly up to yield stress
σy, and then deforms plastically to strain εf, and the plastic deforma-
tion εp = εf− εy, in which εy is the strain at the yield point. After it is
relaxed, the strain returns elastically to a residual strain εr.

With the change of stress and plastic deformation, the pin-
ning coefficient k2, scaling constant a and coupling coefficient
α would be changed as follows:[6,21,23]

k2 = kε + k′σ , (17)

kε =

[
G1 +

G2

d

]
ζ

1/2
d k0, (18)

a =

[
G3 +

G4

d

]
ζ

1/2
d a0, (19)

α = q1 ln
(
q2εp +q3

)
, (20)

where kε is the pinning coefficient related to dislocation, and
will increase with the increase of plastic deformation, k0 =

n〈επ〉/2µ0m. k′ =−3/2mλs, m is a constant, λs is the satura-
tion magnetostriction constant, k′σ indicates that the pinning
effect will decrease with the increase of stress. a0 is the initial
scaling constant. d is the grain size. q1, q2, q3 are the material
constants.

4. The result of modification
Consider the model parameters of Fig. 9 in paper [16],

and take k1= 3, kε = k0= 2000, m= 0.2, λs= 1.5×10−5, µ0 =

4π×10−7 N/A2, Ms = 1.71×106 A/m, α = 8.44× 10−6,
η = 605, αk = 0.76, r1(0) = 2×10−18 A−2·m2, r′1(0) =−1.5×
10−25 A−2·m2·Pa−1, r2(0) = −2 × 10−30 A−4·m4, r′2(0) =

5× 10−38 A−4·m4·Pa−1, c = 0.1, G1 = G3 = 0.81× 10−6 m,
G2 =G4 = 3.8×10−12 m2, a0 = 600 A/m, k0/µ0 = 500 A/m,
d = 1× 10−6 m, C11 = 2.863× 1011 N/m2, C12 = 1.41×
1011 N/m2, q1 = −2.15566 × 10−4, q2 = 62.5447, q3 =

0.0618315. The magnetic induction Be calculated by the mod-
ified model is shown in Fig. 5(e) when the external field is
26.4 A/m, 80 A/m, and 132 A/m.

Comparing with the results calculated by the existing
models and the experimental results of No. 2 specimen in pa-
per [32], we obtain the following results.

(i) According to the experimental results, the variation of
Be during the tension-release process is much more signifi-
cant than that during the compression-release process, and the
residual Be after the tension-release process is much stronger
than that after the compression-release process. The models
established by Li and Xu and the modified model can describe
the significant difference effectively, while Jiles’ model can-
not.

(ii) During the tension-release process, with the increase
of the stress, the magnetic intensity Be increases at first, then
drops much slower for tension than for compression; the larger
the external magnetic field H is, the more obvious the phe-
nomenon is. It is at about 60 MPa that it reaches the maximum
during tension. As shown in Fig. 5(c), it is at about 50 MPa
where Li’s model shifts into a reversal and the decaying rate
of Li’s model is much higher than that of the experimental re-
sult. In contrast, the results calculated by the Jiles, Xu, and the
modified models can reflect this feature accurately.

(iii) During the compression-release process, the Be

firstly increases and then decreases along with the increase
of the stress. When H = 26.4 A/m, the experimental values
are all positive; while when H = 80 A/m and 132 A/m, parts
of the testing data are lower than zero, and with the applied
field H increasing, the experimental Be decreases to negative.
However, the theoretical predictions of magnetic intensity Be

by Jiles’, Li’s, and Xu’s models are all positive, and the mag-
netic intensity Be increases with the increase of the applied
field H, which is contrary to the experimental phenomenon.
In comparison, it can be seen that the theoretic predictions by
the modified model are in considerably good agreement with
the test data, particularly in the compressive situation, and the
modified model is the only one which can describe the exper-
imental phenomenon correctly.

(iv) Additionally, because the calculated result is very
sensitive to the parameters,[24] the slope of the Be–σ curve
calculated by the modified model is much smaller in ascend-
ing and greater in descending than that of the experimental
results when taking the same parameters of Fig. 9 in pa-
per [16]. The problem can be solved by optimizing the re-
lated parameters. For example, the genetic algorithm (GA)
is employed to optimize r1(0), r′1(0), r2(0), and r′2(0), and the

objective function is defined as MSE = ∑i (Xi− xi)
2/∑i x2

i ,
where Xi is the calculated Be by the presented modified model,
xi is the experimental Be, and i denotes the correspond-
ing data point number. When r1(0)= 3.4×10−18 A−2·m2,
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r′1(0)=−1.5×10−26 A−2·m2·Pa−1, r2(0)=−15×10−30 A−4·m4,

r′2(0)= 5×10−39 A−4·m4·Pa−1, the MSE reaches its minimum,
indicating that the calculated error between the calculated Be

and the experimental results is least, and the theoretic results
are in better agreement with the experimental results, as shown
in Fig. 5(f).
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Fig. 5. (color online) Comparison of the different results given by the modified model, the original models, and the experiment. (a) The testing
results of No. 2 specimen in paper [32]. (b) The results of Jiles’ model in Fig. 9 of paper [16]. (c) The results of Li’s model in paper [6]. (d)
The results of Xu’s model in paper [27]. (e) The result of the modified model. (f) The result of the modified model after optimizing parameters.

Based on the analysis above, it is concluded that the mod-
ified model can describe the experimental observation of the
magnetomechanical effect in the constant and low intensity
field much better than the existing models, and the modifica-
tion is reasonable.

5. Conclusion

In this study, the simultaneous equations of the modified
magnetomechanical model in the constant and low intensity
field are established by modifying the J–A theory and employ-

ing the equation of Mo. Comparing with the results calcu-

lated by the existing models, the modified magnetomechani-

cal model can describe the different magnetization features in

tension-release and compression-release processes much bet-

ter, and is the only one which can reflect the experimental

observation that the magnetic induction intensity reverses to

negative value with the increase of the external field and com-

pressive stress effectively. Nevertheless, in order to make the

modified model more accurate and effective, future work shall

be aimed at optimizing the related parameters.
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