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Buckling analysis of nanobeams with exponentially varying
stiffness by differential quadrature method
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We present the application of differential quadrature (DQ) method for the buckling analysis of nanobeams with ex-
ponentially varying stiffness based on four different beam theories of Euler–Bernoulli, Timoshenko, Reddy, and Levison.
The formulation is based on the nonlocal elasticity theory of Eringen. New results are presented for the guided and simply
supported guided boundary conditions. Numerical results are obtained to investigate the effects of the nonlocal parameter,
length-to-height ratio, boundary condition, and nonuniform parameter on the critical buckling load parameter. It is observed
that the critical buckling load decreases with increase in the nonlocal parameter while the critical buckling load parameter
increases with increase in the length-to-height ratio.
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1. Introduction

Proper knowledge of mechanical properties is quite im-
portant in the design of various kinds of materials.[1–3]

Due to their excellent physical, mechanical, and electri-
cal properties,[4] nanostructures have attracted much atten-
tion among the scientists/researchers to develop innovatory
applications in the field of nanomechanics. Proper un-
derstanding of their mechanical behavior is a key factor
in the production of such engineering structures. Among
these nanostructures, nanobeams attract more attention due
to their great potential in engineering applications such as
nanowires, nanoprobes, atomic force microscope (AFM), nan-
otube resonators,[5] nanoactuators,[6] and nanosensors. When
nanostructure elements are subjected to compressive in-plane
loads, these structures may buckle. Previously researchers
have proposed that the surface stress itself can induce the
buckling of a nanobeam with large deformation.[7] Figure 1
shows a schematic of buckling of a nanobeam with large de-
formation.
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Fig. 1. (color online) Schematic of the buckling process of a nanobeam
accompanied with surface stress variation.[7]

For a proper design of nanobeams, it is important to ac-
curately predict the buckling characteristics of the nanobeams.
The most challenging area in the field of nanomechanics is
the study of structures at very small length scales. When
the structures are of nanoscale size, classical continuum theo-
ries cannot accurately predict the mechanical behavior of such
structures. Hence various size-dependent continuum theories
such as strain gradient, couple stress, micropolar, and non-
local elasticity have been developed to capture the size ef-
fects. Among these theories, the nonlocal elasticity theory
proposed by Eringen[8] has gained much attention among the
researchers because of its efficiency and simplicity to analyze
the behavior of nanostructures. Applications of nonlocal con-
tinuum mechanics can be found in the areas of lattice disper-
sion of elastic waves, fracture mechanics, dislocation mechan-
ics, wave propagation in composites, etc. It has been observed
that the results obtained by the nonlocal continuum models
are different from those previously obtained by the classi-
cal continuum theories, which indicates the influence of the
size effects on the behavior of structures at nanoscale. There-
fore, inclusion of the size effects in the buckling analysis of
nanobeams is necessary. The presence of a nonlocal parame-
ter in the constitutive relation indicates the inclusion of small
scale effect. The nonlocal parameter has been calibrated using
molecular dynamics to find its actual values.[9,10] The effect
of the nonlocal parameter on the frequency and mode shapes
is significant in the case of nanobeams.[11] Various relevant
studies in the context of buckling analysis of nanobeams based
on the nonlocal elasticity theory are shown in the subsequent
paragraphs.

Buckling analysis of nano rods or tubes has been in-
vestigated analytically by Wang et al.[12] based on nonlo-
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cal Euler–Bernoulli and Timoshenko beam theories. Analyti-
cal results have been shown for four types of boundary con-
ditions (simply-supported (SS), clamped-simply-supported
(CS), clamped-clamped (CC), and cantilever (CF)). Reddy[13]

reformulated various nonlocal beam theories such as Euler–
Bernoulli beam theory (EBT), Timoshenko beam theory
(TBT), Reddy beam theory (RBT), and Levison beam the-
ory (LBT) based on the nonlocal elasticity theory and ana-
lytical results have been shown for SS nanobeams. Static
nonlinear postbuckling response of nanobeams has been stud-
ied analytically by Emam[14] and the results show that as the
nonlocal parameter increases, the critical buckling load re-
duces while the amplitude of buckling increases. Analytical
methods have also been used in some of the studies[15–20]

related to nanobeams. One of the numerical methods, the
Rayleigh–Ritz method, has been employed in most of the
studies such as the buckling analysis of single-walled car-
bon nanotubes in thermal environments,[21] bending, buck-
ling, and vibration problems of nonlocal Euler beams,[22]

buckling analysis of single-walled carbon nanotubes subjected
to different boundary conditions,[23] free vibration of non-
homogeneous Timoshenko nanobeams,[24] free vibration of
rectangular nanoplates,[25] etc. A differential transformation
method has been applied by Pradhan and Reddy[26] to pre-
dict the buckling behavior of a single-walled carbon nanotube
(SWCNT) embedded on a winkler foundation. Sahmani and
Ansari[27] developed a state-space method to study buckling of
nanobeams based on Euler–Bernoulli, Timoshenko, and Levi-
son beam theories. The effect of temperature on the buckling
analysis of SWCNTs embedded in an elastic medium has been
investigated by Narendar and Gopalakrishnan.[28] The nonlo-
cal shell model has been used by Yan et al.[29] to study the non-
local effect on axially compressed buckling of triple-walled
carbon nanotubes under the influence of temperature. Some of
the studies in context of buckling of single-layered graphene
sheets based on plate theories were presented in Refs. [30]–
[33].

Structural members with variable cross section are fre-
quently used in civil, mechanical, and aeronautical engineer-
ing to satisfy architectural requirements. In practical cases
such as space structures, this type of buckling analysis plays
an important role in design. Many engineers currently design
light slender members with variable cross sections to construct
ever-stronger and ever-lighter structures. Unfortunately, de-
sign engineers are lacking proper knowledge on the design of
nonuniform structural elements since most of the design spec-
ifications are available for uniform elements. Hence there is a
need for buckling analysis of nonuniform structural elements.
The structural design must ensure the stability of the initial
equilibrium shape to evaluate correctly the critical loads cor-
responding to neutral and unstable equilibriums. Many struc-
tural elements have variable flexural rigidity which may be due

to different reasons (technological, economical, etc.) and the
present paper studies buckling analysis of such nonhomoge-
neous nanobeams.

Since conducting experiments with nanoscale size is quite
difficult, so efforts are always being made by the researchers
to develop efficient numerical or analytical methods for ob-
taining better results. The literature reveals that analytical
methods have been used in most of the studies. However, it
is not always possible to obtain analytical solutions for com-
plicated geometries. Researchers have developed a few nu-
merical methods in the buckling analysis of nanobeams. One
must have sound knowledge about variational principles for
applying numerical methods such as finite element method
and Rayleigh–Ritz method. Again, subsequent application of
variational principles often requires a proper understanding of
principles of mechanics. This has motivated the search for an
approximate computational technique for the direct solution
of problems without recourse to variational principles. In this
context, one may use the differential quadrature method.

The differential quadrature (DQ) method was introduced
by Bellman and Casti[34] for the first time. This is an effi-
cient numerical method for the solution of linear and nonlin-
ear partial differential equations. Then Bert et al.[35] applied
the DQ method in structural problems. Since then, researchers
have been investigating linear and nonlinear structural prob-
lems using the DQ method. Different procedures have been
used by the authors to implement the boundary conditions in
the DQ method. Firstly, the δ technique was proposed by
Bert et al.[36] to implement the boundary conditions. In this
procedure,[37] one boundary condition is implemented at the
boundary point and the other boundary condition is imple-
mented at a distance δ from the boundary point. There are
two major drawbacks to this approach. Firstly, since the im-
plementation of the boundary condition at the δ point is an
approximation of the true boundary condition which should be
implemented at the boundary, accurate numerical solutions lie
on the smaller value of δ . Secondly, smaller value of δ causes
the solutions to oscillate since the weighting coefficient ma-
trices become highly ill-conditioned. The above mentioned
approach is suitable for clamped ends but not suitable for
simply-supported and simply-supported-clamped. Seeing de-
merits of this approach, Bert[38–42] proposed a new approach
in applying the boundary conditions. In this approach, only
one boundary condition is numerically implemented and the
other boundary condition is built into the DQ weighting coef-
ficient matrices. The following are some of the advantages of
this approach. (i) The boundary conditions are properly sat-
isfied since they are applied at the boundary points, therefore,
better results may be obtained. (ii) The effect of δ on the re-
sults is eliminated. (iii) Excellent results are obtained with less
computational effort.
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On the other hand, the previous studies present investiga-
tions on the variable cross section in case of beams[43,44] and
a few in case of nanostructures.[45] In case of buckling analy-
sis of beams, the previous authors have used various ways of
nonuniform cross section. In practical situations, stiffness of
nanobeams may vary exponentially. To the best of the authors’
knowledge, till now, no work has been reported on buckling
analysis of nanobeams having exponentially varying stiffness.
It is also found that no literature on application of DQ in the
buckling analysis of nanobeams subjected to different bound-
ary conditions is available. In this article, the DQ method is
employed to investigate nonuniform cross section on buckling
analysis of nanobeams. Different beam theories such as EBT,
TBT, RBT, and LBT are taken into consideration. Govern-
ing equations are converted into a single unknown function.
Critical buckling loads are shown for various types of edge
conditions such as SS,CS, CC, guided, and SS-guided bound-
ary conditions. Effects of nonlocal parameter, nonuniformity,
beam theories, boundary conditions, and length–height ratio
have been investigated in this article.

2. Problem formulation
This study is carried out on the basis of four beam the-

ories: Euler–Bernoulli beam theory, Timoshenko beam the-
ory, Reddy beam theory, and Levinson beam theory. The
present formulation is based on the nonlocal elasticity the-
ory of Eringen.[8] Displacement fields, nonlocal constitutive
equations, and stress–strain relations of the beam theories are
well known and may be found in Ref. [13]. The governing
equations which are converted to a single variable form are
presented here. One should note that x, y, and z coordinates
are taken along the length, width, and thickness of the beams,
respectively (Fig. 2).
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Fig. 2. (color online) Uniform beam with rectangular cross section and the
coordinate system.

2.1. Euler–Bernoulli beam theory

The governing equation in terms of displacement may be
written as[13]

−EI
d4w
dx4 +µN̄

d4w
dx4 − N̄

d2w
dx2 = 0, (1)

where w is the transverse displacement, E is the Young’s mod-
ulus, I is the second moment of area, and N̄ is the applied
axial compressive force. It may be noted here that µ = (e0a)2

is the nonlocal parameter, where e0 and a denote the material
constant and the internal characteristic length, respectively.

2.2. Timoshenko beam theory

The governing equations for TBT nanobeams are given
by[13]

GAKs

(
dϕ

dx
+

d2w
dx2

)
− N̄

d2w
dx2 +µN̄

d4w
dx4 = 0, (2)

EI
d2ϕ

dx2 −GAKs

(
ϕ +

dw
dx

)
= 0, (3)

where ϕ is the rotation of the cross-section, G is the shear
modulus, A is the cross sectional area, and Ks is the shear cor-
rection factor. By eliminating ϕ from Eqs. (2) and (3), the
governing equations can be transformed into an uncoupled dif-
ferential equation as follows:

−EI
d4w
dx4 +EI

N̄
ksGA

d4w
dx4 −µEI

N̄
ksGA

d6w
dx6

− N̄
d2w
dx2 +µN̄

d4w
dx4 = 0. (4)

2.3. Reddy beam theory

In this case, the governing equations in terms of displace-
ments may be written as[13]

GÃ
(

dϕ

dx
+

d2w
dx2

)
− N̄

d2w
dx2 +µN̄

d4w
dx4 + c1EJ

d3ϕ

dx3

− c2
1EK

(
d3ϕ

dx3 +
d4w
dx4

)
= 0, (5)

EÎ
d2ϕ

dx2 − c1EĴ
(

d2ϕ

dx2 +
d3w
dx3

)
−GÃ

(
ϕ +

dw
dx

)
= 0, (6)

where (I,J,K) are the second, the fourth, and the sixth order
moments of area about the y axis and are defined as (I,J,K) =∫

A(z
2,z4,z6)dA, Î = I− c1J, Ĵ = J− c1K, Ā = A− c2I, Ī =

I−c2J, Ã = Ā−c2 Ī. Here c1 = 4/(3h2) and c2 = 4/h2, where
h is the height of the beam. one may note that higher order in-
ertias, i.e., m2,m4, and m6, are ignored in the formulation.[13]

By eliminating ϕ from Eqs. (5) and (6), the governing
equations may be obtained in terms of displacement as

105
84

GÃ
d4w
dx4 −

1
105

EI
d6w
dx6

= − 105
84EI

GÃN̄
d2w
dx2 +

105
84EI

µGÃN̄
d4w
dx4

+
68
84

N̄
d4w
dx4 −

68
84

µN̄
d6w
dx6 . (7)
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2.4. Levinson beam theory

The governing differential equations may be written as[13]

GĀ
(

dϕ

dx
+

d2w
dx2

)
− N̄

d2w
dx2 +µN̄

d4w
dx4 = 0, (8)

EI
d2ϕ

dx2 − c1EJ
(

d2ϕ

dx2 +
d3w
dx3

)
−GĀ

(
ϕ +

dw
dx

)
= 0. (9)

By eliminating ϕ from Eqs. (8) and (9), the uncoupled govern-
ing differential equation is

4
5

EI
N̄

GĀ
d4w
dx4 −EI

d4w
dx4 −

4
5

EIµ
N̄

GĀ
d6w
dx6

− N̄
d2w
dx2 +µN̄

d4w
dx4 = 0. (10)

The notations in the above equations are already defined in the
previous subsections.

Next, we assume an exponential variation of the flexural
stiffness (EI) since the flexural stiffness of the SWCNT may
not be constant for a geometrically non-uniform beam model
of SWCNT. For this, we consider a beam with a nonuniform
variation of the cross section along the length. Based on the
proposed exponential variation, the flexural stiffness is defined
as follows:

EI = EI0 e−ηx,

where I0 is the mass moment of area at the left end and η is a
positive constant.

3. Solution methodology
In this analysis, we have taken the following non-

dimensional terms:

X = x/L,

W = w/L,

α =
e0a
L

= scaling effect parameter,

N̄0 =
N̄L2

EI0
= buckling load parameter,

Ω =
EI0

KsGAL2 ,

Ω̄ =
GÃL2

EI0
,

Ω̂ =
EI0

GĀL2 .

Below we show the non-dimentionalized forms of the
governing differential equations for EBT, TBT, RBT, and LBT
respectively:

e−ηX d4W
dX4

= N̄0
(

α
2 d4W

dX4 −
d2W
dX2

)
, (11)

e−ηX d4W
dX4

= N̄0
(

Ω e−ηX d4W
dX4 −Ω e−ηX

α
2 d6W

dX6

− d2W
dX2 +α

2 d4W
dX4

)
, (12)

105
84

Ω̄
d4W
dx4 −

1
105

e−ηX d6W
dx6

= N̄0
(
−105

84
Ω̄ eηX d2W

dX2 +
105
84

Ω̄ eηX
α

2 d4W
dX4

+
68
84

d4W
dX4 −

68
84

α
2 d6W

dX6

)
, (13)

e−ηX d4W
dX4

= N̄0
(

4
5

Ω̂ e−ηX d4W
dX4 −

4
5

Ω̂ e−ηX
α

2 d6W
dX6

− d2W
dX2 +α

2 d4W
dX4

)
. (14)

Based on the above equations, the solution of the governing
equations will be sought using the DQ method. A brief intro-
duction of the method is given below.

3.1. Differential quadrature method

The derivatives of displacement function W (X) at a given
discrete point i are approximated as

Wi
′ =

N

∑
j=1

Ai jWj,

Wi
′′ =

N

∑
j=1

Bi jWj,

Wi
′′′ =

N

∑
j=1

Ci jWj,

Wi
IV =

N

∑
j=1

Di jWj, (15)

where i = 1,2, ...,N and N is the number of discrete grid
points. Here Ai j,Bi j,Ci j, and Di j are the weighting coefficients
of the first, the second, the third, and the fourth derivatives, re-
spectively. One should note that other higher order derivatives
present in the governing equations are approximated in a sim-
ilar way.

Determination of weighting coefficients Computation
of weighting coefficient matrix 𝐴= (Ai j) is the key step in the
DQ method. In the present investigation, we have used Quan
and Chang’s[46] approach to compute weighting coefficients
Ai j. Matrix 𝐴= (Ai j) may be computed by the following pro-
cedure: for i 6= j,

Ai j =
1

X j−Xi

N

∏
k 6=i
k 6= j
k=1

Xi−Xk

X j−Xk
,

i = 1,2, ...,N, j = 1,2, ...,N; (16)
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for i = j,

Aii =
N

∑
k 6=i
k=1

1
Xi−Xk

, i = 1,2, ...,N. (17)

Once the weighting coefficients of the first order derivatives
are computed, the weighting coefficients of the higher order
derivatives can be obtained by simply matrix multiplication as
follows:

𝐵 = Bi j =
N

∑
k=1

AikAk j, (18)

𝐶 =Ci j =
N

∑
k=1

AikBk j, (19)

𝐷 = Di j =
N

∑
k=1

AikCk j =
N

∑
k=1

BikBk j. (20)

Selection of mesh point distribution We assume that
the domain 0≤ X ≤ 1 is divided into N−1 intervals with co-
ordinates of the grid points given as X1,X2, . . . ,XN . These Xi’s
have been computed by using Chebyshev–Gauss–Lobatto grid
points, that is,

Xi =
1
2

[
1− cos

(
i−1
N−1

Π

)]
.

One may note that nonuniform grid points have been used.
Application of boundary condition The above matrices

𝐴,𝐵,𝐶, and 𝐷 are converted into modified weighting coeffi-
cient matrices 𝐴̄,𝐵̄,𝐶̄, and 𝐷̄ as per the boundary conditions
which will be shown below. Five boundary conditions, i.e.,
SS, CS, CC, guided, and SS-guided boundary conditions, are
considered in the present analysis.

Let us now denote

𝐴̄1 =


0 A1,2 · · · A1,N
0 A2,2 · · · A2,N
· · · · · · · · · · · ·
0 AN,2 · · · AN,N

 ,

𝐴̄2 =


A1,1 A1,2 · · · A1,N−1 0
A2,1 A2,2 · · · A2,N−1 0
· · · · · · · · · · · · · · ·

AN,1 AN,2 · · · AN−1,N−1 0

 .
In view of the above, we now illustrate the procedure to find
the modified weighting coefficient matrices below.

(i) For the simply supported boundary condition, equa-
tion (15) may be rewritten in matrix form as

𝐴=


A11 A12 · · · A1,N−1 A1,N
A21 A22 · · · A2,N−1 A2,N

...
...

...
...

AN1 AN2 · · · AN,N−1 AN,N




W1
W2

...
WN

=


W1
′

W2
′

...
WN
′

 . (21)

Firstly, by applying boundary condition W1 = WN = 0, equa-
tion (21) becomes

0 A12 · · · A1,N−1 0
0 A22 · · · A2,N−1 0
...

...
...

...
0 AN2 · · · AN,N−1 0




W1
W2

...
WN

=


W1
′

W2
′

...
WN
′

 , (22)

or

{𝑊 ′}= [𝐴̄]{𝑊 }.

For the second derivative, one has

{𝑊 ′′}= [𝐴]{𝑊 ′}.

By using the above relation for {W ′},

{𝑊 ′′}= [𝐴][𝐴̄]{𝑊 }= [𝐵̄]{𝑊 },

where 𝐵̄ = [𝐴][𝐴̄].

Now, since W ′′1 =W ′′N = 0, the third order derivative of the
displacement function may be obtained as follows:

{𝑊 ′′′}= [𝐴̄]{𝑊 ′′}= [𝐴̄][𝐵̄]{𝑊 }= [𝐶̄]{𝑊 }.

Here [𝐶̄] = [𝐴̄][𝐵̄].

Similarly, for the fourth order derivative,
{𝑊 IV} = [𝐴]{𝑊 ′′′} = [𝐴][𝐶̄]{𝑊 } = [𝐵̄][𝐵̄]{𝑊 } =

[𝐷̄]{𝑊 },
where [𝐷̄] = [𝐵̄][𝐵̄] or [𝐷̄] = [𝐴][𝐶̄].

(ii) For the clamped-simply supported boundary con-
dition, proceeding in a similar fashion as before, we have
{𝑊 ′}= [𝐴̄]{𝑊 },
{𝑊 ′′} = [𝐴̄1]{𝑊 ′} = [𝐴̄1][𝐴̄]{𝑊 } = [𝐵̄]{𝑊 }, with

[𝐵̄] = [𝐴̄1][𝐴̄],
{𝑊 ′′′} = [𝐴̄2]{𝑊 ′′} = [𝐴̄2][𝐵̄]{𝑊 } = [𝐶̄]{𝑊 }, with

[𝐶̄] = [𝐴̄2][𝐵̄],

{𝑊 IV} = [𝐴]{𝑊 ′′′} = [𝐴][𝐶̄]{𝑊 } = [D̄]{𝑊 }, with
[D̄] = [𝐴][𝐶̄].

(iii) For the clamped-clamped boundary condition, we
have
{𝑊 ′}= [𝐴̄]{𝑊 },
{𝑊 ′′} = [𝐴̄]{𝑊 ′} = [𝐴̄][𝐴̄]{𝑊 } = [𝐵̄]{𝑊 }, with

[𝐵̄] = [𝐴̄][𝐴̄],

{𝑊 ′′′} = [𝐴]{𝑊 ′′} = [𝐴][𝐵̄]{𝑊 } = [𝐶̄]{𝑊 }, with
[𝐶̄] = [𝐴][𝐵̄],

{𝑊 IV} = [𝐴]{𝑊 ′′′} = [𝐴][𝐶̄]{𝑊 } = [𝐷̄]{𝑊 }, with
[𝐷̄] = [𝐴][𝐶̄].

(iv) For the guided boundary condition, we have
{𝑊 ′}= [𝐴]{𝑊 },
{𝑊 ′′} = [𝐴̄]{𝑊 ′} = [𝐴̄][𝐴]{𝑊 } = [𝐵̄]{𝑊 }, with

[𝐵̄] = [𝐴̄][𝐴],

{𝑊 ′′′} = [𝐴]{𝑊 ′′} = [𝐴][𝐵̄]{𝑊 } = [𝐶̄]{𝑊 }, with
[𝐶̄] = [𝐴][𝐵̄],

{𝑊 IV} = [𝐴̄]{𝑊 ′′′} = [𝐴̄][𝐶̄]{𝑊 } = [𝐷̄]{𝑊 } with
[𝐷̄] = [𝐴̄][𝐶̄].

(v) For the simply supported-guided boundary condition,
we have
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{𝑊 ′}= [𝐴̄1]{𝑊 },
{𝑊 ′′} = [𝐴̄2]{𝑊 ′} = [𝐴̄2][𝐴̄1]{𝑊 } = [𝐵̄]{𝑊 }, with

[𝐵̄] = [𝐴̄2][𝐴̄1],

{𝑊 ′′′} = [𝐴̄1]{𝑊 ′′} = [𝐴̄1][𝐵̄]{𝑊 } = [𝐶̄]{𝑊 }, with
[𝐶̄] = [𝐴̄1][𝐵̄],

{𝑊 IV}= [𝐴̄2]{𝑊 ′′′}= [𝐴̄2][𝐶̄]{𝑊 }= [𝐷̄]{𝑊 }, with
[𝐷̄] = [𝐴̄2][𝐶̄].

It is noted that when substituting the derivatives in the
governing differential equations, one has to use [𝐴̄], [𝐵̄], [𝐶̄],
[𝐷̄] as per the boundary condition. Substituting Eq. (15) into
Eqs. (11)–(14), one may obtain the generalised eigen value
problem as

[𝑆]{𝑊 }= N̄0 [𝑇 ]{𝑊 } , (23)

where 𝑆 is the stiffness matrix and 𝑇 is the buckling matrix.

4. Numerical results and discussion
In this section, numerical results have been obtained by

solving Eq. (23) using Matlab program developed by the au-
thors. The DQ method has been employed and the boundary
conditions are implemented in the coefficient matrix. It may
be noted that the following parameters are taken for the com-
putation: E = 70 Tpa, υ = 0.23, h = 1, Ks = 5/6.

4.1. Validation

First, to validate the present method, we compare our re-
sults of the critical buckling load parameter with those avail-
able in the literature. For the validation, we consider uniform
(η = 0) nanobeams. To compare our results of EBT and TBT
nanobeams with that of Wang et al.,[12] we consider a beam
of diameter d = 1 nm, Young’s modulus E = 1 Tpa, and Pois-
son’s ratio υ = 0.19. The comparison is shown in Table 1 for
three types of boundary conditions (SS, CS, and CC). In this
table, the critical buckling load parameter (in nN) for EBT and
TBT nanobeams with L/d = 10 is presented for various scale
coefficients (0, 0.5 nm, 1 nm). Similarly, the critical buckling
loads of RBT and LBT nanobeams are compared respectively
with those from Refs. [14] and [27] in Table 2. For this pur-
pose, the same parameters as those used in Refs. [14] and [27]

Table 1. Comparison of critical buckling load parameter N̄0
cr (in units

of nN) for EBT and TBT nanobeams.

EBT TBT
L/d e0a Present Ref. [12] Present Ref. [12]

SS 10 0 4.8447 4.8447 4.7835 4.7670
0.5 4.7280 4.7281 4.6683 4.654
1 4.4095 4.4095 4.3534 4.3450

CS 10 0 9.91109 9.9155 9.6580 9.5605
0.5 9.4348 9.4349 9.1934 9.1179
1 8.2461 8.2461 8.0356 8.0055

CC 10 0 19.3789 19.379 18.4342 18.192
0.5 17.6381 17.6381 16.7783 16.649
1 13.8939 13.8939 13.2165 13.273

are taken. It may be noted that the comparison for the RBT
nanobeams has been made with length-to-height ratio L/h =

10 and nonlocal parameter µ as 0, 1 nm2, 2 nm2, 3 nm2

while comparison for the LBT nanobeams has been done with
L/h = 50 and µ as 0, 0.5 nm2, 1 nm2 1.5 nm2. In this table,
we have considered SS and CC edge conditions. It is seen that
the critical buckling load parameter N̄0

cr decreases with the in-
crease of the nonlocal parameter. From these tables, one may
observe close agreement of results with those available in the
literature.

Table 2. Comparison of critical buckling load parameter N̄0
cr for RBT

and LBT nanobeams.

SS CC
RBT L/h µ Present Ref. [14] Present Ref. [14]

10 0 9.6228 9.6228 35.8075 35.8075
1 8.7583 8.7583 25.6724 25.6724
2 8.0364 8.0364 20.0090 20.0090
3 7.4245 7.6149 16.3927 16.3927

LBT L/h µ Present Ref. [27] Present Ref. [27]
50 0 9.8595 9.8616 39.3170 39.4457

0.5 9.8401 9.8422 39.0089 39.3899
1 9.8207 9.8228 38.7058 39.3118

1.5 9.8014 9.8036 38.4072 39.2351

4.2. Convergence

To find the minimum number of grid points for obtaining
accurate results, a convergence study is carried out for EBT
and TBT nanobeams. To show how the solution is affected by
the grid points, the variation of the critical buckling load pa-
rameter with the number of terms (N) is shown in Fig. 3. In
this figure, we have taken e0a = 1 nm, nonuniform parameter
η = 0.2, and L = 10 nm. The convergence is shown for the
simply supported edge condition only. From this figure, one
may observe that convergence is achieved as we increase the
number of terms. It may be noted that eleven grid points are
sufficient to compute the results.
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Fig. 3. (color online) Variation of N̄0
cr with grid points.
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4.3. Small scale effect

In this subsection, the significance of the scale coeffi-
cient is highlighted. First we define the buckling load ratio
as N̄0

cr calculated using nonlocal theory and /N̄0
cr calculated us-

ing local theory. This buckling load ratio serves as an index
to estimate quantitatively the small scale effect on the buck-
ling solution. To state the importance of the scale coefficient,
the variation of the buckling load ratio with scale coefficient
e0a is shown in Figs. 4–7. In these figures, we have consid-
ered RBT and LBT nanobeams with edge conditions as the
guided and simply supported-guided boundary conditions and
nonuniform parameter as η = 0.4. The results for different
length-to-height ratios L/h are shown. It is noticed from the
figures that the buckling load ratios are less than unity. This
implies that the application of the local beam model for the
buckling analysis of carbon nanotubes would lead to overpre-
diction of the buckling load if the small length scale effect
between the individual carbon atoms is ignored. As the scale
coefficient e0a increases, the buckling loads obtained by the
nonlocal beam model become smaller than those of its local
counterpart. In other words, the buckling load parameter ob-
tained by the local beam theory is larger than that obtained by
the nonlocal beam theory. So the presence of the nonlocal pa-
rameter in the constitutive equation is significant in the field of
nanomechanics. It is also observed that the small scale effect
is affected by L/h. This observation is explained as follows.
When L/h increases, the buckling load ratio comes closer to
one. This implies that the buckling load parameter obtained by
the nonlocal beam model comes closer to that furnished by the
local beam model. Hence the small scale effect is negligible
for a very slender carbon nanotube (CNT) while it is signifi-
cant for short carbon nanotubes (CNTs). This implies that if
we compare magnitude of small scale effect with length of the
slender tube, the small scale (internal characteristic length) is
so small that it can be regarded as zero.
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Fig. 4. (color online) Variation of buckling load ratio with e0a (RBT
guided).
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Fig. 5. (color online) Variation of buckling load ratio with e0a (RBT SS
guided).
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Fig. 7. (color online) Variation of buckling load ratio with e0a (LBT SS
guided).

4.4. Effect of nonuniform parameter

In this subsection, the effect of non-uniformity η on the
critical buckling load parameter is illustrated. It may be noted
that η takes positive values only and different value of η gives

074602-7



Chin. Phys. B Vol. 26, No. 7 (2017) 074602

different cross section of the nanobeams. This analysis will
help design engineers to have an idea of the values of the crit-
ical buckling load parameter. Figure 8 shows the variation of
critical buckling load parameter N̄0

cr with nonuniform parame-
ter η . In this graph, we have considered EBT nanobeams with
CS edge conditions having L = 50 nm. The results are shown
for different scale coefficients. It is observed that with increase
in the nonuniform parameter, the critical buckling load param-
eter decreases. This decrease is attributed to the decrease of
the stiffness of the beam. It is also observed that with increase
in the nonlocal parameter, the critical buckling load parame-
ter decreases. This shows that the local beam theory (µ = 0)
over predicts the buckling load parameter. Hence for better
predictions of the buckling load parameter, one should con-
sider the nonlocal theory. Next, to investigate the influence of
the nonuniform parameter on the higher buckling mode, the
variation of buckling load parameter N̄0 with nonuniform pa-
rameter η is presented in Fig. 9. Here we have considered
LBT nanobeams with SS edge condition having µ = 2 nm2

and L = 15 nm. It is seen from the figure that the buckling
load parameter decreases with increase in the nonuniform pa-
rameter and this decrease is more significant in case of higher
modes.
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Fig. 8. (color online) Variation of N̄0
cr with nonuniform parameter.
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Fig. 9. (color online) Variation of N̄0 with nonuniform parameter.

4.5. Effect of length-to-height ratio

Another important factor that design engineers should
keep in mind is the length-to-height ratio. To investigate the
effect of length-to-height ratio L/h on the critical buckling
load parameter, the variation of the critical buckling load pa-
rameter with L/h is shown in Figs. 10–13. The results are
shown for different scale coefficients (0.5 nm, 1 nm, 1.5 nm).
In these graphs, we have considered EBT and TBT nanobeams
with edge conditions such as CS and CC. The numerical val-
ues have been obtained by taking η = 0.5. It is observed that
the critical buckling load parameter increases with increase in
L/h. It is also noticed that the critical buckling load parame-
ter decreases with increase in the scale coefficient. Hence one
should incorporate the nonlocal theory in the buckling analy-
sis of nanobeams. One may also notice that for a particular
L/h, the results obtained by TBT nanobeams are less com-
pared to EBT nanobeams. This is due to the absence of trans-
verse shear stress and strain in the EBT nanobeams. One may
say that TBT nanobeams can be better predicted of the critical
buckling load parameter than EBT nanobeams.

10 20 30 40 50 60 70 80 90 100

16

18

20

22

24

26

28

30

32

L/h

 

 

e0a=0.5

e0a=1

e0a=1.5

N
c
r

0
-

Fig. 10. (color online) Variation of N̄0
cr with L/h (EBT CC).
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Fig. 11. (color online) Variation of N̄0
cr with L/h (EBT CS).
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Fig. 12. (color online) Variation of N̄0
cr with L/h (TBT CC).
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Fig. 13. (color online) Variation of N̄0
cr with L/h (TBT CS).

4.6. Effect of various beam theories

Modeling of nanostructures based on beam theories is one
of the important areas in the field of nanotechnology. Vari-
ous beam theories used in this investigation are discussed be-
low. The first and simplest beam theory is EBT. In this theory,
the transverse shear and transverse normal strains are ignored.
The next theory developed in the hierarchy of beam theories
is TBT. According to this theory, a constant state of trans-
verse shear strain with respect to the thickness coordinate is
assumed. Therefore, a shear correction factor is required in
order to compensate the error due to the above assumption. In
RBT and LBT, the transverse shear strain varies quadratically
and also vanishes on the top and bottom planes of the beams.
Thus the shear correction factor is not taken into considera-
tion. EBT and TBT are the first order beam theories, while
RBT and LBT are the third order beam theories. To inves-
tigate the effect of various beam theories such as EBT, TBT,
RBT, and LBT on the buckling load parameter, the variation
of the critical buckling load parameter with scale coefficient is
shown in Fig. 14 for various types of beam theories. In this
figure, the CS boundary condition is taken into consideration
with L = 10 nm and η = 0.5. It is seen from the figure that

EBT predicts higher critical buckling load parameter than the
other types of beam theories. It is due to the fact that in EBT,
the transverse shear and transverse normal strains are not con-
sidered. It is also noted that the beam theories such as TBT,
RBT and LBT predict approximately the same results.
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Fig. 14. (color online) Variation of N̄0
cr with small scale coefficient.

4.7. Effect of boundary condition

For designing engineering structures, one must have
proper knowledge about the boundary conditions. It will help
engineers to have an idea without carrying out detailed in-
vestigation. Therefore, analysis of the boundary conditions
is quite important. In this subsection, we consider the effect
of the boundary condition on the critical buckling load param-
eter. Figure 15 depicts the variation of the critical buckling
load parameter of the TBT nanobeam with the scale coeffi-
cient for different boundary conditions. This graph is plotted
with L = 10 nm and η = 0.2. It is observed form the fig-
ure that CC nanobeams have the highest critical buckling load
parameter and SS-guided nanobeams have the lowest critical
buckling load parameter. It is also seen that SS and guided
boundary conditions give almost the same results.
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Fig. 15. (color online) Variation of N̄0
cr with small scale coefficient.
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5. Conclusion
Buckling analysis of nonuniform nanobeams based on

four different beam theories including EBT, TBT, RBT, and
LBT has been carried out. The nonuniform cross section is
assumed by taking exponentially varying stiffness. The differ-
ential quadrature method has been employed and the bound-
ary conditions have been substituted in the coefficient matrix.
New results have been shown for two types of boundary condi-
tions, i.e., guided and SS-guided boundary conditions. The nu-
merical results are presented to show the effects of the nonuni-
form parameter, the nonlocal parameter, L/h, the boundary
condition, and the beam theories on the critical buckling load
parameter. It is found that the critical buckling load parameter
decreases with increase in the nonlocal parameter. It is also ob-
served that the application of the Euler–Bernoulli beam theory
would lead to overprediction of the buckling loads. One may
also notice that CC nanobeams have higher buckling loads
than the other types of boundary conditions. We conclude that
for better prediction of buckling loads, one should incorporate
the nonlocal theory.
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