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Spatiotemporal evolution of continuous-wave field and dark soliton
formation in a microcavity with normal dispersion∗
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Stable dark soliton and dark pulse formation in normally dispersive and red-detuned microcavities are investigated
by numerically solving the normalized Lugiato-Lefever equation. The soliton essence is proved by fitting the calculated
field intensity profile with the analytical formula of a dark soliton. Meanwhile, we find that a dark soliton can be generated
either from the nonlinear evolution of an optical shock wave or narrowing of a locally broad dark pulse with smoother
fronts. Explicit analytical expression is obtained to describe the oscillatory fronts of the optical shock wave. Furthermore,
from the calculation results, we show that for smaller frequency detunings, e.g., α < 3, in addition to the dark soliton
formation, a single dark pulse with an oscillatory dip can also arise and propagate stably in the microcavity under proper
pump detuning and pump strength combination. The existence region together with various field intensity profiles and the
corresponding spectra of single dark pulse are demonstrated.
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1. Introduction
Kerr optical frequency combs generation via the paramet-

ric four-wave mixing (FWM) processes in microcavities have
attracted a great deal of attention and been studied widely.[1,2]

Various kinds of microcavity structures and materials have
been designed and adopted, such as the doped silica glass ring
resonator,[3] silica microtoroid,[4] aluminum nitride (AlN) and
silicon nitride (Si3N4) microring resonators,[5–7] crystalline
CaF2 and MgF2 microtoroids.[8,9] In the early stage of re-
search, spectral properties of the optical frequency combs, in-
cluding the wavelength range and spectral bandwidth received
more attention. Near-infrared frequency combs, in which the
pump wavelength located in the communication band, e.g.
around 1550 nm, were firstly reported in Refs. [10] and [11].
Optical frequency combs in the mid-infrared and visible wave-
length range were also obtained successively by adopting dif-
ferent microresonator structures and pump sources.[12–17] In
these cases, the microcavities showed an anomalous disper-
sion at the pump wavelength and therefore the positive non-
linear phase mismatch could be compensated by the anoma-
lous dispersion. Due to the modulation instability (MI) ef-
fect, two sidebands corresponding to the maximum paramet-
ric gain arise from the intensity fluctuations of the pump field,
which usually results in the formation of the so-called primary
comb teeth. In most cases, the separation between the newly

generated sidebands and the pump mode is equal to multiple
free-spectral range (FSR) of the adopted microcavity. In the
process, the energy conservative law is conserved. Explicitly,
the energy of two pump photons are converted into the pair-
wise equidistant sidebands. The pump mode and the gener-
ated sidebands then further serve as the new pump photons and
act together to excite two other comb modes through the cas-
caded or nondegenerate FWM processes.[2] In FWM combs ,
the phases of the comb modes are determined by the gener-
ation process, which keeps constant but random. This leads
to a periodic but not pulsed intracavity waveform.[18] Phase
synchronization or mode locking of all the comb teeth, which
result in the formation of dissipative bright solitons, can be
realized by carefully tuning the frequency difference between
the pump laser and the cavity resonance. The microcavity is
red detuned and the comb spectrum exhibits a smooth and tri-
angular profile. It is worth noting that all the comb modes con-
tribute to the shaping of the bright soliton pulse. Meanwhile,
the available minimum soliton width is determined by the cav-
ity parameters, such as group-velocity dispersion (GVD), ef-
fective nonlinearity and loaded quality factor.[18]

In parallel with the study of parametric processes in a mi-
crocavity with anomalous dispersion, Kerr optical frequency
combs formation in the normal dispersion region are also
investigated both theoretically and experimentally. For one
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thing, resulting from the additional degree of freedom, namely
frequency detuning of the pump laser from the cavity reso-
nance, MI can also take place in normally dispersive micro-
cavities. However, the investigation results reveal that the gen-
eration of a Kerr optical frequency comb from noise by us-
ing MI is only possible for large frequency detuning cases.
Only in this situation, the parametric gain spectrum of the
first sidebands is separated from that of the continuous-wave
(CW) instability by a sizable window. Accordingly, MI is
able to act under a sufficient long time for the microcavity
system to end up in a comb state.[19] For another thing, op-
tical frequency combs generated in a normally dispersive mi-
crocavity can be attributed to the formation of dark soliton or
pulses in most cases. A fundamental optical frequency comb
including approximately 80 harmonics was demonstrated in
a MgF2 whispering-gallery mode microresonator with nor-
mal dispersion, 9.9-GHz FSR and a quality factor exceeding
2.5×109.[20] Unlike the smooth and triangular comb profile of
a bright soliton pulse, the generated comb spectrum exhibited
some symmetric peak-like or shoulder structures. The phase
locking state and formation of dark pulses inside the microres-
onator were further probed by numerically solving the equa-
tions describing the behavior of 101 comb modes. In a recent
experiment, a Si3N4 microring with a large normal dispersion
and loaded quality factor of 7.7×105 was adopted to investi-
gate the formation of mode-locked dark pulses and the related
Kerr comb structures.[21] The time-domain waveform in the
microcavity was reconstructed by using the spectral phase in-
formation retrieved via line-by-line pulse shaping and the mea-
sured power spectrum. The existence of square dark pulses
with chirped edges and ripples at the pulse bottom was further
verified from the reconstructed waveform.

In this article, nonlinear evolutions of a CW field in red-
detuned microcavities with normal dispersion are investigated
by numerically solving the normalized Lugiato-Lefever equa-
tion (LLE). The formation of a stable dark soliton, multiple
dark solitons or a single dark pulse in the pump detuning re-
gion of α < 3 are probed by adding an additional white Gaus-
sian noise to the initial CW field. Local generation of an opti-
cal shock wave with oscillatory fronts or a locally broad dark
pulse with wide bottom are identified to represent different
routes to a dark soliton. In order to verify the soliton essence, a
modified analytical expression based on the general solution of
a dark soliton is adopted to fit the numerically obtained field
intensity profile. Furthermore, an explicit analytical expres-
sion is derived to describe the oscillatory fronts of the optical
shock wave. Finally, we present the existence region together
with various single dark-pulse-related field and spectral pro-
files corresponding to different combinations of cavity detun-
ing and external pump parameter.

2. Theoretical model
The normalized LLE defined by Eq. (1) describes a non-

linear system with damping, detuning and driving, which can
be used to study the field evolution and optical Kerr frequency
comb generation in a microresonator[22–25]

∂ψ

∂τ
=−(1+ iα)ψ + i |ψ|2 ψ− i

β

2
∂ 2ψ

∂θ 2 +F, (1)

where ψ(τ,θ) = (2g0/∆wl0)
1/2A∗ is the rescaled slowly vary-

ing envelope of the total intracavity field A. The dimension-
less parameter τ = t/2τph is the rescaled propagation time
used to describe the evolution of intracavity field over suc-
cessive round-trips and τph denotes the photon lifetime. θ

represents the azimuthal angle along the circumference of the
microresonator. The parameter g0 = n2chw2

l0/(n
2
0V0) denotes

the parametric gain of the FWM process in a microcavity
where n0 and n2 are the linear and nonlinear refraction in-
dices of the bulk material, respectively, h is Planck’s con-
stant and V0 is the effective mode volume of the pump laser.
α =−2(Ω0−wl0)/∆wl0 represents the rescaled cavity detun-
ing parameter relative to half mode linewidth where Ω0 and
wl0 are the frequencies of pump laser and the corresponding
cavity resonance mode. The second item on the right-hand
side of Eq. (1) describes the field intensity dependent non-
linear Kerr effect. The second-order dispersion is described
by the parameter β = 2c/n0(2πFSR)2β2/∆wl0, in which pa-
rameters c, β2, and ∆wl0 represent the vacuum speed of light,
GVD, and linewidth of the pump mode, respectively. The driv-
ing parameter F is related to the real pump power P through
Eq. (2)[26]

F =

√
8g0∆wext

∆w3
tot

P
h̄Ω0

, (2)

where the parameters ∆wext and ∆wtot represent the coupling
and total linewidths at the pump frequency. In addition,
for the fundamental TE-polarized mode,[27] the cavity reso-
nance frequency wl0 can be derived by using an asymptotic
expansion.[28]

We solve the LLE by using the standard split-step Fourier
method.[29] Considering the periodical characteristic of the
field propagating in a microcavity, we adopt the fast Fourier
transform (FFT) algorithm in this method to implement the
Fourier-transform operation and greatly shorten the calcula-
tion time.

3. Dark soliton formation
In order to probe the availability of pulsed field profiles

and their corresponding comb spectra in a microcavity with
normal dispersion, an additional white Gaussian noise is added
to the initial CW field. The amplitude signal-to-noise ratio
(SNR) between the CW field and the noise background is set
to be 30 dB. The calculation results shown in Fig. 1 indicate
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that some stable dark solitons can form in the cavity. In the
situation of single dark soliton generation, the frequency comb
exhibits a smooth and triangular profile with the mode spacing
equal to one FSR. In addition to the pulsed field profile, the ini-
tial CW field in the time domain evolves to the uppermost ho-
mogeneous steady state (HSS) with an intensity ρ determined
by the cavity detuning α and pump parameter F . An analyti-
cal expression based on the general solution of dark soliton[26]

is given by

I2
s (θ) = η

2{1−B2sech2 [τs (θ −θs)]
}
, (3)

where the parameters η and θ s represent the soliton ampli-
tude and the soliton dip location. Physically, B governs the
depth of the dip (|B| ≤ 1). Different from the case of fiber

dark soliton pulse,[29,30] an additional parameter τs relating to
the width of a dark soliton is required. We adopt Eq. (3) to fit
the numerically obtained field profile, and results are shown
in Fig. 1(a) The obtained fitting parameters are η = 1.604,
B = 0.848, τs = 4.52, and θ0 = 0.02. The good match between
the analytical solution and the numerically obtained field pro-
file indicates that the generated dark pulses in the microcavity
are stable dissipative dark solitons.

Meanwhile, as shown in Figs. 1(d) and 1(f), more com-
plex frequency comb spectra with mode-to-mode intensity
fluctuation are observed when multiple dark solitons coexist
in the microcavity. The deviation of the pulse separation from
a 2π/N angle is responsible for the intensity modulation of the
comb spectrum.[26]
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Fig. 1. (color online) Dark soliton forms from the nonlinear evolution of an initial steady-state CW field with white Gaussian noise.
The left column shows the initial (black) and ultimate (red) formed field profiles. The right column gives the corresponding spectral
profiles. An analytical fitting of the numerically obtained field intensity profile based on Eq. (3) is exhibited as the blue circles in (a).
The cavity and pump parameters adopted during the calculation process are: α = 2.5, β = 0.0125, F = 1.61, ρ = 1.209.

A nonlinear system with bistability can provide the

most convenient operating regime for observing optical shock

waves, nonstationary fast wavetrains that develop owing to the

regularizing action of weak dispersion over steep wave fronts

forming via a gradient catastrophe.[30] We find that the for-

mation of a stable dark soliton from a CW field with white

Gaussian noise mainly includes two physical processes: one

is the generation of optical shock wave with oscillatory fronts

and the other is the motion and interlocking of the oscillatory

wave fronts. As shown in Fig. 2, in the early stage of the evo-

lution, the weak normal dispersion concurs with the nonlinear

Kerr effect to drive the steepening of the pulse edge. Once an
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optical shock wave is formed, the successive circulation in the
microcavity is dominated by the traveling of the optical shock
wave with nearly invariant fronts. Eventually, the formation
of a localized and stable dissipative dark soliton terminates the
further broadening of the shock wave.

We further observe that the bottom ρdown and flat top
ρup intensities of the shock waves are equal to those of the
HSSs. They are determined by the frequency detuning α and
external pump F parameters through the functional relation
F2 = ρ[1+(ρ−α)2]. Taking the selected parameters α = 2.5
and F = 1.61 for example, the calculated field intensities of
the stable HSSs are ρdown = 0.53 and ρup = 2.57. The nu-
merical values in Fig. 3(a) accord well with the theoretical
ones. Therefore, the oscillatory fronts of the formed optical
shock wave actually connect the upper and lower HSSs of the
bistable microcavity system. Resulting from the wide pulse
width of the optical shock wave, the bandwidth of the fre-
quency comb is narrower than that of a dark soliton.
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Fig. 2. (color online) Optical shock wave forms and evolves towards a
stable dark soliton. (a) Profiles of the initial CW field (black) with white
Gaussian noise and the formed optical shock wave (red). An analytical
fitting of the oscillatory wave front based on Eq. (4b) is also shown as
the blue circles. (b) The corresponding comb spectra. (c) Field evolu-
tion pattern. The parameters adopted in the process of calculation are:
α = 2.5, β = 0.0125, F = 1.61, ρ = 1.2.

The investigations further suggest that the oscillatory
structure of the wave fronts may be approximated in the form
ψ(θ)−ψdown(θ) ∝ eλθ where ψ(θ) represents the complex
amplitude of the wave front.[31] The parameter λ = q+ iw is a
complex eigenvalue in which q and w determine the damping
rate and frequency of the oscillation, respectively. In order to
obtain an analytical expression which can be used to describe
the oscillatory structure in the wave fronts, we further intro-
duce a complex constant C and the complex amplitude has a
form of ψ(θ) = ψdown(θ)+C eλθ . The analytical expressions
of the oscillations in the wave fronts are derived as follows:

ψ (θ) = |ψdown| e iφdown + |C| eq(θ−θ0) e i[w(θ−θ0)+φc], (4a)

|ψ (θ)|2 = ψ (θ) ·ψ∗ (θ) = ρdown + |C|2 e2q(θ−θ0)

+2 |ψdown| |C| eq(θ−θ0) cos [w(θ −θ0)+φ0] , (4b)

where the parameter ρdown = |ψdown|2 denotes the field in-
tensity of the lower HSS and the constant phase factor φ0 =

φc− φdown is the phase difference between the complex con-
stant C and lower HSS ψdown. The parameter θ 0 determines
the position of the oscillation along the azimuthal direction.
For the specific case shown in Fig. 3, the obtained fitting pa-
rameters are q=−3.72, w= 17.01, |C|= 0.89, θ 0 = 0.57, and
φ 0 = 0.01. The good fitting result proves the effectiveness and
validity of Eq. (4) to describe the oscillatory structures of the
wave fronts.

The difference of the profile similarity between the opti-
cal shock wave and the flat-top dissipative solitonic pulses or
“platicons” is considered. Stable platicons can be generated
in a microcavity with normal GVD when large and positive
eigenfrequency shift of the pumped mode is obtained.[32] This
can be realized through the mode coupling process or by using
a strong self-injection locking technique. Different from the
situation in Ref. [32], we assume in our model the frequency of
the pumped mode is unperturbed and thus no eigenfrequency
shifting occurs in the field evolution process. Therefore, the
evolution pattern shown in Fig. 2(c) reveals that the formed
optical shock wave is not a stable cavity state and eventually
evolves into a dark soliton.

The existence of dark soliton in the region where MI is
absent (α < 2) is investigated as well. The ultimate stable
field and comb spectral profile together with the evolution pat-
tern are shown in Fig. 3. Different from the formation pro-
cess described in Fig. 2, a wide and dark pulse with flat bot-
tom arises firstly. The subsequent evolution process involves
the narrowing of the pulse bottom and the formation of a sta-
ble dark soliton. For a smaller frequency detuning, close to
the lower HSS, though symmetrical intensity fluctuations of
the wave fronts which connect the upper and lower HSSs are
also observed with the successive evolution of the broad dark
pulse in the cavity, the oscillations become much weaker and
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smoother compared with the situation shown in Fig. 2. Mean-
while, because of the reduced bistable region, the generation
of a stable dark soliton in this region imposes a strict require-
ment on the pump parameter, as shown in Fig. 4.

F2 = 1+(1−α)2 , (5a)

F2 =
2α +

√
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(
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Fig. 3. (color online) Dark soliton formation in the region of α < 2. (a)
Soliton intensity profile. Fitting of the field profile based on Eq. (3) is
shown by the blue circles and the inset gives the corresponding comb
spectrum. (b) Evolution pattern of spectral intensity represented as a
color density plot. (c) Field evolution pattern. The parameters adopted
in the process of calculation are: α = 1.95, β = 0.0125, F = 1.353,
ρ = 0.853.

For the studied frequency detuning region of α < 3, fig-
ure 4 gives the existence region of a single dark-pulse-related
field profile in the (α , F) parameter space. Although the ex-
istence region was also provided in Ref. [26], only the field
intensity profile of a dark soliton was found and discussed
in the case of α < 3. By adopting a different initial con-
dition, e.g., a CW wave with white Gaussian noise, we fur-
ther observe that a single dark pulse with an oscillatory dip
can also arise and propagate stably in the microcavity under

proper pump detuning and pump strength combinations, with
α = 2.5 and F = 1.5965. In addition, the inset exhibits the cal-
culated dark soliton and dark pulse-related field intensity and
spectral profiles at certain (α , F) combinations. As shown in
Fig. 4, a larger frequency detuning corresponds to a wider ex-
istence region of single dark pulse and looser requirement on
the pump intensity. Meanwhile, a wider spectral bandwidth is
related to a larger frequency detuning and a higher pump in-
tensity. When an oscillatory structure is present at the bottom
of the formed dark pulse, the spectral profile deviates from the
smooth edged triangular shape of a dark soliton and instead
exhibits a shoulder-like structure. We note that similar spec-
tral profiles can be formed from different (α , F) combinations,
e.g. cases of α = 2.5, F = 1.59648 and α = 2.9, F = 1.761.
The finite multiplicity of dark pulses originates from a col-
lapsed snaking structure of the bifurcation at the upper saddle
node. For a given frequency detuning, when the pump param-
eter F is close to the Maxwell point, a temporally broad dark
pulse can form in the microcavity.[31,33]
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Fig. 4. (color online) Existence region of a single dark pulse (gray)
in the (α , F) parameter space. The inset exhibits some typical, single
dark-pulse-related field intensity profiles and their comb spectra. The
blue and red curves determine the pump boundaries of dark pulse gen-
eration. For the two curves, the functional relation between F2 and α is
given by Eq. (5).

4. Conclusion
Dark solitons, dark-pulse-related field profiles, and their

corresponding comb spectra are obtained by numerically prop-
agating CW fields with white Gaussian noise in normally dis-
persive microcavities. We find that, in the frequency detuning
region of α < 3, for proper frequency detuning and pump pa-
rameter combinations, a stable dark soliton or dark pulse can
form in the cavity. Meanwhile, the existence region of a sin-
gle dark pulse increases with the frequency detuning parame-
ter. The soliton essence of the obtained field profile is proved
through the good fitting results based on a modified expression
of the general dark soliton solution. Moreover, two routes to a
stable dark soliton are identified, namely, originating from an
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optical shock wave or a locally broad dark pulse. We also ob-
serve that when a single dark pulse with a wide and oscillatory
bottom is formed in the microcavity, the comb spectral profile
is modulated and exhibits a shoulder like structure.
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