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Restraint of spatial distribution in high-order harmonic generation
from a model of hydrogen molecular ion*
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The spatial distribution in high-order harmonic generation (HHG) is theoretically investigated by using a few-cycle
laser pulse from a two-dimensional model of a hydrogen molecular ion. The spatial distribution in HHG demonstrates
that the harmonic spectra are sensitive to the carrier envelope phase and the duration of the laser pulse. The HHG can be
restrained by a pulse with the duration of 5 fs in the region from the 90th to 320th order. This characteristic is illustrated
by the probability density of electron wave packet distribution. The electron is mainly located near the nucleus along the
positive-x direction from 3.0 o.c. to 3.2 o.c., which is an important time to generate the HHG in the plateau area. We also
demonstrate the time—frequency distribution in the region of the positive- and negative-x direction to explain the physical

mechanism.
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1. Introduction

High-order harmonic generation (HHG) that results from
the strong nonlinear polarization induced on a gas medium by
an intense laser pulse is a hot topic.!!! It has potential ap-
plications in strong field physics, such as obtaining a coher-
ent soft x-ray source, generating isolated attosecond pulse, !
tracking the electron dynamics in atoms and molecules,!>f]
and so on. The physical mechanism of the HHG can be de-
scribed well by a three-step model:”-#! jonization, accelera-
tion, and recombination. In the process of recombination, the
electron comes back near the nucleus as the electric field re-
verses and has certain probability to jump to the ground state
and release its kinetic energy. In particular, the electron can
recombine with both nuclei for H2+ . The effect of HHG from
spatial properties of electron is a hot topic.l”~'?! Lambert et
al.'3) discussed the spatial properties of harmonic generation
in low order and Zhang et al. gave the spatial distribution in
HHG from a HJ and from a HeH?".I"*13] However, there is
no discussion on how to restrain the spatial distribution as far
as we know.

A fundamental way to control the HHG is to control the
motion of an electron and its distribution in laser field. The
control of electron localization has attracted a great dal of
attention both theoretically and experimentally.!'®-!8] Roud-
nev et al.!"! proposed that the electron between nuclei can be
steered by using a few-cycle pulse during the dissociation of
H; and this scheme has been achieved in experiment by King
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1.1291 Few of two-color schemes are reported to further con-
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eta
trol the electron localizatio I The spatial distribution in
HHG can be restrained by steering the motion of an electron
cloud, e.g., if the electron is located around one of the nu-
clei by an intense femtosecond laser pulse, then the harmonics
should mainly come from that nucleus.

Since the Hydrogen molecular ion is a simple ion, the
HHG from the H; molecule has been widely discussed.?4-27]
However, restraining the spatial distribution of HHG has been
investigated less. In this paper, we demonstrate the spatial dis-
tribution in HHG from a model of the H2+ molecule. By using
a few-cycle Gaussian laser pulse, the spatial HHG can be re-
strained by adjusting the carrier envelope phase (CEP) or the
duration of the laser pulse. The spatial distribution in HHG
indicates that the HHG signal is mainly from the contribution
from near the nucleus along the negative-x direction with the
full width at half maximum (FWHM) 7 =5 fs and ¢ = 0. The
electron is located near the nucleus in the negative-x direction.
We also demonstrate the time—frequency distribution in the re-
gion of the positive- and negative-x direction to explain the
physical mechanism. In addition, only a molecular ion is con-
sidered to interact with the driving pulse in our simulation, and
the harmonic yields are emitted from many molecules in actual
experiment.!!328:291 The harmonic is measured after propagat-
ing for a distance and has a divergence. Our simulation just
aimed to give a theoretical expectation and the resolution of
HHG from which nucleus may be measured by future tech-
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nique.

2. Theory and method

We consider a model ion of H2+ with Born—Oppenheimer
approximation (BOA). As the laser pulse interacts with the
ion, the two-dimensional Schrodinger equation can be written
in atomic units as

O (xy0)
ot

pi+p;
2

+V(x,y)+xEx(t)] Y(x,y,t). (1)

We use soft-Coulomb potential in our simulation,

Viry) = —1/\/(c—R/22+y* +a

—1/\/(x+R/2)2+y2+a. )

We set the soft-core parameter a = 0.61 and the distance
of the two nuclei R = 7 a.u. to simulate a model of Hj s
and the energy of the ground electronic state is 0.519 a.u.
(including the 1/R nuclear repulsion). A linearly polarized
few-cycle laser pulse with Gaussian envelope is chosen as
E.(t) = Eof(t) cos(wt + @), where f(t) = exp[—41In(2)t?/7?]
is the laser envelope, ¢ is the CEP, and 7 is the full width
at half maximum (FWHM). In our simulation, we suppose
that the nuclei of Hj are fixed at +R/2 and —R/2 along the
x axis, the polarization direction of the driving pulse is also
along the x axis and the propagate direction is along the z
axis. Equation (1) is solved by the second-order split-operator
method.?%32] Once we obtain the wave function, the dipole
acceleration can be given by the Ehrenfest theorem

av(x,
at)= @y - D) g wenn). @)
To reveal the spatial effect, the dipole acceleration can be sep-
arated into two parts[33-34]
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The relative intensity of the HHG spectrum is proportional to
2

S(w) ~ ' / exp(—i@r)a (1) dr ©)

The spatial distribution of HHG can be calculated from the

dipole acceleration distribution as a function of the x coordi-
nate as the nuclei are in the x axle!!#
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3. Results and discussion

In our simulation, we choose a Gaussian envelope
with the wavelength of 1600 nm, and the intensity of 3 x
10'* W/cm?. First, we set T = 6 fs and ¢ = 0, the HHG
spectrum with more modulations is shown by the solid line in
Fig. 1. The cutoff of the HHG is around the 320th order. As is
well known, the CEP of the pulse is an important parameter in
few-cycle schemes. We change CEP to investigate the HHG.
For the case of ¢ = 0.37, a super-continuum plateau from the
200th order to the 310th order is obtained and the cutoff of
spectrum is reduced to the 310th, as shown by the dashed line
in Fig. 1. For the case of ¢ = 0.57, the spectrum is shown
by a dotted green line. Modulation around the plateau of the
HHG spectrum and the cutoff is the 240th order. The maxi-
mum intensity of the laser pulse reduces as the CEP increases
for the above cases, so the cutoff and the intensity of HHG are
reduced. The intensity and the modulations of the HHG spec-
trum are important characters for its application. To reduce the
modulations and increase the intensity, we simulate a scheme
with the FWHM of the pulse even shorter than one cycle, e.g.,
T =25 fs and ¢ = 0. Other parameters are the same as the
above scheme. The dash dotted blue line in Fig. 1 shows that
a super-continuum plateau structure is obtained with a cutoff
of about the 320th order. The intensity of the HHG spectrum
is higher than that for the case of T =5 fs. Continuum plateau
imply that little interference exists in the region from 90th to
320th.
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Fig. 1. (color online) The spectrum of HHG obtained by few-cycle fem-
tosecond laser pulse.

To study the spatial distribution in HHG, we demonstrate
the modulus square of the Fourier transform of Eq. (7). Fig-
ure 2(a) shows the result for the case of T =6 fs, ¢ = 0.
It is indicated that the contribution to HHG is weak around
the position x = 0 and the equilibrium internuclear position
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x = £3.5 a.u., which is consistent with the results demon-
strated in Ref. [14]: the electron cannot recombine to the mid-
dle of the two nuclei and cannot locate within the nucleus
region. The intensity of HHG from the nucleus along the
positive-x direction is as strong as that from the nucleus along
the negative-x direction under the 225th order, but weaker near
the cut-off area, e.g., from 225th to 320th. Harmonic emission
from two contiguous nuclei may lead to interference, which
is unexpected in some cases such as producing attosecond
pulses. How to eliminate the spatial interference is a topic
which needs to be investigated.

For the case of T =6 fs, ¢ = 0.37, figure 2(b) shows
that the contribution to the HHG is from both nuclei below the
200th order and the HHG is mainly from the nucleus along
the negative-x direction greater than the 200th order. The in-
terference of HHG from the two nuclei is eliminated, so there
is little modulation in the region from the 200th order to the
310th order. When the CEP is set to be ¢ = 0.57, the inten-
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e T

50 150 250

Harmonic order
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sity of HHG from the nucleus along the positive-x direction
is as strong as that from the nucleus along the negative-x di-
rection, as shown in Fig. 2(c). These characters correspond to
the structure of HHG spectrum shown in Fig. 1. The result is
shown in Fig. 2(d) for the case of T =5 fs, ¢ = 0. We can see
that the contribution to the HHG is from both nuclei below the
90th order; however, the contribution to the HHG is mainly
from the nucleus along the negative-x direction greater than
the 90th order. The spatial contribution in HHG is restrained
well for the case of 7 =35 fs. We try to use other internu-
clear distances to analyze the spatial distribution of HHG. For
the case of small internuclear distance, e.g., R = 2, the spa-
tial distribution of HHG was hardly restrained. Both of the
nuclei contributed to the HHG. For the case of large internu-
clear distance, the result was similar to the discussion in our
manuscript. Further analysis is needed to explain the physical

mechanism.
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Fig. 2. (color online) Spatial distribution in HHG with different FWHMs. (a) T=61s, ¢ =0, (b) T=6fs, ¢ =0.37, (c) T=6 fs,

@=0.57,(d) =51 0=0.

The time—frequency analysis is calculated by using the
Morlet wavelet transformation of Egs. (4) and (5) to illus-
trate the physical mechanism. Figure 3(a) shows the time—
frequency analysis along the negative-x direction for the case
of T=06 fs and ¢ = 0. Two quantum peaks which are la-
beled as A; and B; contribute to the HHG in the period of
2.5-4.0 o.c., and each peak has two quantum paths, i.e., the
short and long quantum path. The modulations of the HHG

are attributed to the interference of quantum paths. Both short
and long quantum paths in A; and B, contribute to the HHG
below the 125th order. However, only peak A; contributes to
HHG in the plateau from the 125th to the 320th order and the
intensity of the long quantum path is weak. This can explain
the phenomenon that there are more modulations in the low
order region than in the high order region in the plateau. Fig-
ure 3(b) shows the time—frequency analysis along the positive-
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x direction and the characteristic is similar to that shown in
Fig. 3(a). The intensity of peak A, near the cutoff region is
a little weaker than that of peak A;. This explains why the
intensity of HHG from the nucleus along the positive-x direc-
tion is weaker than that along the negative-x direction near the
cut-off area, as discussed in Fig. 2(a).

Figure 3(c) shows the time—frequency analysis along the
negative-x direction for the case of T =15 fs and ¢ = 0. Both
short and long quantum paths can be observed in the plateau
region (see the peak A3), and the intensity of the long quan-
tum path is weaker than that of the short one. In the region

Time/o.c.

150 250
Harmonic order

Time/o.c.

50 150 250 350
Harmonic order

below the 90th order, both peak B3 and peak A3 contribute to
the HHG. Figure 3(d) shows the case along the positive-x di-
rection. Both short and long quantum paths can be observed
in peak B4 and the peak harmonic order is about the 90th or-
der, which corresponds to the structure of HHG spectra in the
low-order region. There is only a short quantum path in peak
A4 and the intensity is very weak near the cutoff region. These
results correspond to the character that the harmonic near the

cutoff region is mainly contributed by the nucleus along the

negative-x direction, as shown in Fig. 2(b).
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Time/o.c.
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Fig. 3. (color online) Time—frequency analysis by using transformation of the dipole acceleration in Eqgs. (4) and (5). (a), (b) T =6 fs,
®=0;(c), (d) T=51s, o =0. (a), (c) Time—frequency distribution from Eq. (4); (b), (d) time—frequency distribution from Eq. (5).

The temporal evolution of the electron probability den-
sity is demonstrated to illustrate the physical mechanism. The
nucleus contributing to the HHG can be investigated by the
electron probability density. If the electron probability den-
sity is low near the nucleus along the positive-x direction, the
electron is seldom transited back to the ground state of that
nucleus, then we can obtain that the HHG is mainly from the
nucleus along the negative-x direction for this case. For the
case of T =6 fs and ¢ = 0, the results are shown in Figs. 4(a)-
4(d). At T = 2.0 o.c., two circle peaks with centers located
at (—3.5, 0) and (3.5, 0) are formed, and the radius is about
3.5 a.u., the electron distributes uniformly near both of the
nuclei. At T = 2.6 o.c., the radius of the circle near the nu-
cleus along the positive-x direction is about 7.0 a.u., which is
larger than that near the other nucleus. At 7' = 3.0 o.c., the

electron density distribution has three peaks with the center
about (—7.0, 0), (—2.5, 0), and (3.1, 0), and the probability
density distribution in the y direction is larger than the above
two cases. More than two thirds of the probability is near the
nucleus along the negative-x direction. At T = 3.2 o.c., the
probability density distribution mainly has two separate peaks
with the center about (—3.8, 0) and (3.1, 0), and the radius and
the peak near the nucleus along the negative-x direction are
larger than near the other nucleus. Those results are consistent
with the discussion in Figs. 3(a) and 3(b), the characteristics
are similar and the intensity of quantum peak A; is a little
weaker than that of peak A;.

For the case of 7 =5 fs and ¢ = 0, the electron probabil-
ity densities are shown in Figs. 4(e)-4(h). Figure 4(e) shows
the electron distribution at 7 = 2.0 o.c. We can see that the
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electron distributes uniformly near both nuclei, which is sim-
ilar to that shown in Fig. 4(a). At T = 2.6 o.c., figure 4(f)
shows that the probability of the electron near the nucleus
along the positive-x direction is less than the other nucleus. At
T =3.00.c., figure 4(g) shows that there is only one peak with
the center about (—3.8, 0), and the probability density distri-
bution in the y direction is less than the case of T =6 fs. At
T = 3.2 o.c., the electron distribution has one circle peak with
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the center of (—3.5, 0) and there is scarce probability near the
nucleus along the positive-x direction. The probability density
of an electron located near the nucleus along the negative-x
direction explains the phenomenon of quantum peak A4 being
weaker than quantum peak Az, as shown in Figs. 3(a) and 3(b).
In a word, the spatial distribution in HHG is restrained by the

electron location.
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Fig. 4. (color online) The electron probability density evolution in different times. (a)-(d) T=61s, ¢ =0, (e)~(h) T=51s, ¢ =0.

4. Conclusion

In conclusion, we theoretically investigate the HHG pro-
cess from a two-dimensional model of a hydrogen molecular
ion. We find a scheme to restrain the spatial distribution in
HHG near the cutoff area: by adding a 5 fs linearly polarized
laser pulse in the direction of molecular orientation, the har-
monic spectra are mainly contributed from the nucleus along
the negative-x direction in the region from 90th to 320th. The
physical mechanism of the phenomenon is explained by the
electron location and the time—frequency analysis. To explain
the physical mechanism, we give the probability density of an
electron wave packet in different times and find that the prob-
ability density of the electron wave packet is mainly located
near the nucleus along the negative-x direction from 3.0 o.c.
to 3.2 o.c. for the case of T =5 fs and ¢ = 0. The work in this
paper has potential applications for further understanding the
quantum interference effect and obtaining isolated attosecond
pulse.
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