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We applied the multiple exp-function scheme to the (2+1)-dimensional Sawada—Kotera (SK) equation and (3+1)-
dimensional nonlinear evolution equation and analytic particular solutions have been deduced. The analytic particular
solutions contain one-soliton, two-soliton, and three-soliton type solutions. With the assistance of Maple, we demonstrated
the efficiency and advantages of the procedure that generalizes Hirota’s perturbation scheme. The obtained solutions can
be used as a benchmark for numerical solutions and describe the physical phenomena behind the model.
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1. Introduction

As is well known, nonlinear evolution equations (NLEEs)
are encountered in many physical problems as a result of mod-
elling related with the phenomena which occur in nature. For
example, the Korteweg—de Vries (KdV) equation arises in
modelling shallow water waves, and the Burgers equation ap-
pears in nonlinear acoustic waves. NLEEs emerge in a variety
of contexts such as, physics, fluid mechanics, material science,
optical fibers, solid state physics, chemical kinematics, and fi-
nance. Solitons which are self-reinforcing solitary wave pack-
ets are one of the most important areas of research in the field
of nonlinear optics.!!! Therefore, an important problem is ob-
taining solutions of these equations. In the last three decades,
many methods were developed for constructing the analytical
solutions of NLEEs. Some of them are listed in Refs. [2]{8].

In 2010, Ma et al.!! suggested the multiple exp-function
method as a new constructive way for obtaining the multi-
soliton solutions of NLEEs. The useful multiple exp-function
method is widely used by many such as in Refs. [10] and [11]
and by the reference therein.

The main objective of this study is to build multi-soliton
solutions of some multi-dimensional NLEEs by applying the
multiple exp-function method. For this goal we will consider
(2+1)-dimensional Sawada—Kotera (SK) equationm]

Uy — Usy — SUlyxUoy — SUl3y — 5u2ux — Sutpyy — Suuy

+5/u2ydx—5ux/uydx: 0, @)

and (3+1)-dimensional nonlinear evolution

(NLEE)!4]

equation

Buty, — 2upy — Uzyxy + 4uxty + 2uttyy + 2uxx/uydx =0. (2
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As can be seen, the above equations comprise the integral
terms; therefore, we convert Eqgs. (1) and (2) to partial dif-
ferential equations (PDEs) by the help of

u=v,. A3)

Then, equations (1) and (2) can be read in the following new
form, respectively:

2
Vir — Vex — IVaxVax — SVyVay — Svivay
= 5V34y — SViVyy + 5v2y — S0y =0, )

3Voxz — 2y — Vaxy + 4V Vo +2Vivory + 2030, = 0. (5)

Up to date, the (2+1) dimensional Sawada—Kotera and (3+1)-
dimensional nonlinear evolution equations have been studied
by many researchers from different aspects (see, Refs. [12],
[13], and [14]{16]).

The paper is structured as follows. In Section 2, the
method is oulined. In Section 3, we apply the method to
the (2+1)-dimensional Sawada—Kotera equation and (3+1)-
dimensional nonlinear evolution equation respectively. In the
meanwhile, we plot graphics of some solutions. In the final

section, concluding remarks are given.

2. Multiple exp-function method

Now, we shortly present the method step by step. The
method will be given for the (1+1) dimensional NLEEs but
surely it can be extended to the multi-dimensional case too.
The basic steps of the multiple exp-function method are pre-
scribed as follows.[17-19]

Step 1
NLEE:s:

We consider the following (1+1) dimensional

P(x,t,uy,u;,...) =0. 6)

http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn
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We will use the following first order auxiliary equations:

Nix =kiNi, Nig =—0OM;, 1<i<n, @)
where k;, 1 < i < n, are the angular wave numbers and j,
1 < i < n, are the wave frequencies. Obtaining the solutions
of Eq. (7) is easy and they are given as

n=cie¥, &E=kx—wt, 1<i<n, ®)
where ¢;, 1 < i< n, are arbitrary constants.

Step 2 Now, we give the solutions of Eq. (6) as the fol-
lowing rational function based on Eq. (8). We consider the

following rational form:

u(x,t) _ p(nl7n25"'7nl’l)

= ; ©)
Q(n17n27"~7nn)

with

S

n
=X
rs=11,

nimJ
Prs,ijT: Ny
j=0

=

K
o

L
Qrs7ijnrns]7
=

r 2y

where py; ;; and gy ;; are all constants to be determined from
the original equation (6). After taking all the derivatives of
Eq. (9) with respect to ¢ and x and then plugging these deriva-
tives into the original equation, we obtain a rational function
equation in the new variables n; (1 < i< n)

Q(x,t7171,1127...,n,,):O. (10)

Step 3 We set the numerator of the resulting transformed
O(x,t,M1,M2,...,My) = 0 to zero. Then a system of algebraic
equations of all variables k;, @;, pu1,ij,qk,ij Will be obtained.
We solve this system with the assistance of Maple to determine
two polynomials p and g and the wave exponents &;, 1 <i < n.
Eventually, the multiple wave solution u is constructed and
given by

kix—wqt k,,xfwnt)
)

plcre ...,cpe

u(x7t) = C](Cl eklewlt, L 7c”ek,,x7wnl) '

Y

3. Application of the multiple exp-function
method

3.1. Application to the (2+1)-dimensional SK equation

In this subsection, our goal is to apply the extended mul-
tiple exp-function to Eq. (4).
3.1.1. One-wave solution

We consider the following form as one wave solution:

p A0+Alek|x+11y7wll

viont) = 5 "~ Bg+ By ekixthy—anr’ a2)

where Ao, A1, By, and By are constants. Plugging Eq. (12) into
Eq. (4) and making the cumbersome calculations by Maple,
we obtain the dispersion relation w; and A; as follows:

K45k =50

W = 13
1 k] 5 ( )
—6ByB1k; —AyB
A= oB1k1 oB1 (14)
By

3.1.2. Two-wave solution
‘We now construct the two-wave solution with the follow-

ing ansatz:

v(xyr) ==, s)

QT

where p and g are defined by

p = ,y(kl ek1x+11y76011 +k2 ekz)H*lzyfa)zt

+A12 (kl +k2) ek|x+llyfa)1tek2x+12yfcozt), (16)
1+ ek1x+11y7w1t+ ekz)H»lzyfwzt

+A12 ek]erlly*(D]I ek2x+12y7a)2t’ (17)
with ¥ being a constant.

Applying the multiple exp-function algorithm by Maple

leads to the following solution:

Y =6,
o
Ap = 4,
B
o = K8k3 — 3k5k3 + 4kfkS — 35k + kTS

+ kol + 203131 — 3k5K3 1 — 3K KA1

+ 23131 + ki K31y + k313 — 2kikoly Iy + K313,
B = KI5 +3I5k3 + 4ktiS + 35 K3 4 K kS

+kfkoly + 203K3 1 + 3531 + 3K KA1

+ 202131 + ki k31 + K313 — 2k koly 1y + K312,
K +SkgL 501 K +5kh—51

wl - I ah -
k1 k2

3.1.3. Three-wave solution

. (18)

We next consider the three-wave function

V(1) = g (19)

with p and ¢ being defined by
p = Y(kl ekixtliy—ot +ky ekoxthy—at 1 ks lax+lzy—wst
FAp (ky 4 ky) ekiethiy=ent ghoxty—ost
+Ai3 (k1 +k3) ekixtliy—ot ek3x+l3)’7w31
+ Ags (ky + k3 ) ekextlay=ont ghsxilay—oyt

+ARARAY (ki + ko +k3)

X ek1x+l]y7w]t ek2x+lzyfa)ztek3x+l3y7w3t), (20)

g = 1+ ek1x+lly—w1t+ ek2x+lzy—a)2t+ ekg)H—lgy—(L):;[
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+A12 ek1x+lly7€()1tekzx+lzy7w2t

+A13 ek1x+lly—a)1tek3x+l3y—w3t

+A23 ek2x+lgy7€02t ek3x+l3y7w3t

+A12A13A23 eklx-‘rlly—(l)lt ek2x+lzy—a)zt ek3x+l3y—a)3t, (21)
where 7 is a constant.

Applying the multiple exp-function algorithm by Maple

leads to the following solution:

Y =06,
o
A12 = 45
B
o = KI5 — 35K + 4kt — 35k 4 k3 kS
+kfkoly + 203131 — 3k5K3 1 — 3k KA1
420331 + kK31 + K35 — 2kikoly o + K313,
B = KI5 +3I5K3 + 4kthS + 35 K3 4 k3 kS
+kikalo + 205131 + 3k K3 1 + 3K K314

+ 20331 + kK31 + k3 — 2kikoly o + K313,
o

ﬁ )

o = KI5 — 3K + 4k — 35 K3 4 K AS

Az =

+kfks s + 205131 — 3k K31 — 3kl

+ 20331 + kK31 + K35 — 2kiksly I3 + K313,
B = K8K3 43I k3 4 4K 4 316 K3 4 k3§

+kthals + 2k K30 4 3k K31 4 3K K31

+ 23131 + ki K3l + K313 — 2kiksly I3 + K313,
o

Ev

o = kS5 — 3I5k3 + 4k3 kS — 3kak3 4 K3kS

Ay =

+5k3 15 + 2k3k3 1 — 3k k313 — 3kakil,

+ 2031315 + koki 1 + K313 — 2kokslals + K313,
B = KSI3 +3I5k3 + 4K3KS + 3k3k3 4 k3kS

+I3ksls +2k3K3 1 + 3l k31 + 313K 1

+ 231315 + koKl + K313 — 2kokslaols + K313,
K 45k =517 K +5K3L 505

w = B —— = < <~ <
1 kl , k2 )
kS +5k315 — 512
w; = _%33_ (22)

The above solutions are plotted in Figs. 1-9.
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Fig. 1. (color online) Plot of Eq. (13) when Ag = 0.2, By = 0.3,
B =0.6,k; =1/6,1, =0.1.

Fig. 2. (color online) Pot of Eq. (16) when k; =1/6,k» =1/6,1; =0.1,
L =0.2.

Fig. 3. (color online) Plot of Eq. (20) when k; = 1/6, k, = 1/6,
k3=1/6,11=0.1,1,=02,13=0.3.
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Chin. Phys. B

(color online) Plot of Eq. (13) when Ap = 0.2, Bp = 0.3

Fig. 7.
By =0.6,k; =1/6,1; =0.1.

Fig. 4. (color online) Plot of Eq. (13) when Ap = 0.2, By = 0.3,
B, =0.6,k; =1/6,1; =0.1.

0.06}

Fig. 8. (color online) Plot of Eq. (16) whenk; = 1/6,k, =1/6,1; =0.1

L =0.2.

Fig. 5. (color online) Plot of Eq. (16) whenk; =1/6,k, =1/6,1; =0.1,

I =0.2.
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6. b = 1/6 Fig. 9. (color online) Plot of Eq. (20) when k; = 1/6, k, = 1/6
/6. k2 = 1/6, ks =1/6,1, =0.1,1 =02, 13 = 0.3,

3.2.1. One-wave solution
We consider again the following ansatz for obtaing the

(23)

(color online) Plot of Eq. (20) when k;

Fig. 6.
k3=1/6,1,=0.1,1b=02,13=0.3.

one-wave solution of Eq. (5):

3.2. Application to the (3+1)-dimensional nonlinear evolu-
p :AO +Alek1x+lly+mlz—w1t,

tion equation
In this subsection, our aim is to apply the extended multi-
ple exp-function method to Eq. (5).
070201-4
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q= B0 +Bl ek|x+11y+mlzfa)]t. (24)

Then the corresponding one-wave solution is given by

p

v(x,y,z,1) = =, (25)
q
with
B (—3Bok1 +A
A = w’ (26)
By
ky (K31, —3
0 = M 7)
20

3.2.2. Two-wave solution

For the two-wave solution of Eq. (5), we obtain

Y(kl ek1x+11y+mlz—w1t +ko ek2x+lzy+m2z—a)2t

+A12 (kl +k2) ek1x+[1y+m|27(oltek2x+lzy+mzzfa)zt), (28)

1+ ek1x+l1y+mlz—w1t+ ek2x+12)*+mgz—a)2t

+A12 ek1x+l|y+m|sz1t ek2x+12y+m227602t7 (29)

where 7 is a constant and the resulting two-wave solution is
vz =2, (30)
q
with
y = 737
A = (Kkalih — Kkl 3 — kK310 + ki k31 13

—kilylamy + ki 3my + kal3my — kalylymy)
x (kikalih + Kikali 3 + ki k31T L + ki ksl

—kil1lhomy +k1[§m1 +kzl%m2 — kzlllzml)_l,
k] (k%ll — 3m1) . k2 (k%lz — 31’}12)

T o 31
3.2.3. Three-wave solution
For the three-wave solution, one can take
p= }’(kl ek1X+11Y+in1Z—aJ1t +ko ekzx+lzy+mzz—co2t
+k3 ekax+l3y+msz—wst
+ A1y (ki + ky) ehrrthytmiz=t ghoxthytmz=at
+A13 (ky +k3) ekixtlhytmiz—o kax+lzy+myz—wst
+A3 (ko +k3) elxthytmyz—t Jk3x+lzy-+maz—wst
+A12A13A23 (ki + ko + k3) ekix+liy+miz—oy
« ekaxthy+myz—ant ek3x+l3y+m3z_a)3,)’ 32)

14+ ek1x+11y+m117w|t+ ek2x+12y+m2z7wzr
+ ek3x+13y+m3z—a>31‘

1A ek1x+l|y+m117w1t ek2x+lzy+mzZ*w2f

+A13 ek1x+lly+m1z—a)1t ek3x+l3y+m3z—a)3t

+ Ag elaXtHlaytmz—ogt gkax+l3y+msz—wst

+A12A13A23 ek1x+11y+mlz—w1t

% ek2x+lzy+m2szzt ek3x+l3y+mngcojt7 (33)

where 7 is a constant and the resulting three-wave solution is

vyt =2, (34)
q
with the following cases:
Casel (I; = k;)
y = _37
k2 —2kiky + k3 k3 —2kiks + K3
A = H5——r—— A= o5,
I3+ 2kiky + K3 1+ 2k k3 + K3
k3 — 2koks + k3
An = o
k2 +2ko k3 + k3
Ko 3m B 3m
ME T T
kg 3m3
=3 _=, 35
o = 5 - (35)

Case 2 (m; = k;)

Y= -3,
A = (Kkalilh — Ikl 3 — ki3I
+hikshl + k5 — 2kl b + K317
X (K kyl3ly + kkaly I3 4 ky k3 131
+hiks L5 + k715 — 2kikoli b +K317)
Az = (K}l — Kksli 13 — ki k31315
+h K315 4 K313 — 2k k3l 15 + K313)
X (k331313 + k331112 + ki k3 1313
+hIGH + K — 2kl + K3IT) !
Axy = (k3313 — k3kslhl3 — kak3 1315
k313 4 k313 — 2kok3 a1z + k315)
X (k3k3 1315 + K3 k3o 13 + kak3 1315
k3L + 151 — 2kokshols +K315) "

k3 (kily —3) K (kalp —3)
W = 211 , W= 212 y
K2 (k3lz — 3
o — SBT3, (36)
2

Case 3 (m; = [;)

'}/ = 733
kily —kilh —kaly +kolp

A == 9
T kil + kb + kol + kol
An — kil — kil — k3ly + k313
BT kil kbt ksl ksl
Aon — koly — kolzs — k3lp + k313
27 kb + kb + ksl +ksly’
K 3k B 3k
M=3 "5 =5
KB 3k
=2 37
W3 == - 37

The above solutions are plotted in Figs. 10-15.
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Fig. 10. (color online) Plot of Eq. (26) when Ag = 1, By =1, B] =1,

=—1/3,=2m=1

Fig. 11. (color online) Plot of Eq. (31) when k; = —1/3, ko = —2/3,
h=2hL=1m=1,m=1.

Fig. 12. (color online) Plot of Eq. (35) with Eq. (36) when k; = —1/3,
kz = —2/3, k3 = —1,m1 = 1, my = 1,m3 =1.

4. Concluding remarks

We considered the (2+1)-dimensional Sawada—Kotera
equation and (3+1)-dimensional nonlinear evolution equation.
We have used the multiple exp-function method to derive the
analytic wave solutions with physical structures. The obtained

solutions are one-, two-, and three-soliton solutions. The re-

Fig. 13. (color online) Plot of Eq. (35) with Eq. (37) when k; = 1,
ky=2k3=1,11=2,1b=1,13=1.

—0.05

Fig. 14. (color online) Plot of Eq. (35) with Eq. (37) when k; = —1/9,
ky=-2/9,ks=—1/3,11 =—4/9, 1, =—-5/9,13 = -2/3.
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Fig. 15. (color online) Plot of Eq. (35) with Eq. (37) when k; = —1/9,
kp=-2/9,ks=—-1/3, 11 =—-4/9,1, =—-5/9,13 = -2/3.

sults for Egs. (1) and (2) are in agreement with the results re-
ported by others in the literature [20] and [21], respectively.
The difference between our work and pioneering paper!®! is
based upon the parameter of y which appears in Egs. (17),
(21), (29), and (33). This parameter is taken in Ref. [9] and
in other works!!®11 as 2. However, in this study we consid-
ered any parameter. As can be seen in both systems (Egs. (1)

070201-6
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and (2)), we yield different values of y. This property makes

the method much more applicable to other nonlinear partial

differential equations.
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