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Cooperative impulsive formation control for networked uncertain
Euler–Lagrange systems with communication delays∗
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This paper investigates the cooperative formation problem via impulsive control for a class of networked Euler–
Lagrange systems. To reduce the energy consumption and communication frequency, the impulsive control method and
cooperative formation control approach are combined. With the consideration of system uncertainties and communica-
tion delays among agents, neural networks-based adaptive technique is used for the controller design. Firstly, under the
constraint that each agent interacts with its neighbors only at some sampling moments, an adaptive neural-networks impul-
sive formation control algorithm is proposed for the networked uncertain Euler–Lagrange systems without communication
delays. Using Lyapunov stability theory and Laplacian potential function in the graph theory, we conclude that the forma-
tion can be achieved by properly choosing the constant control gains. Further, when considering communication delays,
a modified impulsive formation control algorithm is proposed, in which the extended Halanay differential inequality is
used to analyze the stability of the impulsive delayed dynamical systems. Finally, numerical examples and performance
comparisons with continuous algorithm are provided to illustrate the effectiveness of the proposed methods.
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1. Introduction
With the development of the research community of

system control, cooperative control of multi-agent systems
(MAS) has gained increasing attention for the advantages of
completing more complex assignments and increasing system
reliabilities.[1] With these advantages, cooperative control of
MAS has been used in many fields, such as the consensus of
wireless networks,[2] synchronization of robots,[3] and forma-
tion of spacecrafts.[4] Thus, the cooperative control of MAS is
a significant research issue.

One of the basic research problems in cooperative control
of MAS is the distributed consensus problem, in which the dis-
tributed consensus control law is designed for each agent such
that all the agents converge to a common state.[5] To solve the
distributed consensus problem, an average-consensus control
algorithm was investigated in Ref. [6] for the first-order linear
systems under a connected undirected graph. The authors in
Ref. [7] extended the results in Ref. [6] to the double integrator
systems under a directed graph with a directed spanning tree.

Different from the distributed consensus control for
the networked linear systems,[5–7] Liu et al.[8] designed a
distributed consensus algorithm for the networked Euler–
Lagrange systems with parametric uncertainties under a
jointly connected undirected graph. The Euler–Lagrange sys-
tem is a special second-order nonlinear system, which can be
used to represent a large class of practical mechanical systems,
such as underwater vehicles, robots, and satellites.[9] The dis-

tributed adaptive coordination for multiple Euler–Lagrange
systems under a directed graph was developed in Refs. [10]
and [11]. In Ref. [12], the synchronization problem of net-
worked uncertain Euler–Lagrange systems on directed com-
munication topologies was investigated.

For the distributed control problem of networked systems,
model uncertainties, stochastic disturbances, and communica-
tion constraints are mainly considered. Unknown parameters
were considered for the distributed consensus control for net-
worked Euler–Lagrange systems in Ref. [13]. To handle the
uncertainties, the authors in Ref. [14] designed a distributed
consensus algorithm for the first-order systems with unknown
bounded disturbances under an undirected graph. Due to the
long distance between agents and the time for data-processing
in each agent, communication delays always exist in prac-
tice. Considering the input and communication delays, Tian
et al.[15] designed the decentralized consensus algorithms for
the linear systems under undirected and directed graphs, in
which the condition of system consensus is dependent on in-
put delays but independent of communication delays. The dis-
tributed consensus problem under the undirected graph with
communication delays was investigated in Ref. [16] for the
networked linear systems.

Summarizing the above results, we can conclude that
the consensus control algorithms proposed in Refs. [5]– [10],
[12]–[16] are all continuous, which means that the energy for
the control system should be provided all the time. However,
the energy carried in each system is usually limited.[17,18] Be-

∗Project supported by the National Natural Science Foundation of China (Grant Nos. 61304005, 61403103, 61673135, and 61603114).
†Corresponding author. E-mail: sunyanchao@hit.edu.cn
© 2017 Chinese Physical Society and IOP Publishing Ltd http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

068703-1

http://dx.doi.org/10.1088/1674-1056/26/6/068703
mailto:sunyanchao@hit.edu.cn
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn


Chin. Phys. B Vol. 26, No. 6 (2017) 068703

sides, in the studies of Refs. [5]– [10], [12]– [16], the infor-
mation interaction among agents is always required, which in-
creases the energy consumption and communication burden.

To lower the energy consumption and communication
burden in the distributed control of MAS, some researchers
proposed the impulsive control for the distributed control
problem. In Ref. [19], an impulsive consensus control algo-
rithm was proposed for the networked first-order linear MAS
under a directed graph. The authors in Ref. [20] extended
the results in Ref. [19] to the networked second-order lin-
ear MAS. In Ref. [21], the heterogeneous communication
delays among agents were further considered for the dis-
tributed consensus problem for the networked second-order
linear MAS via impulsive control method. However, in the
above references,[19–21] the system model is linear. Tang et
al.[22] researched the leader-following impulsive consensus
control problem for the networked nonlinear MAS with com-
munication delays. In Ref. [23], the distributed impulsive
consensus control algorithm was designed for the networked
Euler–Lagrange systems. The authors in Ref. [24] extended
the results in Ref. [23] to the case with probabilistic commu-
nication delays. However, the model parameters of the Euler–
Lagrange systems need to be known for the distributed con-
sensus controller designed in Refs. [23] and [24].

The consensus theory in multi-agent systems can be used
as a powerful tool to solve the cooperative formation problem
where the cooperative formation control algorithm for each
agent is designed such that all agents keep relative distance or
attitude. Based on the overview of the above references,[1–22]

this paper studies the cooperative impulsive formation control
problem for the networked Euler–Lagrange systems under a
directed graph. The networked Euler–Lagrange systems are
subjected to uncertain dynamics, external disturbances, and
communication delays. Moreover, the information interac-
tions of each agent with its neighbors are only at some discrete
moments. The proposed cooperative formation algorithms are
independent of the system model.

Compared with the previous results on cooperative con-
tinuous consensus control[5–10,12–16] and distributed impulsive
consensus control,[19–24] this study mainly has three advan-
tages.

(i) The cooperative impulsive formation control is investi-
gated for the networked MAS. In comparison to the distributed
continuous consensus control algorithm,[5–10,12,13,15,16,16] the
energy consumption and the communication burden are re-
duced.

(ii) Each agent is modeled by nonlinear Euler–Lagrange
equation, which can be used to represent a large class of
practical mechanical systems. In comparison to the linear
systems,[5,6,14,15] it is more challenging to design a cooperative
formation control algorithm for a nonlinear Euler–Lagrange

system. Furthermore, the uncertain dynamics and external dis-
turbances are considered. Compared with Refs. [23] and [24],
the proposed cooperative formation algorithms are indepen-
dent on the system model.

(iii) The information interactions are more constrained.
The communication delays between agents are considered,
while in Refs. [5]–[10] and [12]–[14], the proposed algorithm
cannot handle the case with communication delays. The in-
formation interactions among each agent and its neighbors are
only at some sampling moments, while in Refs. [20]–[23], the
information interactions of each agent with its neighbors are
continuously required.

Notation 1 The subscripts “T ” and “−1” stand for ma-
trix transposition and inverse, respectively. Rn denotes the
n-dimensional Euclidean space. The notation P > 0 (P ≥
0) means that P is symmetric and positive- (semi-positive)-
definite. diag{· · ·} stands for a block-diagonal matrix. ‖·‖ is
used to refer to the Euclidean vector norm. ‖·‖2 stands for the
usual l2[0,∞) norm, and ‖·‖

∞
represents the l2-induced norm.

⊗ represents the Knonecker product. λi stands for the i-th
eigenvalue of a square matrix. In represents the n×n identity
matrix. N is the set of positive integer numbers. Given a posi-
tive constant τ , let PC([−τ,0],Rn) = {ϕ : [−τ,0]→Rn}, ϕ(t)
is continuous everywhere except a finite number of points t̂k at
which ϕ(t̂+k ) and ϕ(t̂−k ) exist and ϕ(t̂+k ) = ϕ(t̂k).

2. Problem formulation and preliminaries
In this section, the Euler–Lagrange system, the graph the-

ory and the problem description are introduced.

2.1. Euler–Lagrange system

The dynamic system of each agent in this study is mod-
eled by the following nonlinear second-order Euler–Lagrange
equation

Mi(qi)q̈i +Ci(qi, q̇i)q̇i +gi(qi) = τi +ωi, (1)

where i denotes the index of the agents, qi ∈ Rp is the vec-
tor of generalized coordinates with p degrees of freedom.
Mi(qi) ∈ Rp×p is the symmetric positive-definite inertia ma-
trix. Ci(qi, q̇i) ∈ Rp×p is the vector of Coriolis and centrifugal
matrix. gi(qi) ∈ Rp denotes the vector of gravitational forces.
τi ∈Rp is the vector of the generalized control forces. ωi ∈Rp

represents the external disturbance. For the existence of uncer-
tain dynamics in practice, Mi(qi), Ci(qi, q̇i), and gi(qi) are all
considered as unknown for the controller design in this study.
For simplicity, Mi(qi), Ci(qi, q̇i), and gi(qi) are denoted as Mi,
Ci, and gi in the following statements.

Many mechanical systems can be modeled by the Euler–
Lagrange equation and the following common properties are
satisfied in this study:
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Property 1 Ṁi− 2Ci is skew symmetric, i.e., xT(Ṁi−
2Ci)x = 0, for all x ∈ Rp.

Property 2 For any i, there exist positive constants kmi

and kmi, such that 0 < kmiIp ≤Mi ≤ kmiIp.
Property 3 The external disturbance ωi is bounded by

‖ωi‖ ≤ ωMi, where ωMi is a positive constant.

2.2. Graph theory

A directed graph G = (V,ε,A) is used to describe the in-
formation interaction among agents. V = {v1, . . . ,vn} is the
set of nodes and n represents the number of nodes. ε ⊆V ×V
represents the set of edges, in which (vi,v j)∈ ε represents that
agent j can receive the information from agent i. A = [ai j] ∈
Rn×n is the weighted adjacency matrix of the directed graph
G, where ai j 6= 0 if and only if (v j,vi) ∈ ε , and ai j = 0 if
(v j,vi) /∈ ε or i = j. A directed path from node vi1 to vik is
a sequence of ordered edges vi1, . . . ,vis, . . . ,vik, which satisfies
(vis,vis+1) ∈ ε . A graph is said to be strongly connected if for
any node vi and v j, there exists at least one directed path from
vi to v j. The Laplacian matrix L of the directed graph G is
defined as L = D−A, where D = diag(d1, . . . ,dn) is a diago-
nal matrix and di = ∑

n
j=1 ai j. The following Lemma 1 shows

a useful property between the Laplacian matrix and strongly
connected graph.

Definition 1[25] Suppose a directed graph G is strongly
connected. Let p = [ p1, . . . , pn]

T be the left-eigenvector of its
Laplacian matrix L associated with eigenvalue λ1 = 0. The
generalized graph Laplacian potential is defined as

VL =
n

∑
i, j=1

piai j(x j− xi)
2, (2)

where xi is the system state variable.
Lemma 1[26] Suppose the directed graph G is strongly

connected with the Laplacian matrix L. Let P = diag{pi} ∈
Rn×n and

Q = PL+LTP, (3)

where pi is defined as in Definition 1. Then the following
identity holds

VL =
n

∑
i, j=1

piai j(x j− xi)
2 = x

T
Qx. (4)

Moreover, P > 0 and Q≥ 0.

2.3. Problem description

The networked MAS are composed of N agents (denoted
as I = {1, . . . ,N}), which are modeled by EL equations (1).
The information interaction among N agents is a directed
graph GA with the Laplacian matrix L. The control objective
of this study is to design a cooperative impulsive control al-
gorithm for each agent such that all agents reach a formation.

The formation is said to be achieved if the following condition
holds

limt→∞(qi(t)−q j(t)−δi j) = 0, ∀i, j ∈ I, (5)

where δi j is the desired relative distance or attitude between
agent i and j in formation problem. If the directed graph
among all agents is strongly connected, δi j can be decom-
posed as δi j = δi− δ j. Then, the following Lemma in multi-
agent systems is given to build a relationship among the graph,
Laplacian potential and system formation.

Lemma 2[25] Let the directed graph be strongly con-
nected and its Laplacian potential VL be defined by Eq. (2).
Then VL = 0 if and only if xi = x j, ∀i, j = 1, . . . ,N.

3. Main results
In this section, the cooperative impulsive formation con-

trol algorithms for the networked Euler–Lagrange systems
without and with communication delays are investigated re-
spectively. The neural-networks approximation and adaptive
technique are used to handle the system uncertain dynamics
and external disturbances. The Lyapunov stability theory and
Laplacian potential function in graph theory are used to prove
the convergence of the system formation.

3.1. Cooperative impulsive formation control without
communication delays

In this subsection, a cooperative impulsive formation con-
trol algorithm is designed for the networked Euler–Lagrange
systems without communication delays. Firstly, the directed
information interaction graph GA satisfies the following as-
sumption.

Assumption 1 The directed graph GA that characterizes
the information interaction among N agents is strongly con-
nected.

First, the auxiliary variables are designed

q̇ri =−ρ(qi+δi), (6)

si = q̇i− q̇ri = q̇i +ρ(qi+δi), (7)

where ρ is a positive constant. Applying Eq. (7) into Eq. (1),
we can obtain

Miṡi +Cisi = fi(qi, q̇i)+ τi +ωi, (8)

fi(qi, q̇i) =−Miq̈ri−Ciq̇ri−gi, (9)

where fi(qi, q̇i) is the uncertain nonlinear dynamics. The
neural-networks are used to approximate for the uncertain dy-
namics in the following form

fi(qi, q̇i) =W T
i θi(qi, q̇i)+ εi, (10)

where Wi is the ideal constant approximation weight matrix,
θi(·) is the suitable basis set of functions, and εi is the ap-
proximation error of neural-networks which is assumed to be
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bounded by ‖εi‖≤ εMi, where εMi is a positive constant. How-
ever, the ideal constant weight matrix Wi are usually unknown
for the controller design and the uncertain dynamics cannot be
approximated exactly by the neural-networks. Thus, the esti-
mate of fi(qi, q̇i) can be written as

f̂i(qi, q̇i) = Ŵ T
i θi(qi, q̇i), (11)

where Ŵi is the estimate of Wi and the adaptive law for Ŵi will
be given later. In the following statements, θi(qi, q̇i) is simpli-
fied as θi.

Then, we propose the following cooperative impulsive
formation control algorithm

τi =−Ŵ T
i θi− kisi− (σ1i +σ2i)

si

‖si‖
+ui, (12)

ui =−α

∞

∑
k=1

N

∑
j=1

ai j(si− s j)δ (t− tk), (13)

˙̂Wi = γiθisT
i , (14)

where ki, σ1i, σ2i, α , γi are positive constants, ai j is the (i, j)-
th entry of the adjacency matrix A of the directed graph GA,
and δ (t) denotes the impulsive effects at the moment t = tk.
In this study, we assume that the time moments tk are strictly
increasing in the time interval [0,∞), i.e.,

0 = t0 < t1 < · · ·< tk < · · · limk→∞tk = ∞.

Then, the following theorem is given to solve the im-
pulsive formation control problem for the networked Euler–
Lagrange systems.

Theorem 1 The networked Euler–Lagrange systems with
uncertain dynamics and external disturbances will converge to
the desired formation with the cooperative impulsive control
algorithm [Eqs. (12), (13), (14)] under the strongly connected
directed graph GA if the following conditions hold

σ1i ≥ ωMi + εMi ≥‖ωi + εi‖ , (15)

σ2i ≥
∥∥W̃ T

i
∥∥

F ‖θi‖ , (16)

(β1−1)km̄ +αλmin(L+LT)− (α2/km)λmax(LTL)≥ 0, (17)

χ >
lnβ1

ψ
, (18)

where W̃i =Wi−Ŵi. ‖·‖F denotes the Frobenius norm of the
matrix. β1, ψ are positive constants and will be designed later.
M = diag[M1, . . . ,MN ] and 0 < kmIN p ≤M ≤ kmIN p where km,
km are positive constants.

χ = min{2k1/km̄1,2k2/km̄2, . . . ,2kN/km̄N}.

L is the Laplacian matrix of the directed graph GA.
Proof Applying Eq. (12) into Eq. (8), we can obtain

Miṡi +Cisi = fi(qi, q̇i)−Ŵ T
i θi− kisi− (σ1i

+σ2i)
si

‖si‖
+ui +ωi. (19)

Combining Eq. (10) and the definition of W̃i, we can ob-
tain

Miṡi +Cisi = W̃ T
i θi− kisi− (σ1i +σ2i)

si

‖si‖
+ui +ωi + εi.

(20)
When t 6= tk, ui = 0, the closed-loop system (20) can be

written as

Miṡi +Cisi = W̃ T
i θi− kisi− (σ1i +σ2i)

si

‖si‖
+ωi + εi. (21)

When t = tk, let limt→t−k
x(tk) = x(t−k ) and limt→t+k

x(tk) =

x(t+k ). We assume that all the variables are right continuous
at t = tk, i.e., x(tk) = x(t+k ). In the impulsive control algo-
rithm (13), the Dirac function δ (t− tk) depicts the impulsive
effects of sudden appearances of ui at the time moment t = tk.
Then, we have

si(tk +π)− si(tk−π) =
∫ tk+π

tk−π

M−1
i

[
−Cisi +W̃ T

i θi− kisi− (σ1i +σ2i)
si

‖si‖
+ui +ωi + εi

]
dτ, (22)

where π is sufficiently small. According to Refs. [16], [20],
[24], and [26], when π → 0+, we gain

∆si(tk) = si(t+k )− si(t−k ) = M−1
i

[
−α

N

∑
j=1

ai j(si− s j)

]
. (23)

To further analyze the stability of the proposed coopera-
tive impulsive formation control algorithm for the networked
Euler–Lagrange systems, the following four proof steps are
given. Steps 1 and 2 are given to prove the asymptotic con-
vergence of the networked systems when t 6= tk. Step 3 is to
analyze the relationship of system variables when t = t−k and
t = t+k . Step 4 is to synthesize the results when t 6= tk and t = tk
and conclude the global stability.

Step 1 Prove the boundness of the variables si, W̃ i when
t 6= tk.

Lyapunov stability theory is used to analyze the system
stability. Consider the Lyapunov function candidate for the
i-th agent

V1i =
1
2
[
γ
−1tr(W̃ T

i W̃i)+ sT
i Misi

]
. (24)

For t ∈ [tk, tk+1),k≥ 0, the derivative of V1i can be written
as

V̇1i = γ
−1tr(W̃ T

i
˙̃W i)+1/2sT

i Ṁisi + sT
i Miṡi. (25)

Applying Eqs. (21) and (14) into Eq. (25), we can obtain
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V̇1i = − tr(W̃ T
i θisT

i )+1/2sT
i Ṁisi + sT

i

[
−Ci(qi, q̇i)si +W̃ T

i θi− kisi− (σ1i +σ2i)
si

‖si‖
+ωi + εi

]
= −kisT

i si− tr(W̃ T
i θisT

i )+ sT
i W̃ T

i θi +1/2sT
i
[
Ṁi−2Ci(qi, q̇i)

]
si− sT

i

[
(σ1i +σ2i)

si

‖si‖
+ωi + εi

]
. (26)

As sT
i W̃ T

i θi is a scalar, it follows that tr(W̃ T
i θisT

i ) =

tr(sT
i W̃ T

i θi) = sT
i W̃ T

i θi. By using the Property 1 in Euler–
Lagrange system, we have

V̇1i = −kisT
i si− (σ1i +σ2i)‖si‖+ sT

i (ωi + εi)

≤ −kisT
i si− (σ1i +σ2i)‖si‖+‖si‖‖ωi + εi‖ . (27)

According to Eq. (15), it follows that

V̇1i ≤−kisT
i si−σ2i ‖si‖ ≤ 0. (28)

According to the Lyapunov stability theory, equa-
tions (24) and (28) imply that both si and W̃ i are bounded.

Step 2 Prove the asymptotic convergence of the variable
si when t 6= tk.

Consider the Lyapunov function candidate

V2i =
1
2

sT
i Misi. (29)

For t ∈ [tk, tk+1), k ≥ 0, the Dini derivative of V2i can be
written as

V̇2i = 1/2sT
i Ṁisi + sT

i Miṡi. (30)

Applying the closed-loop system (21) into Eq. (30), we
can obtain

V̇2i = 1/2sT
i Ṁisi + sT

i

[
−Ci(qi, q̇i)si +W̃ T

i θi− kisi− (σ1i +σ2i)
si

‖si‖
+ωi + εi

]
. (31)

According to the property of Frobenius norm, we can obtain∥∥W̃ T
i θi
∥∥

F ≤
∥∥W̃ T

i
∥∥

F ‖θi‖ . (32)

Combining the conclusion in Step 1, Eq. (32) and Ref. [28], we can conclude that
∥∥W̃ T

i θi
∥∥

F is bounded. Thus, we have

V̇2i = −kisT
i si− (σ1i +σ2i)‖si‖+ sT

i (ωi + εi +W̃ T
i θi)

≤ −kisT
i si− (σ1i +σ2i)‖si‖+‖ωi + εi‖‖si‖+

∥∥W̃ T
i
∥∥

F ‖θi‖‖si‖ . (33)

According to Eqs. (15) and (16), we can obtain

V̇2i ≤−kisT
i si ≤−(2ki/km̄i)V2i. (34)

Therefore, we can conclude that

V2i[si(t)]≤V2i[si(t+k )]e−(2ki/km̄i)(t−tk), t ∈ [tk, tk+1), k ≥ 0.
(35)

Define the general Lyapunov function V2

V2 =
N

∑
i=1

V2i. (36)

Then, we have

V2[s(t)]≤V2[s(t+k )]e−χ(t−tk), t ∈ [tk, tk+1), k ≥ 0, (37)

where s = [sT
1 , . . . ,s

T
N ]

T.

Step 3 Analyze the relationship of si when t = t−k and
t = t+k .

To analyze the change of si when t = tk, integrating two
sides of Eq. (23), one can obtain

∆s = s(t+k )− s(t−k ) =−αM−1(L⊗ Ip)s(t−k ). (38)

Then, we can obtain

s(t+k ) =
[
IN p−αM−1(L⊗ Ip)

]
s(t−k ). (39)

Then, we have

V2(s(t+k )) =
N

∑
i=1

1
2

sT
i (t

+
k )Misi(t+k ) =

1
2

sT(t+k )Ms(t+k ). (40)

Applying Eq. (39) into Eq. (40), we obtain

V2(s(t+k )) =
1
2

sT(t−k )[IN p−αM−1(L⊗ Ip)]
T

M[IN p−αM−1(L⊗ Ip)]s(t−k )

= −1
2

sT(t−k )
[
(β1−1)M+α(L⊗ Ip)+α(LT⊗ Ip) −α

2(LT⊗ Ip)M−1(L⊗ Ip)
]

s(t−k )+
β1

2
sT(t−k )Ms(t−k ), (41)

where 0 < β1 < 1.
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Since the information interaction topology among agents is a directed graph, L is not a symmetric matrix. But the compo-
nents of Eq. (41), α(L⊗ Ip)+α(LT⊗ Ip) and α2(LT⊗ Ip)M−1(L⊗ Ip) are symmetric. Thus, we can obtain

V2(s(t+k ))≤ − 1
2
[
(β1−1)km̄ +αλmin(L+LT)− (α2/km)λmax(LTL)

]
sT(t−k )s(t−k )+

β1

2
sT(t−k )Ms(t−k ).

Combining Eqs. (17) and (41), we can obtain

V2(s(t+k ))≤ β1V2(s(t−k )). (42)

Thus, equation (42) implies the abrupt change of the vari-
able si when t = t−k and t = t+k .

Step 4 Prove the global formation of the networked
Euler–Lagrange systems when t→ ∞.

Combining Eqs. (34) and (42), we can obtain

V2[s(t)]≤ β
k−1
1 V2[s(t+0 )]e−χ(t−t0). (43)

According to the average impulsive interval definition in
Ref. [29], we have

Nζ ≥
t− t0

ψ
−N0, (44)

where Nζ denotes the number of the impulsive times of im-
pulsive sequence ζ = {t1, t2, . . .} in time interval (t0, t), ψ is
the minimum average impulsive interval, and N0 is a positive
integer. Thus, we can obtain

V2[s(t)]≤ β
Nζ

1 V2[s(t+0 )]e−χ(t−t0)

≤ V2[s(t+0 )]β
−N0
1 e(lnβ1/ψ−χ)(t−t0). (45)

Using Eq. (18), we conclude that

lim
t→∞

V2[s(t)] = 0. (46)

To get the formation of the networked systems, we con-
sider the Laplacian potential function

VL =
N

∑
i, j=1

piai j(s j− si)
2 = sTQs≥ 0, (47)

where pi, Q are defined in Definition 1.
Because the information interaction graph GA among

agents is strongly connected, we can obtain Q≥ 0 by Lemma
1. Therefore, we have a relationship between the Laplacian
potential function VL and the Lyapunov function V2.

VL =
N

∑
i, j=1

piai j(s j− si)
2

= sTQs≤ λmax(Q)sTs≤ (2λmax(Q)/km)V2. (48)

Combining Eqs. (46), (47), and (48), we conclude that

lim
t→∞

VL = 0. (49)

According to Lemma 2, equation (49) implies

limt→∞(si− s j) = 0.

According to Eq. (7), we obtain

si− s j = q̇i− q̇ j +ρ(qi−q j−δi j).

Because δi j is constant, we have

qi−q j−δi j = e−ρt(qi(0)−q j(0)−δi j)

+ e−ρt
∫ t

0
eρτ(si− s j)dτ. (50)

Because ρ > 0, we can gain

limt→∞ e−ρt(qi(0)−q j(0)−δi j) = 0

and

limt→∞ e−ρt
∫ t

0
eρτ(si− s j)dτ = limt→∞

e−ρt(si− s j)

ρ
(eρt −1)

= 0.

According to Eq. (50), we can conclude that

limt→∞ (qi−q j−δ i j) = 0,

which implies the formation of the networked Euler–Lagrange
systems is achieved. This completes the proof.

Remark 1 The Laplacian potential VL defined in Eq. (47)
is positive-semidefinite, but not positive-definite. Thus, The
Laplacian potential VL is not a Lyapunov function, but a func-
tion for the analysis of the system formation.

Remark 2 In Eq. (12), except the impulsive component,
τi contains both the continuous control part and the adaptive
control part. According to the definition of impulsive system
and control in Ref. [27], we can call our proposed controller
the impulsive formation controller. Moreover, we will try to
design fully impulsive formation controller in our future work.

3.2. Cooperative impulsive formation control with com-
munication delays

In this subsection, the communication delays among
agents are considered in the networked Euler–Lagrange sys-
tems. Since the main procedures of this subsection are similar
with the former subsection, the differences are mainly stated
here.

To analyze the stability of the networked systems with
delays, the following Lemma is given firstly.

Lemma 3[30] (Extended Halanay differential inequality)
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Suppose q≥ 0, and µ(t) satisfies the scalar impulsive dif-
ferential inequality

D+
µ(t)≤ pµ(t)+q[µ(t)]

τ
, t 6= tk, t ≥ t0, (51)

µ(t+k )≤ bkµ(t−k )+dk[µ(t)]τ− ,

0 < bk−1 +dk−1 eητ ≤ 1,k ∈ N, (52)

µ(t) = φ(t), t ∈ [t0− τ, t0], (53)

where D+ represents the distribution derivative, b0 = 1, d0 = 0,
µ(t) is continuous at t 6= tk, t ≥ t0, µ(tk)= µ(t+k ) and µ(t−k ) ex-
ists, φ ∈ PC([t0− τ, t0],R), [µ(t)]τ− = sup−τ≤κ<0[µ(t +κ)].
Assume that there exists a small enough number η > 0 such
that for all k ∈ N, the following condition is satisfied(

p+
q

bk−1 +dk−1 eητ

)
(tk− tk−1)<− ln(bk−1 +dk−1 eητ).

(54)
Then there exists a constant ϑ ≥ 1 such that

µ(t)≤ ‖φ‖
τ
ϑ e−η(t−t0), t ≥ t0, (55)

where ‖φ‖
τ
= sup−τ≤κ≤0 ‖φ(κ)‖.

The cooperative impulsive formation control algorithm
for the networked systems with communication delays is de-
signed as Eqs. (12), (14), and

ui =−α

∞

∑
k=1

N

∑
j=1

ai j(si− s j(t−T ))δ (t− tk), (56)

where T represents the communication delays between agents.

Theorem 2 The networked Euler–Lagrange systems with
uncertain dynamics and external disturbances can achieve the
desired formation with the cooperative impulsive control al-
gorithm (12), (14), and (56) under the strongly connected di-
rected graph GA with communication delays T if the condi-
tions (15), (16), (68), (69) hold.

Proof With the comparison of the two cooperative impul-
sive formation control algorithms (13) and (56), the difference
is only in the impulsive control effects. Thus, the stability
analysis in this subsection when t 6= tk is the same with the
former subsection.

When t = tk, the closed-loop networked systems can be
written as

∆si(tk) = si(t+k )− si(t−k )

= M−1
i

[
−α

N

∑
j=1

ai j(si− s j(t−T ))

]
. (57)

Integrating both sides of Eq. (57), we have

∆s = s(t+k )−s(t−k ) =−αM−1(LDs(t−k )−LFs(t−k −T )), (58)

where LD = D⊗ IN , LF = A⊗ IN . LT
D = LD but LT

F 6= LF.
Then, we have

s(t+k ) = (IN p−αM−1LD)s(t−k )+αM−1LFs(t−k −T ). (59)

The Lyapunov function V2(s(t+k )) can be written as

V2(s(t+k )) =
N

∑
i=1

1
2

sT
i Misi =

1
2

sT(t+k )Ms(t+k )

=
1
2
[(IN p−αM−1LD)s(t−k )+αM−1LFs(t−k −T )]

T
M[(IN p− αM−1LD)s(t−k )+αM−1LFs(t−k −T )]

=
1
2

sT(t−k )(IN p−αM−1LD)
T

M(IN p−αM−1LD)s(t−k )

+
α

2
sT(t−k )(IN p−αM−1LD)

T
LFs(t−k −T )+

α

2
sT(t−k −T )LT

F(IN p−αM−1LD)s(t−k )

+
α2

2
sT(t−k −T )LT

FM−1LFs(t−k −T ). (60)

According to the inequality XTY +Y TX ≤ εXTX +1/εY TY , we obtain that there exists a constant ε > 0 such that

α

2
sT(t−k )(IN p−αM−1LD)

T
LFs(t−k −T )

+
α

2
sT(t−k −T )LT

F(IN p−αM−1LD)s(t−k )≤ αε

2
sT(t−k )(IN p−αM−1LD)

T
(IN p−αM−1LD)s(t−k )

+
α

2ε
sT(t−k −T )LT

FLFs(t−k −T ). (61)

Thus, equation (60) can be written as

V2(s(t+k ))≤ bV2(s(t−k ))+dV2(s(t−k ))T , (62)

where

b = λ
2
max(IN p−αM−1LD)

+
αε

λmin(M)
λ

2
max(IN p−αM−1LD), (63)

d =
α2

λ 2
min(M)

λmax(LT
FLF)

+
α

ελmin(M)
λmax(LT

FLF). (64)
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Thus, we have

D+V2(s(t))≤−χV2i(s(t)), t ∈ [tk, tk+1),k ≥ 0,

V2(s(t+k ))≤ bV2(s(t−k ))+dV2(s(t−k ))T , t = tk.

Let V (s(t)) = φ(t) ∈ PC([−T,0],Rn) = {φ : [−T,0]→
Rn}, φ(t) is continuous for any t ∈ [t0−T, t0]. Using Lemma 3,
we can obtain if the following conditions hold

0 < b+d eηT ≤ 1, (65)

(−χ)(tk− tk−1)<− ln(b+d eηT ), (66)

then, we have

V2(s(t))≤ ‖φ‖τ
ϑ e−η(t−t0), t ≥ t0, (67)

where ϑ ≥ 1 and ‖φ‖
τ
= sup−τ≤κ≤0 ‖φ(κ)‖.

By simplifying, inequalities (65) and (66) can be further
written as

0 < η ≤ 1
T

ln
1−b

d
, (68)

ψ >
ln(b+d)

χ
. (69)

By the similar proof procedures in Step 4 in Subsection 1
which is omitted here, we can conclude that the formation of
the networked Euler–Lagrange systems with communication
delays is achieved. This completes the proof.

Remark 3 For the proposed cooperative formation con-
trol law (12), there may exist singularity effect when si is
small. Thus, one practical approach that can be used to avoid
the singularity is by replacing si/‖si‖ with si/‖si‖+ξ , where
ξ is a small positive constant.

Remark 4 In the impulsive formation system, the main
control factors have influences on the dynamical behaviors of
the system. In practice, we should balance our control param-
eters to meet the need of physical background and practical
applications. If the number of impulsive time is more, the im-
pulsive control effect and communication among agents will
increase. When the amplitude of the pulses are larger, impul-
sive effect will become the main system control effect and the
amplitude of the controller is larger. When the delay time be-
comes larger, the system convergent time becomes longer.

4. Illustrative example
In this section, a numerical simulation of satellite forma-

tion flying is presented to verify the effectiveness of the pro-
posed cooperative impulsive formation control algorithms.

Consider a group of eight satellites (I = {1, . . . ,8}), the
equations of relative orbit motion in the local-vertical, local-
horizontal (LVLH) rotating frame can be described as[31]

ẍi−2ω0ẏi−ω
2
0 xi− ω̇0yi +

µe(R0 + xi)

R3
i

− µe

R2
0
=

τoix

mi
,

ÿ2
i +2ω0ẋi−ω

2
0 yi + ω̇0xi +

µeyi

R3
i

=
τoiy

mi
,

z̈i +
µezi

R3
i

=
τoiz

mi
,

where [xi,yi,zi] are the relative coordinate of the satellite i in
the LVLH frame, R0 is the orbit radius, mi is the mass of the

satellite, µe is the gravitation constant, ω0 =
√

µe/R3
0 is the

orbit angular velocity, Ri is the distance between the satellite
and the geocenter, [τoix,τoiy,τoiz] are the control forces. Note
that the above relative orbit motion equations can be trans-
formed into Euler–Lagrange equation miq̈i +Ciq̇i + gi = τoi,
i = 1, . . . ,8 by qi = [xi,yi,zi]

T, τoi = [τoix,τoiy,τoiz]
T,

Ci = 2mi

 0 −ω0 0
ω0 0 0
0 0 0

 ,
gi = mi

−ω0xi− ω̇0yi +µe(R0 + xi)/R3
i −µe/R2

0
−ω0yi +µeyi/R3

i + ω̇0xi

µezi/R3
i

 .
This simulation’s examples assume that the relative or-

bit reference of the satellite formation system follows a near-
circular orbit with the initial orbit elements

[a e i ∆ ϖ f ] = [7136.0 0.001 60◦ 10◦ 30◦ 0◦],

where a is the semi-major axis (in unit km) of the reference
orbit, e is eccentricity, i is the inclination, ∆ is the longitude
of the ascending node, ϖ is argument of periapsis, and f is
the true anomaly. For satellites i = {1,2,3}, mi = 35 kg and
i = {4,5,6,7,8}, mi = 40 kg.

The connected directed communication topology GA

among eight satellites is described in Fig. 1.

1 2 3 4

5 6 7 8

Fig. 1. The communication topology among satellites.

The Laplacian matrix of the directed graph GA is

L =



1 −1 0 0 0 0 0 0
−1 2 0 0 0 −1 0 0
0 −1 1 0 0 0 0 0
0 0 −1 1 0 0 0 0
−1 0 0 0 1 0 0 0
0 0 0 0 −1 2 −1 0
0 −1 0 0 0 0 2 −1
0 0 −1 −1 0 0 0 2


.
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The initial states of eight satellites are q1(0) = [15,20,20]T m,
q2(0) = [25,−10,25]T m, q3(0) = [−20,−20,−5]T m,
q4(0) = [−5,10,30]T m, q5(0) = [0,−15,−15]T m,
q6(0) = [−25,15,−25]T m, q7(0) = [10,−5,−10]T m,
q8(0) = [−10,0,−20]T m, q̇i(0) = 0 m/s, ∀i = 1, . . . ,8.
δ1 = [150,50,150]T m, δ2 = [150,150,150]T m, δ3 =

[50,150,150]T m, δ4 = [50,50,150]T m, δ5 = [150,50,50]T m,
δ7 = [50,150,50]T m, δ8 = [50,50,50]T m.

The simulation parameters of neural-networks (NN) are
given as: the activation function of NN for i-th satellite used
in this simulation can be denoted as

θ i(z) = [θ i1(z), . . . ,θ i6(z)]
T,

where θ i j(z) is a Gaussian function

θ i j(z) = exp

(
−
∥∥z− ci j

∥∥2

σi j2

)
, j = 1, . . . ,6,

where z = [qi, q̇i]
T ∈ R6. It is assumed that all the activa-

tion function of neural-networks is the same, ci j represents
the center of the receptive field which is evenly distributed in
[−5,5]3× [−0.5,0.5]3. σi j = 2 is the width of Gaussian func-
tion. The initial weight matrix are all zeros, which denoted
Ŵi(0) = 06×3.

The control parameters are ρ = 0.01, σ1i = 0.005, σ2i =

0.005, ki = 1, α = 0.5, γi = 1, ∀i = 1, . . . ,8. Communication
delays are set as T = 1 s. The impulsive intervals are 5 s,
i.e., tk+1− tk = 5 s, k ≥ 0. Note that the above chosen control
parameters satisfy the conditions (15)–(18), (68) and (69).

The simulation results are shown below and the figures
are drawn in Figs. 2–13.
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Fig. 2. (color online) Trajectories of eight satellites in Case 1.
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Fig. 3. (color online) Positions of eight formation satellites in Case 1.

Case 1 Cooperative impulsive formation control without
communication delays;
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Case 2 Cooperative impulsive formation control with
communication delays;
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Fig. 5. (color online) Trajectories of eight satellites in Case 2.

Case 3 Continuous cooperative formation control algo-
rithm with the same control parameters.
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Fig. 6. (color online) Positions of eight formation satellites in Case 2.

To compare the control energy consumption among
Case 1, Case 2, and Case 3, the control energy consumption
for the networked systems is defined as

J =
8

∑
i=1

∫ 500

0
‖τi(t)‖ dt.
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Fig. 11. (color online) Comparison of control energy consumption.

To analyze the impulsive effect on system performance,
the figures of sample signal and impulsive effect in Case 1 are
given below.

sample signal 

Fig. 12. (color online) Sample signal in Case 1 and Case 2.
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Fig. 13. (color online) Impulsive effect on the controller in Case 1.

We can see that the square formation of eight satellites is
achieved in the above three simulation examples. Comparing
Figs. 4, 7, and 10, we can obtain that the impulsive controller
is discontinuous with some impulsive effect at the sample mo-
ments. From Fig. 11, we can conclude that the impulsive
controller without communication delays has the least con-
trol energy consumption, the impulsive controller with com-
munication delays is the second mainly because of the cost for
the communication delays. The continuous controller has the
most control energy consumption, which proves the effective-
ness of reducing control energy consumption with the impul-
sive controller. Figure 12 gives the sample period moments
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within 100 s. Figure 13 gives the impulsive effect in Eq. (13),
which shows that the impulsive effect will converge to the ori-
gin finally.

To sum up, the simulation results in Figs. 12 and 13 il-
lustrate the effectiveness of the proposed cooperative impul-
sive formation control algorithms. The comparison in Fig. 11
proves less energy consumption of impulsive formation algo-
rithm than the continuous formation algorithm.

5. Conclusion
The paper focuses on the cooperative impulsive formation

control problem for a class of networked Euler–Lagrange sys-
tems with uncertain dynamics and external disturbances un-
der a connected directed graph. Furthermore, the communica-
tion delays among agents are considered. The main features
of the proposed impulsive formation control algorithms are
that the controllers are impulsive and the information interac-
tions among agents are only at some discrete moments, which
reduce the energy consumption and the communication fre-
quency among agents. To handle the uncertain dynamics in the
networked systems, neural-networks approximation and adap-
tive technique are used to compensate for the unknown nonlin-
ear dynamics. With the proposed impulsive formation control
algorithm, all agents converge to the desired formation. With
the consideration of communication delays, the modified im-
pulsive formation control algorithm is proposed. Finally, the
simulation examples are presented to demonstrate the effec-
tiveness of the proposed impulsive formation control laws and
the performance improvements of impulsive formation control
law upon the continuous formation control law. Future work
will concentrate on the distributed impulsive leader-following
formation problem with communication delays.
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