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The minimization of spurious wave reflection is a challenge in multiscale coupling due to the difference of spatial
resolution between atomistic and continuum regions. In this study, a new damping condition is presented for eliminating
spurious wave reflection at the interface between atomistic and continuum regions. This damping method starts by a
coarse–fine decomposition of the atomic velocity based on the bridging scale method. The fine scale velocity of the atoms
in the damping region is reduced by applying nonlinear damping coefficients. The effectiveness of this damping method is
verified by one- and two- dimensional simulations.
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1. Introduction

Atomistic simulation is applied widely to study mechan-
ics and materials at the nanoscale.[1] In spite of rapid develop-
ment in computer techniques, atomistic simulation still suffers
from limitations in terms of spatial and temporal scales. On
the other hand, the continuum method is not capable of de-
scribing accurately physical phenomena at the atomic level,
despite its efficiency.[2,3] Therefore, the multiscale method
is proposed to overcome the limitations of those existing
simulation tools, such as molecular dynamics (MD) and fi-
nite element method (FEM), so that complex phenomena at
a small scale can be explored without sacrificing too much
computational time. During the past decades, many mul-
tiscale methods have been developed, including concurrent
coupling of length scales (CLS),[4] bridging scale method
(BSM),[5–7] bridging domain method (BDM),[8] and hybrid
simulation method (HSM).[9] They have been successfully
used for a wide range of areas, such as nanoindentation,[10,11]

crack,[12,13] and nanotribology.[14–16]

One major difficulty in multiscale coupling is that the
high frequency or the short wavelength components of waves
from the atomistic region cannot be captured by coarse con-
tinuum mesh. Those components that fail to propagate appro-
priately into the continuum region are reflected back into the
atomistic region at the atomistic/continuum interface, result-
ing in a spurious increase of temperature. This phenomenon
is known as spurious wave reflection,[17] which can gener-
ate considerable numerical errors. Recently, several multi-
scale techniques have been applied to handle the spurious
wave reflection with varying degree of effectiveness. Cai and
coworkers[18] proposed a time-dependent boundary condition

to minimize elastic wave reflection based on a generalized
Langevin equation, and applied to one-dimensional (1D) prob-
lems. The method requires a numerical calculation of response
functions, which could be time-consuming for multiple di-
mensions. Wagner and Liu[5] developed a so-called bridging
scale method (BSM) in which the displacement is decomposed
into the coarse and fine scales by using a projection operator.
They eliminated unwanted reflections by analytically account-
ing for high-frequency components of waves as an additional
force term in the standard MD equation. However, the imple-
mentation of the BSM is not straightforward as both Fourier
and Laplace transforms are needed as well as the storage of the
boundary atom displacement history. Sadeghirad and Liu[19]

added a viscous term into the motion equation of MD in order
to reduce the non-physical reflections at the MD/FEM inter-
face. Their damping algorithm performed well in the frame-
works of BSM and BDM. Other effective methods have been
developed so far, including non-reflection interfaces by E and
Huang,[20] ‘stadium’ damping method by Qu et al.,[21] spatial
filters by Ramisetti et al.[22]

In this study, a new damping boundary condition is pro-
posed to remove the spurious wave reflection that occurs in
atomistic-continuum coupling. In this method, firstly, we use
a projection operator proposed by Wagner and Liu[5] to sepa-
rate the total velocity of each atom within the overlapping sub-
domain of atomistic and continuum domains into coarse and
fine components. The coarse velocities of the atoms are not
modified so all data of mechanical deformation can be prop-
agated into a continuum region. On the other hand to reduce
the spurious reflections the fine velocities are eliminated by
applying the damping coefficients. One key result in this pa-
per is that the damping coefficients ramp nonlinearly over the
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width of the overlapping domain. The method is implemented
by a multiple-time-step algorithm. The good performance of
the proposed method is verified by one- and two- dimensional
problems.

2. Presentation of the method
Figure 1 shows the one-dimensional model for the pre-

sented damping method. This model consists of three re-
gions: the FEM region, the MD region, and the damping re-
gion (dashed line).

FEM

MD

damping region

atom ghost atom FEM node

Fig. 1. Schematic diagram of one-dimensional multiscale coupling be-
tween FEM and MD with a damping region.

We start by a brief introduction of the coarse-fine de-
composition following Wagner and Liu’s work[5] in Subsec-
tion 2.1. The coarse–fine decomposition is applied to the ve-
locities of the atoms within the damping region where the
FEM and MD regions overlap. Nonlinear damping coeffi-
cients used to reduce the fine parts of the atomic velocity
are calculated for all atoms in the damping region in Subsec-
tion 2.2. The ghost atom (dotted circle) is used to provide a
physical boundary condition for the MD region.[23] It follows
the movement of the mesh in the FEM region. The move-
ment of atoms (filled circles) and nodes (open circles) in the
FEM and MD regions are governed by the standard MD and
FEM equations, which will be given in detail coupled with a
multiple-time-step algorithm in Subsection 2.3.

2.1. Coarse–fine decomposition in the damping region

According to the original bridging scale method
(BSM),[5] the total displacement 𝑢α of an atom α in the damp-
ing region consists of a coarse scale 𝑢̄α and a fine scale 𝑢′α as
given in Eq. (1).

𝑢α = 𝑢̄α+𝑢′α . (1)

As the coarse scale 𝑢̄α is the projection of the total scale
on the FEM space of displacement, it can be defined as

𝑢̄α = ∑
I

NI𝑑I, (2)

where NI is the shape function of the initial position of the
atom α at node I, and 𝑑I is the displacement of node I. The
fine scale 𝑢′α describes the components of the total displace-
ment that cannot be represented by the coarse scale. The fine
scale is defined as the difference between the total scale 𝑢α

and the coarse scale 𝑢̄α . A projection operator is obtained

by solving minimizing the sum of the square of the difference
between the coarse and the total scale as given in Eq. (3)

min
d

∑
α

(
𝑢α −∑

I
NI𝑑I

)2
 . (3)

Solving Eq. (3) with respect to 𝑑 yields

𝑑=
[
𝑁𝑁T]−1

𝑁𝑢. (4)

Multiplying 𝑁T to both sides of Eq. (4) yields

𝑢̄=𝑁T𝑑=𝑁T [𝑁𝑁T]−1
𝑁𝑢. (5)

The projection matrix is defined as

𝑃 =𝑁T [𝑁𝑁T]−1
𝑁 . (6)

Therefore, the coarse scale is the least-square fit of the to-
tal scale. The fine scale is obtained by subtracting the coarse
scale ū from the total scale 𝑢 as given in Eq. (7)

𝑢′ = (𝐼−𝑃 )𝑢, (7)

where 𝐼 is the identity matrix. The derivative of Eq. (7) with
respect to time gives

𝑢̇′ = (𝐼−𝑃 )𝑢̇, (8)

where 𝑢̇ and 𝑢̇′ are the velocity vectors of the total and fine
scales, respectively. Similarly, the velocity vector of the coarse
scale can be written as

˙̄𝑢=𝑁T𝑑. (9)

Finally, the equation of the total velocity for the atoms in
the damping region can be written as

𝑢̇=𝑁T𝑑+(𝐼−𝑃 )𝑢̇, (10)

where 𝑑 is the nodal velocity vector. As given by Eqs. (5)–(7),
the projection matrix 𝑃 is used to decompose the total veloc-
ity of the atoms in the damping region into the coarse and fine
scales at each time step. Note that the projection matrix 𝑃 de-
pends on the initial geometry of the model, and is only needed
to be calculated once before running simulations.

2.2. Calculation of damping coefficient

After the coarse–fine decomposition of the velocities for
the atoms in the damping region, the fine velocities 𝑢̇′ are
rescaled by multiplying the vector of the damping coefficients
θ , while the coarse parts ˙̄𝑢 are not changed. Therefore, the
atomic equation of the total velocity 𝑢̇ with θ can be written
as

𝑢̇= ˙̄𝑢+θ 𝑢̇′. (11)

Each element of the vector θ corresponds to the damp-
ing coefficient of each atom in the damping region. For the
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model in Fig. 1, the damping coefficient θα of one atom α in
the damping region is defined as

θα=

(
xα −LFE

W

)s

, (12)

where x𝛼 is the position of atom α , LFE is the left boundary
of the FEM region, W is the width of the damping region, s is
the parameter between 0 and 1. If s = 0, as all elements of θ

equal 1, there is no damping effect on the fine scale. If s = 1,
the elements of θ ramp linearly over the width of the damp-
ing region, which is similar to the damping condition in Qu’s
work.[21] If < s < 1, the elements of θ vary nonlinearly. Both
linear and nonlinear damping conditions can ensure a grad-
ual change of the atom dynamics from the MD region to the
damping region. As demonstrated in Section 3 however, the
nonlinear coefficients show a better performance for reducing
the spurious wave reflections compared to the linear ones.

2.3. Multiple-time-step algorithm

In the damping region, the continuum mesh is not refined
down to the atomistic level when using the damping method.
This allows a larger time step used in the FEM region com-
pared to that in the MD region, and saves the computation
time. A multiple-time-step algorithm is proposed as follows.
We define the MD time step and the FEM time step as ∆t and
∆T = m∆t, respectively. As the FEM model is advanced one
time step ∆T , the MD model is advanced by m steps of ∆t.
The movement of the atoms, in both MD and damping regions
is updated by using an explicit central difference method as
given in Eqs. (13)–(15). Other methods, such as velocity ver-
let method,[1] can also be used.

𝑢n+( j+1)/m = 𝑢n+ j/m +∆t𝑢̇n+ j/m +
1
2

∆t2𝑢̈n+ j/m, (13)

𝑢̈n+( j+1)/m =𝑀−1
a 𝑓MD(𝑢

n+( j+1)/m), (14)

𝑢̇n+( j+1)/m = 𝑢̇n+ j/m +
1
2

∆t𝑢̈n+( j+1)/m, (15)

where 𝑢̈ is the atomic acceleration vector, 𝑓MD is the atomic
force vector which is the first derivative of the interatomic po-
tential, 𝑀a is a diagonal matrix with diagonal elements equal
to atomic masses, and 0≤ j < m.

In each MD time step, the fine velocities of the atoms
in the damping region are obtained according to Eq. (8), and
rescaled by multiplying the damping coefficient in Eq. (12).
Then, the total velocities of those atoms are recalculated ac-
cording to Eq. (11).

After the quantities 𝑢n+1, 𝑢̇n+1, and 𝑢̈n+1 of the atoms
in the MD and damping regions are obtained, the nodal move-
ment in the FEM region is updated from n to n+1 by using the
explicit central difference method as given in Eqs. (16)–(18).

𝑑n+1 = 𝑑n+∆T𝑑n+
1
2

∆T 2𝑑n, (16)

𝑑n+1 =𝑀−1
FE 𝑓FE(𝑑

n+1), (17)

𝑑n+1=𝑑n+
1
2

∆T
(
𝑑n +𝑑n+1) , (18)

where 𝑑 is the nodal acceleration vector. 𝑀FE and 𝑓FE are the
lumped mass matrix and the internal force vector of the FEM
region, respectively. The internal force is calculated based on
the Cauchy–Born (CB) rule, which is widely used in the mul-
tiscale simulations.[5,8,23,24] The continuum stress can be di-
rectly calculated from the interatomic potential using the CB
rule. Details about the CB rule and its applications can be
found in the quasicontinuum method[23] and the review paper
by Park et al.[7] Instead of Eqs. (16)–(18), the displacement
𝑑n+1

b and velocity 𝑑n+1
b of the boundary node in the damping

region, e.g., the leftmost node of 1D model in Fig. 1, are de-
termined by weighted averaging the corresponding quantities
of the atoms at time step n+1 based on the hybrid simulation
method (HSM) proposed by Luan and Robbins.[9] Therefore,
the displacement 𝑑n+1

b and velocity 𝑑n+1
b are given as

𝑑n+1
b = 𝜔b𝑢

n+1
b , (19)

𝑑n+1
b = 𝜔b𝑢̇

n+1
b , (20)

where 𝑢n+1
b and 𝑢̇n+1

b are the displacement and velocity vec-
tors of the atoms whose initial positions are close to the bound-
ary node with a distance r less than a given distance rav. 𝜔b is
the weight vector of those atoms. Each element of 𝜔b is cal-
culated by a weighing function,[25] which is given in Eq. (13).

ω (r) = 1−3
(

r
rav

)2

+2
(

r
rav

)3

. (21)

The given distance rav is comparable to the size of
one finite element.[9] The weighted averaging method from
Eqs. (19) and (20) is used to transmit atomic information to
the FEM region. Meanwhile, the transmission of FEM infor-
mation to the MD region is achieved by interpolating the dis-
placement 𝑢n+1

g of the ghost atom at time step n+1 shown in
Eq. (22)

𝑢n+1
g =𝑁g𝑑

n+1
g , (22)

where 𝑁g and 𝑑n+1
g are the shape function and the displace-

ment of the nodes that form an element containing the ghost
atom, respectively.

3. One-dimensional example
3.1. Model set-up

In the one-dimensional example, we apply the damping
method proposed in Section 2 to a wave-propagation problem
similar to those used in Refs. [5] and [8]. The Lennard-Jones
(LJ) potential is used to describe the interatomic interactions.
This potential is expressed as

U(ri j) = 4ε

[(
σ

ri j

)12

+

(
σ

ri j

)6
]
, (23)
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where ε and σ are characteristic energy and length scales, re-
spectively. We use ε = 0.2 eV and σ= 0.11 nm, so the equi-
librium bond length is r0 = 6√2σ . As the nearest-neighbor
interactions are considered, the cut-off radius of the LJ poten-
tial is rc= 1.5r0. As mentioned above, the constitutive law of
the FEM model is governed by the Cauchy–Born rule. Thus,
the first Piola–Kirchhoff stress in the FEM region is obtained
as

PC(F) =
∂UC(F)

∂F
=

24ε

r0

[
(σr0)

6

F7 − 2(σr0)
12

F13

]
, (24)

where F = r/r0 is the deformation gradient of an FEM ele-
ment, and UC(F) is the potential energy density obtained from
the LJ potential.

The entire region consists of 271 atoms in total, 35 atoms
in the damping region, and 42 linear elements of equal size
ℎe= 10𝑟0 in the FEM region. The MD time step is ∆t =
0.002 ps. The FEM time step ∆T is 10 times larger than ∆t.
The initial displacements of the atoms are expressed as

u0(x) = A
e−(x/µ)2

−uc

1−uc

(
1+bcos

(
2π𝑥

H

))
, for |x|≤Lc, (25)

where A = 0.0015 nm, µ = 50r0, b = 0.1, Lc = 5µ , H = µ/4,
and uc = e−(Lc/µ)2

. The prescribed displacement at time t = 0
is plotted in Fig. 2. The initial velocities of the atoms and the
nodes at time t = 0 are zero.
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Fig. 2. (color online) The initial displacements of the one-dimensional
example.

3.2. Results and discussion

In the damping method of this study, the parameter s has a
crucial effect on the reduction of the spurious wave reflections.
An a priori test is used to determine the optimal parameter s.

We choose four different values of s (0 < s < 1) for non-
linear damping. Meanwhile, s = 0 and s = 1 are the param-
eters of non-damping and linear damping, respectively. Fig-
ure 3 shows that the initial wave is propagated into the FEM
region at time t = 9 ps with the spurious reflections of vary-
ing degree. Without any damping treatment (s = 0), the ma-
jority of the high frequency components of the wave are re-

flected into the MD region as shown in Fig. 3(a). Compar-
ing with the results in Fig. 3(a), both the nonlinear damping
methods in Figs. 3(b)–3(e) and the linear damping methods in
Fig. 3(f) can dramatically reduce the wave reflections. More
importantly, the nonlinear damping method with the parame-
ters s = 0.01, 0.05, and 0.1 shows a better performance than
the linear damping method. To make a clearer comparison for
different damping conditions, a time history of the energy in
the MD region has also been plotted in Fig. 4. The energy in
the MD region is the sum of the kinetic and potential energy
of the atoms, and is normalized by the initial potential energy
due to the prescribed displacement.

As shown in Fig. 4, 74.9% of the energy remains in the
MD region for s = 0. The rest of the energy is 8% of the total
when the linear damping method is used. Figure 4 shows that
the remaining energy using the nonlinear damping method for
four different values of s is lower than that using the linear
damping one (s = 1). The optimal value of s is 0.05, which
results in 0.7% of the remaining energy. Without further men-
tion, the nonlinear damping parameter is 0.05 for the following
cases.

Similar to the bridging domain method,[8] the width of
the damping region in our method also plays a role in the re-
duction of spurious wave reflections. As the width increases,
the remaining energy in the MD region reduces as shown in
Fig. 5. The normalized energy decreases from 2.4% to 0.4%
when the width of the damping region increases from 15r0 to
45r0. When the width is larger than 25r0, the energy that re-
mains in the MD region is less than 1% of the total energy.
Moreover, the larger damping region for the model requires
more computational time. Therefore, the width W = 35r0 is
used as a compromise between the effects on the reduction of
wave reflection and the computation time.

In Fig. 6, the time history of the normalized energy in the
MD region from two different ratios between the FEM time
step ∆T and the MD time step ∆t is compared. Their results
are almost identical as shown in the figure, indicating that our
multiple-time-step algorithm in Subsection 2.3 is stable and
accurate. The multiple-time-step algorithm used here can en-
sure that both the FEM and MD models are run at different
time steps with appropriate sizes. More importantly, it can
avoid a time-wasting situation that the FEM time step is lim-
ited to the time step at the atomic level.

In Fig. 7, the model using the nonlinear damping method
is benchmarked by a full MD model. The full MD model con-
sists of 646 atoms. At t = 9 ps, the wave in the FEM region of
the multiscale model is similar to that in the full MD model.
As the high frequency components of the wave in the multi-
scale model are eliminated, there are some deviations between
their amplitudes.
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Fig. 3. (color online) Snapshot of displacement at t = 9 ps for different parameter s. (a) s = 0; (b) s = 0.01; (c) s = 0.05; (d) s = 0.1; (e) s = 0.5;
(f) s = 1. Blue squares and red circles indicate the atoms and the nodes, respectively.
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Fig. 4. (color online) Normalized energy of the MD region as a function
of time for different parameter s.
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Fig. 5. (color online) Normalized energy of the MD region as a function
of time with different widths of the damping region.
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Fig. 6. (color online) Normalized energy of the MD region as a function
of time with ∆T = ∆t and ∆T = 10∆t.

0 10 20 30 40 50 60 70 80
-5

0

5

10
MD nonlinear damping
FE  nonlinear damping
full MD

D
is

p
la

c
e
m

e
n
t/

1
0

-
4
 n

m

Position/nm

Fig. 7. (color online) Snapshot of displacement at t = 9 ps for full MD
and the nonlinear damping method.

Figure 8 shows snapshots of displacement at t = 9 ps for
the bridging scale method (BSM) and the nonlinear damp-
ing method, respectively. The geometries of the two models
are the same. According to the bridging scale method,[7] two
terms that account mathematically for the effects of the fine
scale in the FEM region are added into the movement equa-
tion of the boundary atom (in this study, it is the atom next to
the ghost atom) as given in Eq. (26)

mβ 𝑢̈β
= 𝑓β +

∫ t

0
θ(t− τ)𝑢′

β
dτ +𝑅(t), (26)

where 𝑢̈β and 𝑓β are the acceleration of the boundary atom
and the force on it, respectively. 𝑢′

β
is the time history of the

fine scale displacement for the boundary atom. θ (t− τ) is the
time history kernel (THK), serving as an exit for the fine scale
energy from the MD region. For the one-dimensional case
here, the expression of the THK θ (t) is shown in Eq. (18).

θ (t) =
2k
t

J1(2ωt), (27)

where k and ω are the stiffness and the natural frequency of the
atomistic bond, respectively. J1 is the first order Bessel func-
tion. The THK θ (t) as a function of time t is plotted in Fig. 9

On a purpose of clearly showing, the time in the figure only
reaches 2 ps. As shown in Fig. 9, the first several oscillations
of θ (t) contribute mainly to the second term on the right-hand
of Eq. (26), as the amplitude decays quickly after 0.5 ps. In
two- and three-dimensional cases, the THK is usually trun-
cated for saving computational time. Park et al.[7,12,26] have
discussed the effect of the truncation on the results.
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Fig. 8. (color online) Snapshot of displacement at t = 9 ps for the bridg-
ing scale method (BSM)[7] and the nonlinear damping method.
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Fig. 9. Plot of time history kernel as a function time.

𝑅(t) in Eq. (26) is the random force, which is zero in this
study. It can be seen that the results from our method and the
BSM are quite close in Fig. 8. Meanwhile, the remaining en-
ergy in the MD region for our method and the BSM is 0.7%
and 0.02%, respectively. Although the BSM performs a little
better on the reduction of the spurious wave reflections, it is
usually difficult to calculate the THK, especially in two- and
three- dimensional cases.[12,26] Moreover, in our method, stor-
ing the time history information for the boundary atom is not
needed.

4. Two-dimensional (2D) example
4.1. Model set-up

The extension of our damping method to two and three
dimensions is straightforward. In this section, we apply the
damping method to the pulse propagation problem, which was
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previously studied by Luan and Robbins using the hybrid sim-
ulation method (HSM).[9]

Figure 10 shows the geometry of two-dimensional pulse
propagation. The atomistic interactions in the MD region are
described by the LJ potential with the parameters ε = 0.15 eV
and σ = 0.3 nm. The atoms sit on the triangular lattices with
the equilibrium bond length r0=

6√2σ . The cutoff radius of
the LJ potential is rc= 1.5r0. The FEM region is equally di-
vided by the three-node elements with a minimum edge length
of 4σ . Similar to the one-dimensional example, the Cauchy–
Born rule is used to describe the constitutive law. The coupling
scheme of the HSM is based on Eqs. (19)–(22) as given in Sec-
tion 2.3, or in Luan and Robbins’ work.[9,14] The displacement
of each boundary node in the damping region is obtained by
averaging the displacements of the atoms within a circle with
the radius of 4σ and centered at that node.

y

x

60.0 nm

21.6 nm

31.8 nm1.8 nm
shear

damping region

MD FEM

Fig. 10. (color online) Geometry of two-dimensional pulse propaga-
tion. Blue filled circles indicate a shear layer of the atoms while red
filled circles indicate the free atoms. Open circles indicate the ghost
atoms.

Periodic boundary conditions are applied for both MD
and FEM regions along the x direction. The right boundary
of the FEM region is fixed in Fig. 10. Following Luan and
Robbins’s work,[9] the shear layer (blue circles) in Fig. 10 is
forced to move along the x direction according to the form of
the displacement xs = A(1− cos(ηt)), where A = 0.3σ and
< t < 2π/η . The movement of the shear layer can generate a
pulse with the width 11σ , which propagates from MD to FEM.
Full MD simulations are also conducted for comparisons.

4.2. Results and discussion

Figure 11 shows the shear displacement as a function of
position along the y direction. The shear displacement is ex-
tracted from the central line of the model when the leading
edge of the pulse reaches the rightmost boundary. Due to
different dispersion relations, there are different oscillations
at the tail of the pulse in the full MD and the HSM. Sim-
ilar results were also presented by Luan and Robbins.[9] In
this study, however, we focus on spurious reflections at the
MD/FEM interface. In Fig. 11, noticeable reflections can be
observed in the MD region. This is due to the resolution
change between MD and FEM. Those reflections could lead
to both an increase of the kinetic energy with time and the
system instability.
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Fig. 11. (color online) Displacement along x as a function of position along
y at the time when the leading edge of the pulse reaches the rightmost bound-
ary for both the non-damping HSM and full MD simulations.

Similar to the one-dimensional example in Section 3, we
apply the nonlinear damping method with the damping param-
eter s= 0.05 to the HSM. As shown in Fig. 12, the spurious re-
flections reduce significantly. To show quantitatively the per-
formance of the damping method, the ratio between the energy
of the reflected wave and the total energy of the initial pulse
is also calculated. The reflected energy without damping is
15.7% while it decreases to 1.7% with the nonlinear damping.
Larger damping regions have also been tested. The reflected
energies are 0.75% and 0.44% corresponding to 4.2 nm and
5.4 nm of the damping lengths along the y direction, respec-
tively. The results of the two-dimensional example indicate
that our damping method is capable of handling more realistic
problems.
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Fig. 12. (color online) Displacement along x as a function of position along
y at the time when the leading edge of the pulse reaches the rightmost bound-
ary for both the damping HSM and full MD simulations.

5. Conclusion and perspectives
In this study, a nonlinear damping method is proposed for

the reduction of the spurious wave reflection in the atomistic-
continuum coupling. The damping method is based on
a coarse-fine decomposition, and is performed by a stable
multiple-time-step algorithm. Its effectiveness is verified by
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one- and two-dimensional examples with measures of dis-
placement and MD energy. The results show that this damping
method has a better performance compared to the linear damp-
ing method. Its effects on reducing the spurious wave reflec-
tions are comparable to the THK in the bridging scale method,
but its implementation is more straightforward. The successes
in two-dimensional cases indicate that the nonlinear damping
method is practical and not limited to one dimension. The ex-
tension of our method to three dimensions will be carried out
in the future.
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