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Super scattering phenomenon in active spherical nanoparticles∗
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Localized surface electromagnetic resonances in spherical nanoparticles with gain are investigated by using the Mie
theory. Due to the coupling between the gain and resonances, super scattering phenomenon is raised and the total scattering
efficiency is increased by over six orders of magnitude. The dual frequency resonance induced by the electric dipole
term of the particle is observed. The distributions of electromagnetic field and the Poynting vector around nanoparticles
are provided for better understanding different multipole resonances. Finally, the scattering properties of active spherical
nanoparticles are investigated when the sizes of nanoparticles are beyond the quasi-static limit. It is noticed that more high-
order multipole resonances can be excited with the increase of the radius. Besides, all resonances dominated by multipole
magnetic terms can only appear in dielectric materials.
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1. Introduction
Surface plasmon resonance (SPR) is the resonant oscil-

lation of conduction electrons at the interface between metal
and dielectric at the frequency of incident radiation. Its
characteristic of confining the electromagnetic fields to the
interface bridges the gap between conventional optics and
nano-optics. In nanoparticles, the induced SPR is confined
in all three dimensions, which is known as localized sur-
face plasmon resonance (LSPR). The research and cognition
of surface plasmons[1–4] have proceeded for several decades
and lots of applications of SPRs have been discovered in
various nanostructures, such as biosensor,[5,6] waveguide,[6]

and holography.[7] Meanwhile, the extinction and scattering
technologies on a nanoscale are valuable to electromagnetic
cloaking[8] and the manipulation of optical information trans-
mission.

As is well known, energy loss is inevitable when an elec-
tromagnetic wave propagates in metallic material. Many dif-
ferent ways to mitigate loss and improve the performance of
SPR structure have been proposed.[9] One effective strategy to
overcome the energy dissipation is to introduce suitable gain
into lossy material,[10–13] which can compensate for the loss
to achieve nonloss, even optical amplification. The commonly
used gain materials are comprised of fluorescent molecules[14]

and quantum dots.[15,16] Gain has been used as a stimulated
source to realize surface plasmon amplification by stimulated
emission of radiation (Spaser).[17] Theoretical and experimen-
tal demonstrations[18] of loss compensation and amplification
in an optical negative-index active metamaterial have been re-

ported by Wustener et al.[19] and Xiao[20] et al. Furthermore,
the coupling between the gain and SPRs would be mutually
stimulated to generate extraordinary optical amplification. It
was reported that the gain-assisted core-shell structure can
achieve low-threshold surface plasmon amplification.[21–23] In
addition, the anomalous forward scattering of nanoparticles
was achieved with specific gain, which is attributed to the exci-
tation of a magnetic or electric dipole resonance.[24] Due to the
fact that the germanium-based materials are widely applied to
advanced electronic devices, the absorption spectra and optical
gain of Ge have also been studied in detail.[25,26] At present the
mainly theoretical studies about the gain model are confined to
two methods: one is to add the gain into a non-dispersive di-
electric material; another is to use the Lorentzian line shape
model for describing the gain.[11,13] However, we put forward
the modified Drude model to describe the gain in active spher-
ical nanoparticles, and the analysis of resonances caused by
electric and magnetic multipole modes can be more exhaus-
tive.

In this paper, the localized surface electromagnetic reso-
nances in a dispersive homogenous spherical nanoparticle with
gain are studied in theoretical analysis. The interaction be-
tween the gain and resonances is investigated as a function of
the gain coefficient and the radius of the nanoparticle. Through
introducing gain into the nanoparticle, the extinction charac-
teristics of the particle indicate that it acts like a laser resonator
and Spaser can be achieved at the critical point where the ex-
tinction efficiency is eliminated to zero. The utilization of suit-
able gain regarded as a stimulated pump source can amplify
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the total scattering efficiency by over six orders of magnitude.

2. Theoretical model
Supposing that an active nonmagnetic dispersive spheri-

cal nanoparticle with radius R and permittivity εp is immersed
in a vacuum, the dispersion relation of the particle is described
by the Drude model,[27]

εp (ω) = ε∞−
ω2

p

ω (ω + γ i)
. (1)

Here, ωp and γ represent the plasma frequency and gain co-
efficient, γ takes negative value,[28] and ε∞ is the permittivity
when ω verges to infinity. In this paper, the plasma frequency
of silver is applied, which is ωp = 1.39×1016 rad/s.[29]

The scattered field of a spherical nanoparticle can be ex-
pressed by the Mie scattering coefficients an and bn, which
can be determined by the boundary conditions at the surface
of the particle. For each order n there are two distinct modes:
coefficient an represents the transverse magnetic (TM) mode
and coefficient bn denotes the transverse electric (TE) mode.
In some literature the TM mode is also known as electric term
or E-wave, and similarly the TE mode is also called magnetic
term or H-wave.[30] The total scattering (Qsca) and extinction
(Qext) efficiencies can be expressed in terms of these Mie co-
efficients as

Qsca =
2
x2

∞

∑
n=1

(2n+1)(|an|2 + |bn|2), (2)

Qext =
2
x2

∞

∑
n=1

(2n+1)Re(an +bn). (3)

The absorption efficiency can be calculated from Qabs =Qext−
Qsca. Following the form of Bohern,[30] the Mie coefficients
can be written as

an =

√
εpψn (mx)ψ ′n (x)−ψn (x)ψ ′n (mx)
√

εpψn (mx)ξ ′n (x)−ξn(x)ψ ′n (mx)
, (4)

bn =
ψn (mx)ψ ′n (x)−

√
εpψn (x)ψ ′n (mx)

ψn (mx)ξ ′n (x)−
√

εpξ
n
(x)ψ ′n (mx)

. (5)

Here, the radial functions ψn and ξn are respectively the
Ricatti–Bessel and Hankel functions of size parameter x =

2πR/λ and refractive index m =
√

εp, and λ is the incident
wavelength in a vacuum.

It can be derived from Eqs. (4) and (5) that for ordinary
lossy and lossless materials, the real parts of the Mie coeffi-
cients are always positive. Thus the extinction efficiency can
never be reduced to zero, which is a crucial condition in pur-
suing Spaser. When gain is introduced in material, the above-
mentioned restriction can be broken, which gives the opportu-
nity of achieving Spaser. Furthermore, it has been reported in
Ref. [24] that super scattering will appear with introducing the
specific gain, which can be attributed to the resonance caused
by a particular multipole mode.

3. Results and discussion

Figure 1 shows the total scattering (Qsca), extinc-
tion (Qext), and absorption (Qabs) efficiencies for spherical
nanoparticles each as a function of ω/ωp calculated by the
Mie theory. Here the radius of the nanoparticle is 65.1 nm and
the parameter used in the Drude model is ε∞ = 1.

The Qext, Qsca, and Qabs of a lossless (γ/ωp = 0) nanopar-
ticle are provided in Fig. 1(b). The complete overlap be-
tween Qsca and Qext demonstrates that the incident wave
is totally scattered into the vacuum and no energy is ab-
sorbed by the particle. There are four plasmonic reso-
nances shown in Fig. 1(b), which are caused by the electric
dipole (ω/ωp= 0.33), quadrupole (ω/ωp= 0.49), octupole
(ω/ωp= 0.575), and hexadecapole (ω/ωp= 0.62) modes, re-
spectively. According to the analysis in Ref. [31], the reso-
nances caused by higher order modes are more susceptible to
the introduction of dissipation than by lower order ones. Thus
in Fig. 1(a), due to the use of lossy materials, it is observed
that the electric hexadecapole resonance vanishes. In addition,
in Fig. 1(a) the magnitudes of the electric dipole, quadrupole
and octupole resonances are reduced and their linewidths are
broadened, when compared with those in Fig. 1(b).

In Fig. 1(c), the optical cross sections of an active
(γ/ωp =−0.05) spherical nanoparticle are provided. The neg-
ative Qabs implies that the gain serves as a stimulated source
which can eradiate energy into surrounding medium. Like the
situation in Fig. 1(a), it is observed that in Fig. 1(c) the reso-
nance induced by the electric hexadecapole mode also disap-
pears. When γ/ωp further decreases to −0.135, it is shown
in Fig. 1(d) that a strong plasmonic resonance is stimulated
at ω/ωp = 0.49, which is caused by the electric quadrupole
mode. The maximum magnitudes of Qsca and Qabs reach about
2.2×106, and it is clearly observed from the inset of Fig. 1(d)
that Qext is reduced to zero due to the complete offset between
Qsca and Qabs. Besides, the linewidths of Qsca and Qabs are
extremely narrow. All these phenomena demonstrate that at
this resonant position the nanoparticle acts like a nanolaser
resonator.[32,33] The value of γ/ωp at the critical point where
Qext = 0 is called the gain threshold in nanolaser. As the gain is
increased to the critical point, it can serve as excitation sources
to completely compensate for the energy dissipation caused by
scattering.

To analyze the continual change of total scattering effi-
ciency with the variation of gain, the values of Qsca of two
nanospheres with the same radius R while different values of
permittivity ε∞ are provided in Fig. 2, and the dominant multi-
pole mode in each resonance is also investigated. Figure 2(a)
illustrates the two-dimensional (2D) pseudocolor plot of Qsca

as a function of ω/ωp and γ/ωp for a spherical nanoparti-
cle with R = 65.1 nm and ε∞ = 1. Through introducing gain
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in material, it is noticed in Fig. 2(a) that Qsca experiences a
remarkable enhancement and the maximum of Qsca can ex-
ceed 106. In addition, the induced plasmonic resonances in
nanospheres can also react with the gain to stimulate more
emissions. Finally a positive interaction between the plas-
monic resonances and gain is established, which will lead to
the appearance of super scattering phenomenon. The dashed-
dotted line (denoting Re(εp) = 0) in Fig. 2(a) divides the plot
into two parts: in the left part the real parts of permittivities are
negative, while in the right part they are positive. As shown
in the left region (Re(εp) < 0) of Fig. 2(a), when γ/ωp is
increased from −1.0 to 0, besides electric dipole resonance
(maximum at γ/ωp =−0.66 and ω/ωp = 0.39), more higher-
order resonances, such as electric quadrupole (maximum at

γ/ωp =−0.13 and ω/ωp = 0.49) and octupole (maximum at
γ/ωp = −0.02 and ω/ωp = 0.57) resonances, can be excited
in the spectrum of Qsca. Besides, the LSPRs caused by elec-
tric multipole terms show blue-shift with the decrease of γ/ωp.
However, in the right region (Re(εp) < 0) of Fig. 2(a) only
resonance contributed by the electric dipole term is observed.
The high and low frequency electric dipole resonances consti-
tute the dual frequency resonance phenomenon. It is noticed
in Fig. 2(a) that the high frequency electric dipole resonance
in the right part is weaker than the low frequency one in the
left part. This is because the low frequency electric dipole res-
onance is excited with metallic material (Re(εp) < 0), while
the high frequency one is stimulated in dielectric material
(Re(εp)> 0).
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Fig. 1. (color online) ((a)–(d)) The optical cross sections each as a function of ω/ωp for spherical nanoparticles with γ/ωp =
0.05,0,−0.05, and −0.135, respectively. Here the radius of the particle is R = 65.1 nm and the permittivity used in the Drude
model is ε∞ = 1. The inset in panel (d) shows Qext = 0 at the critical point. Abbreviations for resonances: Ed, electric dipole; Eq,
electric quadrupole; Eo, electric octupole; Eh, electric hexadecapole.

The upper plot in Fig. 2(b) gives the optical cross sec-
tion for a spherical nanoparticle with R = 65.1 nm, ε∞ = 1
and γ/ωp =−0.8, which corresponds to the horizontal dashed
line in Fig. 2(a). The dual frequency resonance phenomenon
is clearly observed. To demonstrate the dominant multipole
mode in each resonance, the real and imaginary parts of the
first three electric terms (a1, a2, and a3) are indicated by the
lower plot of Fig. 2(b). It is noticed that in the whole fre-
quency range the magnitudes of electric quadrupole and oc-
tupole terms are much smaller than that of electric dipole term,
which confirms the results obtained in Fig. 2(a).

Figure 2(c) provides Qsca as a function of ω/ωp and γ/ωp

for a spherical nanoparticle with R = 65.1 nm and ε∞ = 3.
Unlike the situation in Fig. 2(a), where the dual frequency res-
onance dominated by the electric dipole term is not remark-
able, one can distinctly observe the super scattering and en-
hanced resonances caused by the magnetic dipole, quadrupole
and octupole terms. The resonances caused by the three mag-
netic multipole modes show red-shift with the decrease of
γ/ωp. Like the situation in Fig. 2(a), in the left part of the
dashed-dotted line the real parts of permittivities are nega-
tive, while in the right part they are positive. In the past few
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years, researchers have shown experimentally[34] that dielec-
tric (Re(εp)> 0) nanoparticles with moderate permittivity si-
multaneously present strong magnetic and electric dipole res-
onances, while metallic (Re(εp) < 0) nanoparticles can only
support electric dipole resonances. Thus it is found that no
resonance resulting from multipole magnetic terms can appear
in the left region (Re(εp)< 0) of Fig. 2(c).

To illustrate the conclusions obtained from Fig. 2(c), the

optical cross sections and the real and imaginary parts of the
first three magnetic terms (b1, b2, and b3) each as a function of
ω/ωp are given in Fig. 2(d) for a spherical nanoparticle with
R = 65.1 nm, ε∞ = 3 and γ/ωp =−0.8, which corresponds to
the horizontal dashed line in Fig. 2(c). It is observed that the
three resonances in the upper plot of Fig. 2(d) stem from the
magnetic dipole, quadrupole and octupole terms, respectively,
and no resonance caused by electric multipole terms appears.
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Fig. 2. (color online) 2D pseudocolor plots of Qsca (logarithm–ic scale) for spherical nanoparticles as functions of ω/ωp and γ/ωp with (a) ε∞ = 1
and (c) ε∞ = 3. Here the radius of particle is R = 65.1 nm. The dashed-dotted lines in panels (a) and (c) denote these points where the real parts
of permittivities are zero. The optical cross sections and Mie coefficients each as a function of ω/ωp for spherical nanoparticles with (b) ε∞ = 1,
γ/ωp =−0.8, and (d) ε∞ = 3, γ/ωp =−0.8. Abbreviations for resonances: Md, magnetic dipole; Mq, magnetic quadrupole; Mo, magnetic octupole.

For better understanding these resonances resulting from
multipole terms, the distributions of scattered electric and
magnetic field intensities are shown in Fig. 3. The propagation
direction of incident wave is in the +Z axis direction and the
electric vector polarizes along the X axis. Figure 3(a) displays
the scattered electric field intensity distribution for a spher-
ical nanoparticle with radius R = 65.1 nm and permittivity
εp = −0.7−2.9i at incident wavelength λ = 348.7 nm. The
parameters used here are obtained from the maximum point
of electric dipole term (ω/ωp = 0.39 and γ/ωp = −0.66) in
Fig. 2(a), thus the scattering of the active nanoparticle is dom-
inated by the electric dipole mode. It is noticed that here the
electric field distribution is obviously caused by the induced
electric dipole moment in the particle. The scattered electric
field is enhanced and reaches maxima on the surface of the par-
ticle along the polarization direction of incident electric vector.

Figure 3(b) shows the projections of the Poynting vector

〈𝑆〉= 1/2Re(𝐸×𝐻∗) of the scattered field on X–Z plane for
the same nanoparticle shown in Fig. 3(a). It is apparent that
energy outflows from the center of the particle to surrounding
medium along the±Z axis and reaches maxima on the surface
of the particle. The effluent energy partly originates from the
gain in material which causes Spaser.

Figure 3(c) shows the distribution of scattered electric
field intensity around an active spherical nanoparticle with ra-
dius R = 65.1 nm and permittivity εp = −2.9− i at incident
wavelength λ = 276.5 nm. Here the parameters correspond to
the maximum point of electric quadrupole term (ω/ωp = 0.49
and γ/ωp =−0.13) in Fig. 2(a). The situation of incident field
is just the same as that in Fig. 3(a). Along the surface of the
nanoparticle there exist four areas where the scattered electric
field intensity shows a relative maximum, which corresponds
to the characteristic of the electric field distribution caused by
an induced electric quadrupole moment. The corresponding
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projections of the Poynting vector are plotted on X–Z plane in
Fig. 3(d). It is also found that the projections of the Poynting

vector in four directions are larger than those in other direc-
tions on the surface of the particle.
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Fig. 3. (color online) Scattered electric field intensity distributions of an active spherical nanoparticle with R = 65.1 nm at (a)
εp = −0.7− 2.9i and λ = 348.7 nm and (c) εp = −2.9− i and λ = 276.5 nm. The scattered magnetic field intensity distribution
around an active spherical nanoparticle with R = 65.1 nm at (e) εp = 1.9−0.91i and λ = 184.7 nm. Panels (b), (d) and (f) show the
corresponding projections of the Poynting vector on X–Z plane of panels (a), (c), and (e), respectively. The “Red Star” represents the
source of the Poynting vector.

The scattered magnetic field intensity distribution around
a spherical nanoparticle is provided in Fig. 3(e). Here the
radius and permittivity of the particle are R = 65.1 nm and
εp = 1.9−0.91i, and the incident wavelength is λ = 184.7 nm.
These parameters are derived from the maximum point of
magnetic dipole term (ω/ωp = 0.73 and γ/ωp = −0.6) in
Fig. 2(c), thus the resonance in the active nanoparticle is trig-
gered by the magnetic dipole mode. In Fig. 3(e) one can ob-
serve a typical magnetic field intensity distribution caused by

a magnetic dipole. The magnitude of magnetic field reaches
a maximum value in the center of the particle and is rapidly
reduced with the increase of radius. The corresponding pro-
jections of the Poynting vector on X–Z plane are shown in
Fig. 3(f). It is clear that the energy goes out radially from the
center of the particle to surrounding medium and the projec-
tion of the Poynting vector reaches maxima on the surface of
the particle.

Size parameter x has a profound effect on scattering prop-
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erties of spherical nanoparticles. In quasi-static limit (x� 1),
optical cross sections are dominated by the dipole terms and
the incident wave can be considered as a static field. When the
size of nanoparticle is beyond the quasi-static limit, phase re-
tardation effect is not negligible, which can cause the electric
and magnetic multipole modes to occur.
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The dashed–dotted lines in panels (a) and (b) denote these points where
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Resonances contributed by multipole terms can be ex-
cited by increasing the radius of the active nanoparticle. Fig-
ure 4(a) presents the 2D pseudocolor plot of Qsca for a spher-
ical nanoparticle with ε∞ = 1 and γ/ωp = −0.1 as a function
of ω/ωp and R. The dashed-dotted lines in Figs. 4(a) and
4(b) have the same meaning (denoting Re(εp) = 0) as those
in Figs. 2(a) and 2(c), and the real parts of permittivities in the
left and right parts of the dashed-dotted line are negative and
positive, respectively. As discussed above, in the left region
(Re(εp)< 0) of Fig. 4(a) all resonances are caused by electric
multipole terms, and resonances resulting from magnetic mul-
tipole terms can only appear in the right region (Re(εp) > 0).
It is noticed in the left region of Fig. 4(a) that with the increase
of the radius R, the dominant contribution in the scattering
spectrum will gradually change from the electric dipole term
(maximum at R = 25 nm and ω/ωp = 0.5) to other higher or-
der electric terms, and the maxima of these resonances occur at
almost the same frequency (ω/ωp = 0.5). Besides, red-shift
is observed for each plasmonic resonance caused by electric

multipole terms with increasing the radius. In the right re-
gion of Fig. 4(a), there are two resonances dominated by the
electric dipole (R = 126 nm) and quadrupole (R = 173 nm)

terms occurring at about ω/ωp = 1.1. Meanwhile a reso-
nance contributed by the magnetic dipole term is stimulated
at R = 163 nm and ω/ωp = 1.15.

Figure 4(b) shows the 2D pseudocolor plot of Qsca similar
to the situation in Fig. 4(a) but with ε∞ = 3. In the left region of
Fig. 4(b) the maxima of the plasmonic resonances dominated
by electric multipole terms appear at ω/ωp = 0.4. In addition,
resonances resulting from electric multipole terms can also oc-
cur at about ω/ωp = 0.62 in the right region of Fig. 4(b). It
is noticed that some resonances dominated by magnetic multi-
pole terms are stimulated at ω/ωp = 0.66 in the right region of
Fig. 4(b), such as magnetic dipole (at R= 152 nm), quadrupole
(at R = 188.5 nm), and octupole (at R = 220 nm) terms. Thus
with the increase of ε∞, more resonances dominated by mag-
netic multipole terms can be excited.

4. Conclusions
In this work, the scattering properties of dispersive spher-

ical nanoparticles with different gains are carefully analyzed
by using the Mie theory. The total scattering efficiency is
amplified by over six orders of magnitude with suitable gain
in material. The nanoparticles with gain can be regarded as
nanolaser resonators, which can achieve optical amplification
even Spaser. Mutual stimulation between the localized sur-
face electromagnetic resonances and gain will induce super
scattering. Dual frequency resonance caused by the electric
dipole mode is observed. The high frequency resonance is
excited with dielectric (Re(εp) > 0) materials, while the low
frequency one is stimulated in metallic (Re(εp)< 0) materials.
Simulated distributions of the scattered electric and magnetic
field intensities at different multipole resonance peaks are pre-
sented, and the corresponding patterns of the Poynting vector
are also provided for further illustrating the energy transfer
situation around nanoparticles. With the increase of the radius
of nanoparticles, resonances generated by high (n ≥ 2) elec-
tric and magnetic multipole terms are also observed, which is
attributed to the phase retardation effect. All resonances dom-
inated by magnetic multipole terms can only appear in dielec-
tric materials. The results in this work show that it would be
an efficient way to stimulate the localized surface electromag-
netic resonance contributed by any electric or magnetic mul-
tipole mode in active spherical nanoparticles with the specific
combination of the permittivity and radius.
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