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The first-principles methods have been employed to calculate the structural, electronic, and mechanical properties of
the α , β , and γ phases of uranium under pressure up to 100 GPa. The electronic structure has been viewed in forms of
density of states and band structure. The mechanical stability of metal U in the α , β , and γ phases have been examined.
The independent elastic constants, polycrystalline elastic moduli, as well as Poisson’s ratio have been obtained. Upon
compression, the elastic constants, elastic moduli, elastic wave velocities, and Debye temperature of α phase are enhanced
pronouncedly. The value of B/G illustrates that α and γ phases are brittle in ground state.
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1. Introduction
Actinide elements and their compounds exhibit many fas-

cinating physical behaviors and play special role in nuclear
applications,[1–8] for example, the superconductivity of the f -
electron system,[9] the complex magnetic structure in neptu-
nium dioxide,[10] and the topological electronic states in ac-
tinide nitrides.[11] Among them, element uranium has attracted
many attentions.[12–18]

At ambient condition, the itinerant nature of U-5 f
electrons results in a complex arrangement of atomic
structure,[12–15] a low symmetrical crystal structure of face-
centered orthohombic (fco). This phase, α-U, is stable in
wide temperature range of 0 K–935 K and wide pressure area
up to at least 100 GPa. At ambient pressure and under a
narrow temperature range of 935 K–1045 K, a much com-
plex β phase appears.[13,19] Under further high temperature of
1045 K–1460 K, in analogy to the transition metals of Ti, Zr,
and Hf,[20,21] β -U transits to a simple high-symmetry struc-
ture of body-centered cubic (bcc). The driving mechanism
for this kind of transition has been attributed to the electron
localization[22] and/or the phonon-phonon interaction.[23]

Concerning the physical properties, in experiments, the
charge density wave (CDW) state below 43 K,[24] bulk mod-
ulus and equation of state,[12–15] phase diagram at high pres-
sure and temperature,[13] phonon-dispersion carves,[25,26] and
heat capacity[27] of uranium were measured by ultrasonic tech-
nique, diamond anvil cell, x-ray diffraction, inelastic neu-
tron scattering. In theory, the adiabatic compression curve

up to 100 GPa,[16] effects of spin-orbit coupling,[17] mechani-
cal properties,[18,28,29] melting,[30] optical properties,[31] work
function,[32] and phonon spectra,[18,23,33] CDW,[34–36] and
electron–phonon coupling[35] have been calculated in density-
functional theory (DFT) level.

In this work, we use the first-principles DFT to carry out
studies on the structural, electronic, and mechanical proper-
ties of uranium in its α , β , and γ phases under pressure up
to 100 GPa. Specific details can be divided into four parts:
(i) optimizing all lattice parameters and the internal degrees
of freedom at selected volumes and then at our obtained pres-
sures; (ii) comparing the enthalpy of the three phases to see
the thermodynamic stability under pressure; (iii) analyzing the
electronic structure; and (iv) calculating elastic constants and
elastic moduli under different pressures.

2. Computational methods
We performed our first-principles DFT calculations

within the Vienna ab initio simulation package (VASP).[37]

The Perdew–Burke–Ernzerhof[38] form of the generalized gra-
dient approximation was selected to described the exchange
and correlation effects. A cutoff energy of 500 eV was set
for the plane wave integration. All atoms were fully relaxed
when Hellmann–Feynman forces become less than 0.01 eV/Å.
The k-point meshes in the full wedge of the Brillouin zone
(BZ) were sampled by 11×7×7, 7×7×13, and 13×13×13
grids, respectively for α , β , and γ phases according to the
Monkhorst–Pack (MP)[39] scheme. The U 6s27s26p66d25f2
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orbitals were treated as valence electrons.
To avoid the Pulay stress trouble, the geometry optimiza-

tion was performed on the basis of fixed volumes rather than
constant pressures. As shown in Fig. 1, we calculated the total
energy versus volume data for the three phases in the first-
step, then performed the seventh-order polynomial fitting and
obtained the E–V relation. Then, one can deduce the P–V re-
lation by the thermodynamic derivative P =−∂E/∂V . Using
this P–V relation, we performed the second-step calculations
at a series of volumes correspinding to some integer pressures.
Note that these pressure values are different from the pres-
sure values directly computed from DFT with the Hellmann–
Feynman theorem.
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Fig. 1. (color online) The total energy (E)–volume (V ) and the pres-
sure (P)–V relations of α , β , and γ phases. The red solid circles are
the first-step calculated E. Then we do polynomial fitting to these data
and obtain the solid red line. Using the polynomial fitted E–V , we can
deduce the P by the relation P = −∂E/∂V . The integrated values of
P, used in the following calculations, are indicated by the black hollow
circles.

In order to calculate elastic constants, we can apply stress
tensors with a small strain onto the equilibrium structure. Ac-
cording to Hooke’s law, the crystal energy is expanded by
Taylor,[40]

E(V,ε) = E(V0,0)+V0
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where E(V0,0) is the energy of the unstrained system with the
equilibrium volume V0, ε is strain tensor which has matrix el-
ements εi j (i, j = 1,2, and 3) defined by
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and Ci j are the elastic constants. For orthorhombic α phase,
there are nine independent elastic constants (C11, C22, C33, C44,
C55, C66 C12, C13, and C23). They can be achieved from nine
different strains listed in the following:

ε1 = (δ ,0,0,0,0,0), ε2 = (0,δ ,0,0,0,0),

ε3 = (0,0,δ ,0,0,0), ε4 = (0,0,0,δ ,0,0),

ε5 = (0,0,0,0,δ ,0), ε6 = (0,0,0,0,0,δ ),

ε7 = (δ ,δ ,0,0,0,0), ε8 = (δ ,0,δ ,0,0,0),

ε9 = (0,δ ,δ ,0,0,0). (3)

As for tetragonal β phase, there are six independent elastic
constants (C11, C33, C44, C66 C12, and C13) and can be obtained
from six different strains listed in the following:

ε1 = (δ ,δ ,δ ,0,0,0), ε2 = (0,0,0,δ ,δ ,0),

ε3 = (δ ,δ ,0,0,0,0), ε4 = (0,0,0,0,0,δ ),

ε5 = (δ ,0,δ ,0,0,0), ε6 = (0,0,δ ,0,0,0). (4)

For cubic γ phase, there are three independent elastic constants
(C11, C44, and C12) and can be gained from three different
strains listed in the following:

ε1 = (δ ,δ ,δ ,0,0,0), ε2 = (0,0,0,δ ,δ ,δ ),

ε3 = (δ ,0,δ ,0,0,0), (5)

where the small strain δ was varied in steps of 0.006 from
δ =−0.036 to δ = 0.036.

After having obtained the elastic constants, the polycrys-
talline bulk modulus B and shear modulus G were calculated
from the Voigt–Reuss–Hill (VRH) approximations,[41–43] B =
1
2 (BR +BV ) and G = 1

2 (GR +GV ). The Young’s modulus E
and Poisson’s ratio ν were calculated through E = 9BG/(3B+

G) and v = (3B− 2G)/[2(3B+G)]. In the calculation of the
Debye temperature (θD), we used the relation

θD =
h
kB

(
3n

4πΩ

)1/3

υm, (6)

where h and kB are Planck and Boltzmann constants, respec-
tively, n is the number of atoms in the molecule, Ω is molec-
ular volume, and υm is the average sound wave velocity. The
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average wave velocity in the polycrystalline materials is ap-
proximately given by

υm =

[
1
3

(
2

υ3
t
+

1
υ3

l

)]−1/3

, (7)

in the above expression, υt =
√

G/ρ (ρ is the density) and
υl =

√
(3B+4G)/3ρ are the transverse and longitudinal elas-

tic wave velocity of the polycrystalline materials, respectively.

3. Results and discussion
3.1. Atomic structures and lattice parameters

α-U crystallizes in the orthorhombic Cmcm space group
(No. 63) with 4 atoms in the unit cell located at 4c (0, y,
0.25) Wyckoff positions [see Fig. 2(a)]. β -U crystallizes in
the tetragonal Pnma space group (No. 136) with 30 atoms in
the unit cell sited at 2b (0, 0, 0.5), 4 f (x, x, 0), 8 j (x, x, z), 8i
(x1, y1, 0), and 8i (x2, y2, 0) Wyckoff positions [see Fig. 2(b)].
γ-U crystallizes in the simple bcc structure [see Fig. 2(c)].

(a) (b) (c)

Fig. 2. (color online) Crystal structures of (a) α , (b) β , and (c) γ phases.

In Table 1, we list the lattice parameters, the fractional
coordinate of the atoms, atomic volume, bulk modulus and its
pressure derivative for α , β , and γ phases at selected pressures
in the pressure range of 0 GPa–100 GPa. For three consid-
ered phases of uranium, our optimized lattice constants and
the atomic volume are well consistent with the recent DFT-
PBE data,[29] but slightly lower than the experimental values
at 50 K for α-U,[27] at 955 K for β -U,[19] and at 298 K for
γ-U.[44] Our calculated bulk moduli are overestimated with
respect to the experimental values,[12,13] but close to the DFT-
PBE results.[29]

Table 1. Optimized lattice constants (a, b, and c), the fractional coordinate of the atoms (y), atomic volume (V ) under pressures from 0 GPa to 100 GPa as
well as bulk modulus (B) and its pressure derivative (B′) at 0 GPa for α , β , and γ phases of uranium. For comparison, experimental values and theoretical
results from other calculations at 0 GPa are also listed.

Phase Method Pressure/GPa a/Å b/Å c/Å y V /(Å3/atom) B/GPa B′

α this work 0 2.809 5.844 4.898 0.098 20.101 142.2 5.0
20 2.692 5.600 4.782 0.099 18.023
40 2.625 5.423 4.716 0.100 16.784
60 2.578 5.290 4.662 0.101 15.895
80 2.541 5.173 4.624 0.102 15.195
100 2.510 5.085 4.579 0.102 14.611

Expt. 0 2.836[27] 5.867[27] 4.936[27] 0.102[27] 20.535[27] 125[12] 6.2[12]

DFT-PBE[29] 0 2.793 5.849 4.894 0.098 19.987 151
β this work 0 10.464 5.653 20.633 126.8 4.8

20 10.110 5.372 18.303
40 9.880 5.193 16.897
60 9.699 5.085 15.945
80 9.551 5.009 15.310
100 9.425 4.946 14.645

Expt.[19] 0 10.759 5.635 21.812
DFT-PBE[29] 0 10.454 5.634 20.524 130

γ this work 0 3.432 20.212 133.6 4.9
20 3.305 18.051
40 3.223 16.740
60 3.163 15.822
80 3.114 15.098
100 3.073 14.510

Expt. 0 3.47[44] 20.89[44] 113.3[13] 3.37[13]

DFT-PBE[29] 0 3.427 20.124 132

The thermodynamic stabilities of α , β , and γ phases un-
der pressure up to 100 GPa can be judged by comparing the
Gibbs free energy values. At 0 K, the the Gibbs free energy is
equal to the enthalpy and can be obtained by G=H = E+PV .
We plot in Fig. 3 the relative enthalpies of the α and γ phases
with respect to the β phase as a function of pressure. In the
whole pressure range, there are no crossing points for the three

curves. The α phase is always thermodynamically stable up to
100 GPa. The pressure can reduce the ∆H between the γ and
β phases, while increase the ∆H between the α and β phases.
As shown in Fig. 3, the curves of the relative enthalpies of the
α and γ phases with respect to the β phase are almost parallel,
which shows that the effect of pressure on the ∆H between the
γ and α phases is neglectful. These facts are in good agree-
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ment with experiments.[13,15] Here, one may wish to stabilize
the simple bcc structure at ambient conditions. However, ac-
cording to our simulations as well as previous experiments, the
bcc phase can only be stabilized by increasing temperature, at
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Fig. 3. (color online) Calculated enthalpy differences of the α and the γ

phases with respect to the β phase as a function of pressure.

least in pressure range of 0 GPa–100 GPa.

3.2. Electronic properties

In order to study the effects of pressure on electronic
structure, the total and partial density of states (DOSs) of α ,
β , and γ uranium at 0, 40, 100 GPa are plotted in Fig. 4. Near
the Fermi level, the main contribution is from the 5 f and 6d
orbitals. The occupations of the 5 f orbitals at the Fermi level
for α-U and γ-U decrease evidently under pressure. Even so,
the main occupation near the Fermi level is still from the 5 f
orbitals which should play a key role in many macroscopical
properties, for example, the hardness, elasticity, and conduc-
tivity. For β -U, the occupations of the 5 f orbitals at the Fermi
level behaves in an oscillation way under pressure. Since the
β phase only appears in a narrow pressure range in the P–T
phase diagram,[13] we will focus our sight on the pressure ef-
fects on the α and γ phases.
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As shown in Fig. 5, a lot of bands cross the Fermi en-
ergy level in the Brillouin zone for both α and γ phases. Upon
compression, this kind of crossing never changes visibly. This
means that the conductivity of uranium should not vary too
much under pressure.

3.3. Elastic properties

3.3.1. Elastic properties of α phase under high pres-
sure

The elastic constants can measure the resistance and me-
chanical properties of a crystal under external stress, thus de-
scribing the stability of crystals against elastic deformation.
We present the calculated elastic constants (C11, C22, C33, C44,
C55, C66, C12, C13), Poisson’s ratio (ν), elastic wave velocities
(υt, υl, υm), and Debye temperature (θD) of α-U in Table 2.
At 0 GPa, our results are comparable with previous pseudopo-

tential calculations by Taylor et al.,[32] full-potential calcula-
tions by Soderlind et al.[16] as well as experiments at 298 K
from Fisher and McSkimin.[45] The requirement of mechani-
cal stability in an orthorhombic crystal lead to the following
restriction on elastic constants[18]

Cii(i = 1∼6)> 0,

C11 +C22 +C33 +2(C12 +C13 +C23)> 0,

(C11 +C22−2C12)> 0,

(C11 +C33−2C13)> 0,

(C22 +C33−2C23)> 0. (8)

From the calculated values of Ci j, α-U is mechanical stable
under pressure up to at least 100 GPa, which is consistent with
that of experiments.[12–15] Besides, the nine elastic constants
increase almost linearly from 0 GPa to 100 GPa.

Table 2. Calculated nine independent elastic constants (C11, C22, C33, C44, C55, C66, C12, C13, C23), Poisson’s ratio (ν), transverse (υt), longitudinal (υl), and
average sound velocities (υm) derived from polycrystalline bulk and shear modulus, as well as Debye temperature (θD) of α phase at selected pressures.

Phase C11/GPa C33/GPa C44/GPa C66/GPa C12/GPa C13/GPa B/GPa G/GPa E/GPa ν υt/(m/s) υl/(m/s) υm/(m/s) θD/K

0 287.2 219.5 352.3 151.2 117.4 101.2 65.6 28.2 152.1 0.207 2337.6 3845.7 2582.6 282.7
20 459.3 339.6 527.5 204.6 182.1 145.7 102.6 56.8 210.5 0.211 2723.2 4497.1 3009.8 341.7
40 640.2 444.1 668.5 248.8 222.8 188.2 137.7 94.7 272.2 0.223 2962.1 4959.0 3278.3 381.1
60 801.7 534.6 795.3 283.8 254.9 230.1 176.4 124.2 339.0 0.234 3124.1 5301.4 3462.0 409.8
80 975.7 639.6 896.8 315.3 276.2 271.6 208.2 150.3 401.6 0.242 3265.5 5596.8 3622.0 435.2
100 1165.3 769.8 1020.4 355.2 293.3 310.2 223.7 167.0 452.9 0.242 3439.1 5894.7 3814.5 464.4

Calc.[32] 296 216 367 153 129 99 60 29 141 0.21 287
Calc.[16] 300 220 320 150 93 120 50 5 110 0.18 228
Expt.[45] 215 199 267 124 73 74 46 22 108 0.2 251

For the orthorhombic crystal system, the Voigt bulk mod-
ulus (BV) and the Reuss bulk modulus (BR) can be expressed
by:

BV = (1/9)[C11 +C22 +C33 +2(C12 +C13 +C23)],

BR = ∆[C11(C22 +C33−2C23)+C22(C33−2C13)

−2C33C12 +C12(2C23−C12)+C13(2C12−C13)

+C23(2C13−C23)]
−1,

∆ = C13(C12C23−C13C22)+C23(C12C13−C23C11)

+C33(C11C22−C2
12). (9)

The Voigt shear modulus (GV) and the Reuss shear modulus
(GR) are defined as:

GV = (1/15)[C11 +C22 +C33 +3(C44 +C55 +C66)

−(C12 +C13 +C23)],

GR = 15{4[C11(C22 +C33 +C23)+C22(C33 +C13)

+C33C12−C12(C23 +C12)−C13(C12 +C13)

−C23(C13 +C23)]/∆+3[(1/C44)+(1/C55)

+(1/C66)]}−1. (10)

Their computational results are plotted in Fig. 6(a). By utiliz-
ing the VRH approximation,[41–43] B and G of α phase in pres-

sure range of 0 GPa–100 GPa are plotted in Fig. 6(b). Here,
the value of bulk modulus (B = 147.5 GPa) at ambient pres-
sure turns out to be very close to the result from the EOS fitting
(see Table 1). As is known to all that E is used to measure the
stiffness of solids. The larger the value of Young’s modulus
becomes, the stiffer the material is. From present results of
E, we can find that α phase is getting stiffer as the pressure
increases. Furthermore, the bulk modulus represents the resis-
tance to fracture, while the shear modulus can represent the re-
sistance to plastic deformation. According to Pugh’s[46] rule,
if B/G > 1.75 (< 1.75), the material is ductile (brittle). The
ratio of B/G is 1.37 for α , which indicates better performance
of brittle elasticity at ambient pressure.

In addition, the effects of pressure on elastic moduli, elas-
tic wave velocities, and Debye temperatures are evident. How-
ever, the Poisson’s ratio is the most sluggish one upon com-
pression. By using Eqs. (6) and (7), the average wave velocity
and Debye temperature can be obtained. The value of Debye
temperature is monotonically increasing. And the calculated
value at 0 GPa is well consistent with recent theoretical result
of 287 K[32] as well as the experimental result[45] of 251 K.
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It is very important to describe the elastic anisotropy be-
havior in engineering science and crystal physics. Crystal
anisotropy reflects atomic arrangements along different direc-
tions. The shear anisotropic factors from our elastic constants
are showed in Table 3. In the {100} shear planes between
the 〈011〉 and 〈010〉 directions is written as A1 = 4C44/(C11 +

C33− 2C13). For the {010} shear planes between 〈101〉 and
〈001〉 directions, it is A2 = 4C55/(C22 +C33−2C23). And for
the {001} shear planes between 〈110〉 and 〈010〉 directions
is defined as A3 = 4C66/(C11 +C22− 2C12). For an isotropic
crystal, the factors A1, A2, and A3 must be one, while any value
of them either smaller or greater than unity for orthorhom-
bic structures. Our calculated results suggest that the shear
anisotropic factor for the {010} shear planes between 〈101〉
and 〈001〉 directions show more anisotropic than the other two
shear planes upon compression.

Table 3. The anisotropic factors for α and β phases.

Phase Pressure/GPa A1 A2 A3

α 0 1.037 1.753 1.078
20 0.937 1.633 0.981
40 0.889 1.569 0.931
60 0.842 1.564 0.934
80 0.842 1.564 0.936

100 0.767 1.326 0.834
β 0 1.198 1.019 0.701

3.3.2. Elastic properties of βββ and γγγ phases at ambient
condition

For β -U and γ-U, we list their elastic constants, elastic
moduli, elastic wave velocities, and Debey temperature in Ta-
ble 4, in comparison with other theoretical results.[28,29,32,47]

Here, the BV, BR, GV, and GR of tetragonal and cubic struc-

tures are derived by the following formula:[40]

BV = (1/9)[2(C11 +C12)+4C13 +C33],

BR = C2/M,

M = C11 +C12 +2C33−4C13,

C2 = (C11 +C12)C33−2C2
13,

GV = (1/30)(M+3C11−3C12 +12C44 +6C66),

GR = 15{(18BV/C2)+ [6/(C11−C12)]+(6/C44)

+(3/C66)}−1, (11)

and

BV = BR = (C11 +2C12)/3,

GV = (C11−C12 +3C44)/5,

GR = 5(C11−C12)C44/[4C44 +3(C11−C12)], (12)

respectively. Our calculated elastic constants for β -U are well
consistent with the values from Li et al.[28] It is mechanically
stable in the ground state because elastic constants satisfy the
following mechanically stable criteria[40] of tetragonal struc-
ture:

C11 > 0, C11−C12 > 0, C33 > 0,

C44 > 0, [2(C11−C12)+C33 +4C13]> 0,

C66 > 0, (C11 +C33−2C13)> 0. (13)

In fact, the C12 of β -U is much smaller than C11, the value of
B, G, E, and θD decrease from the α phase to the β phase.
The obtained bulk modulus value turns out to be accord with
the result from the EOS fitting (see Table 1) at ambient pres-
sure. Besides, the ratio of B/G (∼2.4) is above 1.75, which
illustrates that tetragonal structure is ductile.

Furthermore, there are three elastic anisotropic factors
in the tetragonal systems defined as A1 = 2C66/(C11−C12),
A2 = 4C44/(C11 +C33− 2C13), and A3 = C44/C66. The shear
anisotropic factors A1 represents the {001} shear planes while
the elastic anisotropic factors A2 for the {01̄1} shear planes
along the 〈011〉 direction. The A3 anisotropy relation corre-
sponds to the shear along the 〈010〉 and 〈100〉 directions in the
{001} and {010} planes, and their values are listed in Table 3.
It is noted that anisotropy relation corresponds to the shear
along the 〈010〉 and 〈100〉 directions in the {001} and {010}
planes are more important than the other two shear planes.

Elastic constants unsatisfy the mechanically stable
criteria[40] of cubic structure, so the γ phase is mechanically
unstable

C11 > 0, C44 > 0,

C11 > |C12|, (C11 +2C12)> 0. (14)

The calculations show that C11 is much smaller than C12,
which is agreement with other theoretical calculations.[29,32,47]
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Table 4. Elastic constants of the β and γ phases of uranium, bulk modulus (B), shear modulus (G), Young’s modulus (E), Poisson’s ratio (ν), transverse
(υt), longitudinal (υl), and average sound velocities (υm) derived from polycrystalline properties, as well as Debye temperature (θD) at 0 K.

Phase C11/GPa C33/GPa C44/GPa C66/GPa C12/GPa C13/GPa B/GPa G/GPa E/GPa ν υt/(m/s) υl/(m/s) υm/(m/s) θD/K

β 219.9 212.6 45.3 64.6 111.9 77.0 131.1 54.6 146.4 0.314 1704.9 3273.9 1907.7 207.0
Calc.[29] 220 201 65 36 94 79 130 85 210 0.23 253
Calc.[28] 218 214 60 61 99 80 130

γ 71.8 41.7 165.5 134.2 88.6 217.9 0.229 2128.4 3592.0 2357.3 257.6
Calc.[29] 86 37 155 132 113 265 0.17 289
Calc.[32] 161 56 184 176
Calc.[47] 84 38 159 133 102 243 0.2 274

For bulk modulus, shear modulus, Young’s modulus,
Poisson’s ratio, transverse, longitudinal, average sound veloc-
ities, as well as Debey temperature of γ are listed in Table 4.
These results are compared with the values from Taylor[32]

and Shang[47] who employed the PW91-GGA exchange-
correlation functional. Moreover, the value of the bulk mod-
ulus (B = 113 GPa) slightly overestimates experimental cal-
culation by Yoo et al.[13] The ratio of B/G (∼1.5) of γ phase
demonstrates that bcc structure uranium is brittle in ground
state.

4. Conclusion
In summary, the structural, electronic, and mechanical

properties of the α , β , and γ phases of uranium under pres-
sure up to 100 GPa have been studied by employing the first-
principles DFT-GGA method. Our calculations show that the
lowest energy structure of U is α-phase (orthorhombic Cmcm-
type). By calculating the enthalpies of the three phases, we
never find any phase transitions in pressure range of 0 GPa–
100 GPa. According to our calculated elastic constants, α and
β phases are mechanically stable at ambient pressure. For γ

phase, however, it is mechanically unstable at 0 GPa. Under
pressure, the bulk modulus B, shear modulus G, and Young’s
modulus E increase near linearly for α phase.
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