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The entangled orbital angular momentum (OAM) three photons propagating in Kolmogorov weak turbulence are
investigated. Here, the single phase screen model is used to study the entanglement evolution of OAM photons. The
results indicate that the entangled OAM three-qubit state with higher OAM modes will be more robust against turbulence.
Furthermore, it is found that the entangled OAM three-qubit state has a higher overall transmission for small OAM values.
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1. Introduction

Quantum entanglement is an important concept in quan-
tum mechanics. It is a key ingredient in the field of quantum
information processing (QIP), such as quantum teleportation,
quantum key distribution (QKD), and quantum secure direct
communication (QSDC).[!7]

Recently, the orbital angular momentum (OAM) has been
intensively investigated, because the use of OAM modes of
light to encode quantum in a high-dimensional Hilbert space
could provide many advantages, among which the increased
alphabet size for information transmission is a main merit.
This interesting property can allow the significant increase
of the transmission rate and the improvement of the security
in quantum key distribution.’®-!>) However, when the entan-
gled OAM photons propagate through atmospheric turbulence,
OAM modes may suffer distortions due to the scintillation pro-
cess. This inevitably causes the decay of OAM entanglement,
which is the primary limitation to the realization of OAM-
based quantum communication. Although many efforts have
been made to effectively reduce and mitigate the influences of
atmospheric turbulence on OAM photons,!!3~?4] the descrip-
tion of the OAM entanglement evolution is still a fundamen-
tal open issue.l'>?°! It is necessary and important to find a
suitable way to quantify the OAM entanglement evolution in
turbulence.?”)

Until now, there have been many theoretical and exper-
imental studies devoted to the influence of atmospheric tur-
bulence on the OAM photons.!'331] However, as far as we
known, the OAM of a single photon and entangled pairs of
photons have been studied widely, but the entangled OAM
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three photons have not been reported yet. In this paper, we
further investigate the evolution of OAM-entanglement among
three qutrits in weak turbulence, whose effect on the prop-
agating optical beam is reduced to phase aberrations. Here
the quantum entanglement is quantified by the square of the
concurrence.??! Additionally, the channel fidelity of the out-
put state relative to the input state is also considered. The rest
of this paper is organized as follows. In Section 2 the influence
of Kolmogorov turbulence on the entangled OAM three-qubit
state is presented. In Section 3 the numerical results and anal-
ysis are provided. Finally, a brief discussion and some conclu-
sions are given in Section 4.

2. Influence of Kolmogorov turbulence on the
entangled OAM three-qubit state

A diagram of our setup is shown in Fig. 1. Assume that
the initial three-qubit state is encoded by Laguerre—Gaussian
(LG) modes

lWo) = a|l,—C,—€) spc+ B =L, 4, =) gpc + V|4, =, 0) apc
+X|€’€7£>ABC+77 |_£v _Ea_@ABC? (1)

where |ot|* 4 |B|* +|v]* +|x|* +n|* = 1, the subscripts A, B,
and C denote three photons, |—¢) and |¢) are OAM eigenstates
(LG modes), and the parameter ¢ is the azimuthal mode or-
der. In normalized cylindrical coordinates, the LG modes are
expressed as!?’]

1 )
(r|6) = ERM,(}",Z) exp(if0), 2)

where r> = x> + 2, 0 is the azimuthal angle, the parameter p
is the radial quantum number, and Ry ,(7,z) is the Laguerre—
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Gauss function. Throughout this paper we use

14|
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w22 () 4 (§)on(-5)

where A;, is a normalization constant, @ is the beam waist
radius, and Llf‘ represents the generalized Laguerre polynomi-
als. In the present study, the zero radial quantum number p =0
and the azimuthal modes of £ = 1,2,3,5 are only considered.

Fig. 1. Sketch of the setup. The entangled OAM three-qubit state whose
wave front is deteriorated as it propagates through independent weak turbu-
lences along the plane z toward a detector. Each atmosphere, labeled by A,
B, and C, is assumed to have the same statistical properties (Fried parameter
ro). The propagation distance for each photon is L.

As the entangled OAM three photons are sent through
uncorrelated dissipative channels, the random refractive in-
dex fluctuations introduce the phase aberrations that cause the
OAM modes of each photon to scatter into neighboring OAM
modes. This scattering process eventually destroys the OAM
entanglement. Generally, to know the evolved state after tur-
bulence, the density matrix is required. It is given by

Pout = (Al ®A2 ®A3) Pin
= Zmnpqrs P o " 1 |£mv€m’a£m”>ABC <€n”a£n'7€ﬂ| ,(4)

where pin = |Wo) (Y| is the density matrix of the initial state,
A; (i =1,2,3) is the linear map which represents the action
of an ensemble averaged phase screen on each photon, 3]
Pmpm! o m v 18 the density matrix element at the output of

the turbulence, given by

Pmn o " " = <£m”a€m’a£m|l//I> <II/H|£na£n'7€n”> 5 )

where the basis element denoted by |4,,) (|€,,1) ,|€,)) and |€,,)
(|€) , |€,)) can be explained as the states at the measurement
stage. The state |y1) (|wn)) is the initial state |yp) after prop-
agating through turbulence. The turbulence is assumed to be
in the weak regime, where the cumulative effect of the turbu-
lence is reduced to phase errors in the transverse profile. This
allows us to express the state |yq) in cylindrical coordinates as

Vi(50) = a{r |0) (= L) (r |- O ilOrtomtec)
B =04 {10 (r |- ! Oh ok c)
V{10 (r |00 {r [ o! (o)
FA{r 104 105 r |00 (1 %90)
N =04 [ (|~ e 1074, 6)

where ¢; (j = A,B,C) is the random phase perturbation of
each turbulence.

Note that owing to the random refractive index fluctua-
tions in turbulent atmosphere, any particular OAM state of
the photon is scattered into the infinite-dimensional OAM

[14,20.23.25.27.28] However, after OAM photons passage

space.
through the turbulence, the information contained in the finite
OAM subspace can be extracted in the measurement process.
For this reason the multilevel state of each photon has been
post-selected onto a two-level state (|£¢)).14!8] That is, any
perturbation takes the OAM outside of the subspace result-
ing in a loss. Furthermore, each atmosphere is assumed to
have the same coherence length ry (Fried parameter), where
ro = 0.185(A2/C2L)3/ 1331 €2 is called the atmospheric re-
fractive index structure constant which describes the strength
of turbulence along the path, L is the propagation distance, and
A is the wavelength. With the above assumption, the resulting
density matrix can now be written as

G 0 0 M3z 0 Mu Ms Mg
0 Gy O 0 0 0 0 0
0 0 G3 O 0 0 0 0
My; 0 0 Gy 0 My M, M,
Pu=1| "6 9 0o 0 G5 0 o o [P
M; 0 0 Ms 0 Gg¢ Mg Mg
My 0 0 My O My G; Mp
My O O Mpy7 0 Mg Mg Gg

where
G = |xP*a+ (lal* + 1B+ ) ab® + [n*b*,
G = (Jaf +12+|B]?) ab+nPab’+ 75, ®)
Gy = (e + 171+ |xI?) @b+ B b+ In P ab?,

Gy = |af @+ (1BP + |y +1x) ab® +[n*a%, (9)

Gs = |aP b+ (1BP + v+ 2P ) a®b+ Inf av?,
Go = B @+ (| + 17 + 1) ab*+ [P a®b, (10)
Gy = e+ (lo + 1B+ %) ab*+ InP @b,

Gy = P+ (|of +1BP +17) @b+ 2%, (11)
My =aB*a®, M,=oayd,

Ms=ay*a®, My=on*d, (12)
Ms=Ba‘a’, Me=pyd,

My =Bx'a’, Mg=pn‘a, (13)
Mo =yo*a®, My=7yB*d’,

My =yx'a, Mp=yn'a, (14)
Mz =ya'a’, Ma=yp*a,

Mis=xy'a, Myg=xn'd, (15)
My =no‘a®, Myg=np*d’,

My =ny'd, My=nx‘a, (16)
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a being the survival amplitude, b being the crosstalk ampli-

tude, and[3¥!
2 / |R1 olr | dl"

sin é
2 )

2 / !RIO | dr
27

X ddexp(—2il9)exp [—0.5D¢ <2r
0

a = |<‘l/ﬂ\i€

27

X ddexp {—O.SD(,) <2r )
0

sin?D } ,(18)

here Dy(r) = 6.88(r/ r)’ /3 being the phase structure func-

= [(yae|F0))?

tion of the Kolmogorov model of turbulence.?3! The state
[we) (|lw—_¢)) is the OAM of single photon state |¢) (|—¢)) after
interaction with turbulence, R; o(r) is the radial part of the in-
put LG beam at z = 0, with radial quantum number p = 0 and
the azimuthal mode order /.

Equation (7) is the main result of this paper. It shows
that when the Fried parameter ry tends to infinity, which cor-
responds to the absence of turbulence, the survival amplitude
is equal to 1, and the crosstalk amplitude is 0. On the other
hand, when the Fried parameter ry is in finite values, the beam
distortions in turbulence cause the photon to scatter into many
OAM states. That is to say, there emerges a nonzero crosstalk
(b > 0), which leads to loss of entanglement.3"!

Finally, the truncated density matrix is normalized and

the entanglement evolution of the OAM three-qubit state is
examined through calculating the squared concurrence of each
qubit with the rest of the system (i.e., c2 A(BC) (Pout)), which is
the minimum of the average of squared concurrence between
qubit A and the pair BC over all decompositions poy;. It gives a
lower bound for mixed quantum state and can be written as!3?!

Ci(gc) (Pout) = €* (Pan) + c* (Pac) + Tanc, (19)

where pap and pac are the reduced density matrices obtained
from the output density matrix poy by tracing over qubit C
and qubit B, respective, T4pc is an essential three-way entan-
glement of the triple that represents a collective property of the
three qubits. Similarly, one can also obtain

(20)
2

Chiac) (Pow) = ¢ (Pra) + ¢ (Pac) + Tasc
ctap) (Pout) = ¢ (Pca) + ¢ (pcp) + Tasc-

In order to better understand the above results, we discuss
a special case in which the initial state is the W state, corre-
sponding to a = B = y=1/1/3, x = n = 0. After very tedious
calculations, the following results can be obtained:

Tapc =0, (22)
(PAB) = c(pac) = c(psc), (23)
( C) (Pout) = é(AC) (Pout) = é( BA) (Pour) = 2c? (Pag), (24)

2- 2\/(1 +3b/a+2(b/a)’) (2b/a+3(b/a)’ + (b/a))

C(pAB) =max | 0,

One can find that three qubits are entangled with each
other for the W state, even though the essential three-way en-
tanglement of the triple Typc is always zero. In addition, the
survival amplitude gradually decreases in turbulence and re-
sults in b/a monotonic growth until all concurrences vanish
(b/a = 0.2144), corresponding to separable state.

3. Numerical results and analysis

In this section, the influence of turbulence on entangled
OAM three photons is calculated according to Egs. (23)—(25).
The results are presented in Figs. 2 and 3.

Figure 2 shows the concurrence of each pair of qubits
(i.e., C(pap)) plotted against the ratio @y /ry for different val-
ues of the initial azimuthal modes. One finds from Fig. 2 that
the concurrence gradually decreases as OAM photons propa-
gate through turbulence, but the entangled OAM photons with
the larger azimuthal modes have a better performance than
those with smaller azimuthal modes. This can be understood

3(1+b/a)’

(25)

as follows. With the azimuthal mode increasing, its phase

front oscillates more rapidly, and thus its spatial phase struc-

ture turns finer, 27-30]
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Fig. 2. (color online) Concurrences of each pair of qubits (i.e., C (pag))
as a function of the ratio @y /ro for different magnitudes of the initial
azimuthal modes.

In Fig. 3, the squared concurrences of each qubit with
the rest of the system (i.e.,ci(BC) (Pout)) are plotted against
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the ratio @y /ro for different values of the azimuthal modes.
It is clear that the squared concurrence decays through Kol-
mogorov turbulence. However, the entanglement can survive
longer for larger values of the azimuthal index ¢, which means
that the entangled OAM three photons with the larger az-
imuthal modes are more robust against atmospheric decoher-

ence.
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Fig. 3. (color online) Squared concurrences of each qubit with the rest
of the system (i.e., cﬁ(BC) (Pout)) as a function of the ratio @y/ro for
different magnitudes of the initial azimuthal modes.

In our simulation, the channel fidelity of the output state
relative to the input state is also considered, which is given
by!17)

F (Pin, Pout) = (Win| Pout | WVin) - (26)

The result is shown in Fig. 4. It is deduced from Fig. 4
that the channel fidelity rapidly decays as the ratio @y/rg in-
creases. The decay is so fast with the increase of the azimuthal
modes, thus indicating less influence of turbulence on the over-
all transmission of the OAM state with small OAM modes, as
observed in Ref. [17].
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Fig. 4. (color online) Behaviors of channel fidelity as a function of ratio
wy/ro for different magnitudes of the initial azimuthal modes.

It can further be shown that if three photons are initially
in the Greenberger—Horne—Zeilinger (GHZ) state (o = 8 =
y=0,x=n=1/ ﬂ), all the pairwise concurrences are zero
(c* (pag) = % (pac) = ¢* (pac) = 0), and the squared concur-
rence of each qubit with the rest of the system is c3 (BC) (Pout) =
Tape = a° /trPout. Similar curves are obtained for the GHZ
state, leading to the same conclusion.

4. Discussion and conclusions

In this paper, we theoretically investigate the entangle-
ment evolution of OAM three-qubit state propagating in Kol-
mogorov weak turbulence. Here, the case in which all photons
are sent through turbulence is considered. The entanglement
evolution of the OAM three-qubit state is quantified by the
squared concurrence of each qubit with the rest of the system.
Additionally, the channel fidelity of the output state relative
to the input state is also studied. The results show that OAM
entanglement decays through Kolmogorov turbulence, but the
entangled OAM three-qubit state with larger azimuthal modes
is more robust against atmospheric decoherence. Moreover, it
is found that the entangled OAM three-qubit state with small
OAM modes has a higher overall transmission in turbulent at-
mosphere, which accords well with the case of two photons.
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