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The complex derivative Dα± jβ , with α , β ∈ R+ is a generalization of the concept of integer derivative, where α = 1,
β = 0. Fractional-order electric elements and circuits are becoming more and more attractive. In this paper, the complex-
order electric elements concept is proposed for the first time, and the complex-order elements are modeled and analyzed.
Some interesting phenomena are found that the real part of the order affects the phase of output signal, and the imaginary
part affects the amplitude for both the complex-order capacitor and complex-order memristor. More interesting is that
the complex-order capacitor can do well at the time of fitting electrochemistry impedance spectra. The complex-order
memristor is also analyzed. The area inside the hysteresis loops increases with the increasing of the imaginary part of the
order and decreases with the increasing of the real part. Some complex case of complex-order memristors hysteresis loops
are analyzed at last, whose loop has touching points beyond the origin of the coordinate system.
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1. Introduction
Fractional calculus is a 300 years old topic which was

put forward first by Leibniz and L’Hospital. It is a general-
ization of integration and differentiation to non-integer orders.
Unfortunately, the work was forgotten for some decades. Re-
cent studies have brought it to more widespread attention,[1]

revealing that many physical phenomena can be modeled
through fractional differential equations, and fractional-order
systems have been a subject of increasing interest.[2] It had
been applied to model many real-world phenomena in var-
ious fields of physics, engineering and economics, such as
dielectric polarization,[3] electromagnetic waves,[4] viscoelas-
tic system,[5] heat conduction,[6] biology,[7] finance,[8] and
control theory.[9,10] The complex derivative Dα±jβ , with α ,
β ∈ R+ is a generalization of the concept of integer deriva-
tive, where α = 1, β = 0. Recently, several studies fo-
cused on the application of complex-order derivatives,[11–13]

which modeled and analyzed control theory,[14] chaos,[15] and
elements[16] with it.

Fractional-order elements are an application of fractional
calculus in electricity. Jonscher and his partner pointed out
that there is no ideal integer-order capacitor in nature.[17]

Westerlund in 1994 proposed a new linear capacitor model[18]

which states the fractional capacitor. Westerlund in his work
also described the behavior of a real inductor[19] using a
fractional-order model. Finite element approximations offer a
valuable tool by which the effect of fractional-order elements
can be simulated using a standard circuit simulator, or studied

experimentally.[20,21] This finite element approximation based
on the possibility of emulating a fractional-order capacitor via
semi-infinite RC trees as shown in Fig. 1(a). The circuit dia-
gram of the RC equivalent circuit for the fractional order ele-
ment of any order is presented as shown in Fig. 1(b).
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Fig. 1. (a) Equivalent RC tree circuit of the fractional-order element
of order 0.5 and (b) equivalent RC tree circuit of the fractional-order
element of any order.

Based on this method, the authors in Refs. [22] and
[23] studied the Buck–Boost converter, while the authors in
Ref. [24] designed and analyzed fractional-order multi-phase
oscillators. Fractional-order circuit theory has attracted the at-
tention of many researchers recently. Many fractional-order
circuits have been studied, such as Chua’s fractional-order
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system,[25,26] and filter circuit.[27,28] In this paper, a complex-
order derivative is introduced to circuit elements, and many
interesting phenomena are found. The real part of the or-
der affects the phase of the output signal, and the imaginary
part affects the amplitude for both the complex-order capacitor
and complex-order memristor. The complex-order capacitor
can do well at the time of fitting electrochemistry impedance
spectra. The area inside the hysteresis loops of complex-order
memristors increases with the increasing of the imaginary part
of the order and decreases with the increasing of the real part.
Some complex cases of complex-order memristors hysteresis
loops are analyzed at last.

This paper is organized as follows. Section 2 presents the
preliminary concepts of the fractional derivative and the com-
plex derivative. In Section 3, we present fractional-order and
complex-order elements models. In Section 4, simulation of
complex-order elements are presented. Some discussions are
given in Section 5. Finally, our concluding remarks and con-
clusions are given in Section 6.

2. Preliminary concepts
In fractional calculus, the fundamental operator aDα

t de-
notes a generalization of integrations and differentiations to an
arbitrary order differ-integral operator. It can be defined as

aDα
t =


dα

dtα
, α> 0,

1, α = 0,∫ t

a
(dτ)−α , α< 0,

(1)

where α ∈ R is the order of the operation, a and t are
bounds of the operation. There are several different defini-
tions of fractional derivatives. Riemann–Liouville definition
is a generalization[29] of the Grunwald–Letnikov which is de-
fined as

aDα
t f (t) =

1
Γ(n−α)

dn

dtn

∫ t

a
(t− τ)n−α−1 f (τ)dτ, (2)

where Γ(·) is the Gamma function, and n∈N, n is the smallest
integer larger than α , n−1 < α < n.

The Riemann–Liouville definition of the α-th order frac-
tional integral operator aD−α

t can be written as

aDt
−α f (t) =

1
Γ(α)

∫ t

a
(t− τ)α−1 f (τ)dτ. (3)

Grunwald–Letnikov definition[30] of fractional derivatives is
given by

aDα
t f (t) = lim

h→0

1
hα

[t−a/h]

∑
γ=0

(−1)γ

(
α

γ

)
f (t− γh). (4)

The Grunwald–Letnikov definition evolved from the n-
order integer derivative. In the same way, it can be used in
complex derivatives. The Grunwald–Letnikov definition of
complex integration and derivative is the following

aDζ

t f (t) = lim
h→0

1
hς

[t−a/h]

∑
k=0

(−1) j
(

ς

k

)
f (t−hk), (5)

where (
ς

k

)
=

ς(ς −1) · · · (ς − k−1)
k!

.

This formula can be reduced to

0Dς

t y(tm)≈ h−ς
m

∑
k=0

ωk
ς ym− k, (6)

where h is the time step and ς is the complex number. The
complex derivative Dα±jβ , with α , β ∈ R+ is a generalization
of the concept of integer derivative, where α = 1, β = 0.

3. Fractional-order elements and complex-order
elements
In classical linear circuit theory the three fundamental el-

ements are constituted by the resistor R, inductor L, and ca-
pacitor C.

v(t) = Ri(t), (7)

ϕ(t) = Li(t), (8)

q(t) =Cv(t), (9)

where v(t) and i(t) represent the electrical voltage and current,
respectively, and t denotes time. The fractional-order capacitor
and inductor can be given as follows when fractional calculus
is introduced into circuit elements

I(t) =C
dα v(t)

dtα
≡C0Dt

α v(t), (10)

v(t) = L
dβ I(t)

dtβ
≡ L0Dt

β I(t), (11)

where 0 < α,β < 1,(α,β ∈ R). The impedance of fractional-
order electric elements can be obtained.

ZC(jω) =
1

C(jω)α , (12)

ZL(jω) = L(jω)β . (13)

When we generalize fractional-order elements to complex-
order, the complex-order capacitor and inductor are

I(t) =C
dα±jβ v(t)

dtα±jβ =C0Dα±jβ v(t), (14)

v(t) = L
dα±jβ I(t)

dtα±jβ = L0Dα±jβ I(t). (15)
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In Ref. [15] the authors analyzed the chaos in Chua’s complex-
order system and its chaotic synchronization for secure com-
munication. The authors in Ref. [11] modeled the van der Pol
oscillator with complex derivative. Chua’s system circuit and
van der Pol oscillator circuit are shown in Fig. 2. The cir-
cuit models in the two papers can be obtained by using the
complex-order elements as shown above.

Sα+jβC

Sα+jβL

Sα+jβL

Sα+βC2
Sα+βC1

1 1

1

iu

RL

NR

NR

R

(b)

(a)

Fig. 2. (a) Chua’s circuit and (b) van der Pol oscillator circuit.

4. Simulation of complex-order elements
For a sine function, at steady-state, the complex derivative

of order α± jβ is given by[11–14]

Dα±jβ sin(ωt) = ω
α · [cos [β ln(ω)]± j sin [β ln(ω)]]

·
[

sin
(

ωt +α
π

2

)
cosh

(
β

π

2

)
± j cos

(
ωt +α

π

2

)
sinh

(
β

π

2

)]
, (16)

where j =
√
−1 and ω is the angular frequency. For obtain-

ing real-valued results, we group the conjugate orders, into the
operators:

CO(α,β )
1 sin(ωt)

=
1
2

[
Dα+jβ +Dα−jβ

]
sin(ωt), (17)

CO(α,β )
1 sin(ωt)

= ω
α

[
cos
[

β ln(ω)sin
(

ωt +α
π

2

)]
cosh

(
β

π

2

)
− sin

[
β ln(ω)cos

(
ωt +α

π

2

)]
sinh

(
β

π

2

)]
, (18)

CO(α,β )
2 sin(ωt)

=
1
2 j

[
Dα+jβ −Dα−jβ

]
sin(ωt), (19)

CO(α,β )
2 sin(ωt)

= ω
α

[
cos
[

β ln(ω)cos
(

ωt +α
π

2

)]
sinh

(
β

π

2

)
+ sin

[
β ln(ω)sin

(
ωt +α

π

2

)]
cosh

(
β

π

2

)]
. (20)

4.1. Simulations of complex-order capacitor

Applying sinusoidal excitation signals v(t) = sin(t) to the
capacitor (see Fig. 3), for different models, and the current
waveforms can be obtained. Figure 4 show the current wave-
forms with C = 10−5 F. As shown in Fig. 4, the real part of
the order affects the phase of current. We can clearly see that
the imaginary part of the order affects the amplitude of cur-
rent, and there is a larger amplitude when the imaginary part
of the order is bigger. A more important point is that there
is no interaction between the imaginary part and the real part.
Figure 5 shows the current waveforms with different frequen-
cies. Table 1 shows the amplitudes for the imaginary part of
CO1 and CO2.

AC

measured
element

input signal

Sα+jβC

1

Fig. 3. Test circuit.
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Fig. 4. (color online) Simulation of complex-order (CO1) capacitor cur-
rent versus time when ω = 1.
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Fig. 5. (color online) Simulation of current versus time for different frequencies when α = 0.50, β = 0.50.

Table 1. Amplitudes of current (in unit mA) for different values of imaginary part of CO1 and CO2.

COi ↓ β → 0.1 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

CO1 0.1012 0.1050 0.1113 0.1204 0.1325 0.1478 0.1668 0.1899 0.2177 0.2509
CO2 0.0158 0.0319 0.0489 0.0671 0.0859 0.1088 0.1334 0.1614 0.1934 0.2305
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Fig. 6. Nyquist diagram of the impedance (a) Z(jω,α) of fractional-
order capacitor (b) Z(jω,α,β ) of complex-order (CO1) capacitor.

It is well known that, in electrochemical systems with dif-
fusion, the impedance is modelled using the so-called Warburg
element. The Warburg element arises from one-dimensional
diffusion of an ionic species to the electrode. If the impedance
is under an infinite diffusion layer, the Warburg impedance is
given by Eq. (21), which can be regard as fractional capaci-
tance.

Z =
1

T (jω)α , 0.5≤ α ≤ 1. (21)

Figure 6(a) shows the Nyquist plot of the ideal capacitor, real
capacitor,[18] and fractional-order capacitor impedance, re-
spectively, when α = 1, 0.99, and 0.75. Figure 6(b) shows the

Nyquist plot of the complex-order (CO1) capacitor impedance.
References [31] and [32] are mainly about the theory, ex-
periment, and applications of impedance spectroscopy, from
which we can know, the complex-order capacitor can fit well
the impedance spectra of the oxide films obtained at different
concentrations of Ce(SO4)2 when α = 0.75, β = 0.25, and
it also can be used to fit the impedance spectra of TiO2 and
CuInS2 at different potentials and temperatures.

4.2. Complex-order memristors

Chua proposed that there should be a fourth basic element
M, which he called the ‘memristor’,[33] for memory resistor,
completing the set of relations with ϕ = f (q). The first pas-
sive realization was introduced by HP-lab a few years ago.[34]

In Ref. [35] the authors proposed the first neural network chip
based on a memristor in 2015,[36,37] and researched the appli-
cation of memory elements in the circuits system. Meristors
and memory elements will bring a technological revolution in
the future. Considering the memristor model as ϕ(q) = 1

3 q3,
with the input signal i(t), and the integrated i(t) can lead to
charge q(t). Figure 7 shows the complex-order (CO1) mem-
ristor waveforms of voltage and RM versus time.

As shown in Fig. 7, the real part of the order affects the
phase of voltage and RM. We also can see that the imaginary
part of the order affects the amplitude, the larger the imaginary
part of the order, the larger the amplitude. Figure 8 shows the
pinched hysteretic loop of the complex-order (CO1) memris-
tor. There are great changes when fractional-order elements
are generalized to complex-order. The area inside the hys-
teresis loops increases with the increasing of the imaginary
part of the order and decreases with the increasing of the real
part. The trends of the I–V curves that collapse to a line when
α = 1.0, β = 1.0 can be clearly observed as shown in Fig. 8(b).
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Fig. 7. (color online) Simulation of memristor when ω = 1. (a) and (b) Waveforms of voltage versus time. (c) and (d) Waveforms of
RM versus time.
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Fig. 8. (color online) Simulations of the pinched hysteretic loop when
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Figure 9(b) shows a hysteresis loop, which is not the con-
ventional double hysteresis loop. The loop has touching points
beyond the origin of the coordinate system. Figure 10 shows
a more complex case where the memristor generates a richer
spectrum of voltage. It corresponds to a higher number of

touching points on the hysteresis loop. Since the pinched hys-
teresis loop must be odd-symmetric, it is sufficient to focus
on the first quadrant, describing processes during the first half
period of signals.
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Fig. 9. (color online) Simulation of complex-order memrostor (CO1)
when α = 0.75, β = 1.0, ω = 1.5. (a) Waveforms of voltage and cur-
rent versus time and (b) the pinched hysteretic loop.

If the arms of the loop are to touch at a certain point, it
means that there must be two time instants t1 and T/2− t1,
t1 ∈ 〈0,T/4〉 at which signals i and v take the same values.
Graphically, this condition may be interpreted such that there

060503-5



Chin. Phys. B Vol. 26, No. 6 (2017) 060503

must be a rectangle whose one pair of vertices lies on the cur-
rent waveform and the second pair lies on the voltage wave-
form (see in Fig. 9). If it is possible to find other time instants
ti, i = 1,2, . . ., this means that the hysteresis loop has more
touching points (see Fig. 10).
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when α = 0.75, β = 1.0, ω = 2.3. (a) Waveforms of voltage and current
versus time and (b) the pinched hysteretic loop.

5. Discussion
In this paper, we proposed the complex-order electric el-

ements concept and modeled and analyzed the complex-order
elements. Some interesting phenomena are found: the real
part of the order affects the phase of output signal, and the
imaginary part affects the amplitude.

The complex derivative is a generalization of the concept
of integer derivative and fractional derivative, which is used
in modeling electric elements for the first time in this paper.
By applying the complex derivative, a high-dimensional pa-
rameter space is obtained. A simple complex-order memristor
model is given, and the models of the complex-order memca-
pacitor and meminductor still need research. The application
of complex-order elements (especially memory elements) in
circuits will be a research direction. Complex derivative is a
new concept in the field of engineering, and we will continue
to focus on it and its application in the next work.

6. Conclusions
In this paper, the complex-order electric elements con-

cept is proposed for the first time, and the complex-order ele-
ments are modeled and analyzed. By applying the concept of
complex derivative, a high-dimensional parameter space is ob-
tained. Some interesting phenomena are found: the real part of

the order affects the phase of the output signal, and the imagi-
nary part affects the amplitude for both complex-order capac-
itor and complex-order memristor. A more interesting thing is
that the complex-order capacitor can do well at the time of fit-
ting electrochemistry impedance spectra. The complex-order
memristor was also analyzed, the area inside the hysteresis
loops increases with the increasing of the imaginary part of
the order and decreases with the increasing of the real part.
Some complex cases of complex-order memristors hysteresis
loops are analyzed at last. There are still a lot of interesting
phenomena about the complex-order electric elements worthy
of studying, and we will continue to investigate them in future.
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