Chin. Phys. B  Vol. 26, No. 6 (2017) 060307

Multi-copy entanglement purification with practical spontaneous
parametric down conversion sources”

Shuai-Shuai Zhang (7K', Qi Shu(¥E£F)!, Lan Zhou(fHi#)?, and Yu-Bo Sheng(iF:9%)"*

1 Key Laboratory of Broadband Wireless Communication and Sensor Network Technology of Ministry of Education,
Nanjing University of Posts and Telecommunications, Nanjing 210003, China

2College of Mathematics & Physics, Nanjing University of Posts and Telecommunications, Nanjing 210003, China

3BeH Honors School, Nanjing University of Posts and Telecommunications, Nanjing 210003, China

(Received 11 January 2017; revised manuscript received 8 February 2017; published online 20 May 2017)

Entanglement purification is to distill the high quality entanglement from the low quality entanglement with local
operations and classical communications. It is one of the key technologies in long-distance quantum communication. We
discuss an entanglement purification protocol (EPP) with spontaneous parametric down conversion (SPDC) sources, in
contrast to previous EPP with multi-copy mixed states, which requires ideal entanglement sources. We show that the SPDC
source is not an obstacle for purification, but can benefit the fidelity of the purified mixed state. This EPP works for linear

optics and is feasible in current experiment technology.
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1. Introduction

The absolute security of quantum communication makes
it have great value in future communication technologies.
Many important protocols have been proposed, such as quan-
tum teleportation,!!! quantum secure direct communication
(QSDC), 23! quantum secret sharing (QSS), 0 quantum key
distribution (QKD),"~*! and some other interesting and impor-
tant quantum communication and quantum information pro-

[10-18] Tn order to realize the long-distance

cessing protocols.
quantum communication, high quality entanglement is the in-
dispensable resource. However, entanglement can only be pre-
pared locally and then be distributed in the free space or in a
fiber. In a practical transmission, the distributed photons will
inevitably suffer from the noise in environment. If the entan-
gled quantum system degrades seriously, the quantum commu-
nication tasks cannot be well achieved. Moreover, the quan-
tum communication will become insecure.

Entanglement purification is an important quantum tech-
nique to obtain the high quality entanglement from the low
quality entanglement.!'”) In 1996, Bennett er al. firstly pro-
posed the concept of entanglement purification which attracted
much attention.!!”! Generally, existing entanglement purifica-
tion protocols (EPPs) can be divided into three groups. The
first group is to use one copy of degraded mixed state.[?9-27]
They are the deterministic EPPs which exploit the hyperentan-
glement or robust entanglement encoded in other degree of

freedom. The second group which contains the most EPPs is
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to use two copies of degraded mixed states.!!?>8~#4 The third
group is to use the multi-copy degraded mixed states.[*3-0]
In the third group, they usually exploit the controlled-not
(CNOT) gates and controlled-controlled-not (CCNOT) gates
to complete the purification. However, CNOT and CCNOT are
not feasible in current experimental condition, which makes
this kind of protocols be far away from current application. In
2015, Cai et al. described a fast multi-copy EPP.[°! Their pro-
tocol can obtain a high fidelity in one purification step and it
does not require the sophisticated CNOT gate or CCNOT gate.
The protocol only exploits the feasible polarization beam split-
ters (PBSs) and single-photon detectors. Similar to Ref. [29],
the protocol in Ref. [50] still needs the ideal entanglement
source. It is known that the ideal entanglement source is not
available. Such obstacle will make this protocol still be far
away from practical application.

In this paper, we will investigate the multi-copy EPP with
practical spontaneous parametric down conversion (SPDC)
sources. Interestingly, the SPDC source is not an obstacle
in realization purification, but will benefit the protocol. The
SPDC source makes us obtain a higher fidelity than the origi-
nal protocol.!>%! This EPP also requires the linear optics and is
feasible in current experiment condition.

This paper is organized as follows. In Section 2, we will
describe the basic model of this protocol and discuss the two-
copy EPP with SPDC sources. In Section 3, we first discuss
the three-copy EPP with SPDC sources and then extend this
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EPP to a more general case. In Section 4, we will provide a
discussion and conclusion.

2. Two-copy EPP with SPDC sources

The basic model of the protocol is shown in Fig. 1, which
is similar to Ref. [29]. Bob and Alice want to share the maxi-
mally entangled state | ), of the form

1
D)y = —
‘ >ab \6

where |H) denotes the horizontally polarized photon and |V)

([H)alH)p+1V)alV)s), (1)

denotes the vertically polarized photon, respectively. The sub-
scripts “a” and “b” are the spatial modes belonging to Alice
and Bob, respectively. Because of the noise, the state \(IJ+> ab
will become [¥'™),, with the probability of 1 — F, which is
called a bit-flip error. Here |¥*),;, can be written as
1
¥ )ab = E(IHMIV)H V)alH)p)- )
Then Alice and Bob will obtain a mixed state of the form
p1 =F|DP") (DT |+ (1 —F) [P ) (P (3)‘

In order to realize the EPP, some EPPs should exploit the

2829501 Unfortunately, such ideal

ideal entanglement source.!
entanglement source is unavailable. Here we use the practi-
cal SPDC source to perform the EPP. As shown in Fig. 1, the
pump passes through the first beta barium borate (BBO) crys-
tal, named BBO;, and produces correlated pair of photons in

spatial modes apb; of the form 2032311

Pspdc2 = |0> <0| +p‘(p+>a2b2 <¢+‘
+ P2 (| P iy (T2 4+ “)

Then the pump pass through the second BBO (BBO;) and

produces a second correlated pair of photons in spatial modes
ayb; of the form

Pspdc1 = |0> <0| +p‘¢+>a1b1 <q§+‘
+ P2 (| P oy (T2 4 ©)

Therefore, state Pgpac2 @ Pspdc2 can be written as

Pspdc2 ®pspdcl = |0> <0‘ +P(|‘P+>a2b2<¢+| + |¢+>a1b1 <¢’+|) + pz((‘¢+>azbz <¢'+D®2 + (|¢’+>01b1 <¢+|)®2
HP ) ey (PF|@ [P ) g, (@[ +--). (6)

From Eq. (6), the produced states in spatial modes ab;
and apb, can be described as follows. With the probability
of p, it is in the state (1/2)(|H)|H) + [V)|V)) & (|a1)|b1) +
|a2)|b2)).
polarization and spatial mode degrees of freedo
With the probability of p?, they are in the states |<15+>§’22bz,
\cbﬂ?lzbl or |D)gp, @D )ep,. If we consider the errors,
the state |@*),,, will become p, 5, and |PT),,p, Will be-

It is essentially the hyperentanglement in both
m,[20.22,23,52]

come Pg,p,. In this way, the original states | @) 4,5, [P T )a,p,
will become four possible cases. States are | @) 4,5, [P T)ayp,
with a probability of p?F2. States are [¥ )y, p, ¥ )ayp, With
a probability of p?(1 — F)?. States are |@")4,p, |¥ " )app, and
1YY b, [P )ap, With an equal probability of p*F (1 —F).
Then for @)% , it becomes states @75 with a probabil-
ity of p?F and states \‘P*)Z’fbl with a probability of p?(1 —F).
Similarly, for |d>+>f?22bz, it becomes states |d5+)fi2bz with a
probability of p?F and states \'I’J“)ffzzhz with a probability of
p?(1—F). Here we should point out that |¢'+>f?]2b] cannot be-
come [P) 45, @ [¥)4,p,, for the two pairs are emitted from
the BBO simultaneously and they are always in the same po-

sition. The two pairs of photons always suffer from the same

R
V2

R

|(p+>a1b1 |q§+>azb2 = V2

(|Hu1Hb1 > =+ |Vd| Vb1>) ®

error. Therefore, they are always the same states. |<1'>+>ff’22172 is
analogy with |€D+)Z’ﬁl.

As shown in Fig. 1, PBSs can fully transmit the |H) po-
larization photon and reflect the |V') polarization photon, re-
spectively. The key step of purification is to select the case
that there is only one photon in each output mode which we
call it four-mode case.

A
al bl
s == BBO, b,
PBs, 4% & pes,
a4 az bz b1
Alice T B8O, Bob

Fig. 1. (color online) The entanglement purification protocol (EPP) with
two copies of mixed states using two SPDC sources. PBSs are polarization
beam splitters. PBSs can fully transmit the |[H) polarized photon and reflect
the |V) polarized photon, respectively.

For example, with the probability of p?>F?, states
| D) 4,5, |PT)ayh, can be written as

(1Hay Hpy) + Vi, Vi)

1
= §(|H>a| |H>b1 |H>a2 ‘H>b2 + |H>al |H>b1 |V>a2 |V>b2 + |V>a| ‘V>b1 ‘H>u2 |H>b2 + |V>(l1 |V>b1 ‘V>a2 ‘V>b2)' (7
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After passing through PBS; and PBS,, only items |H )4, |H)p, |H)a, |H)p, and |V)q, V), |V)a,|V)p, can make each of the output
modes a3b3 and asbs contain one photon. Similarly, with the probability of p?(1 — F)?, states [¥") 4,5, ¥ )ayp, can be written
as

1 1
|‘P+>a1h1 |‘P+>a2h2 = 7(|H01Vb1 > + |Va1Hh1 >) ® 72(|H02Vh2> + |V112H172>)

V2 V2
= %(|H>al |V>h1 |H>az |V>b2 + |H>01 |V>h1 |V>llz |H>1?2 + |V>111 |H>b1 |H>az |V>hz + |V>al |H>b1 |V>az |H>hz)' ®

After passing through PBS; and PBS; , only items |H )4, |V ), [H)a,|V)p, and |V)q, |H)p, |V )a, |H)p, can make each of the output
modes azbs and a4b4 contain one photon. With the probability of p>F, states “D+>221]1 can be written as

+\®2 1 !
|¢ >a1bl - \/E \/E
1
= §(|H>al ‘H>171 |H>111 |H>171 + ‘H>01 |H>b1 ‘V>al ‘V>b1 + |V>tl1 |V>b1 |H>01 |H>b1 + |V>01 |V>b1 |V>111 |V>b1 ) ©))

(‘Hale1>+|Va1Vb1>)® (|Ha1Hb1>+|th1Vb1>)

After passing through PBS; and PBS,, only items |H )4, |H)p, [V)a,|V)p, and |V)a, |V )b, |H)a,|H)p, can make each of the output
modes a3b3 and agby contain one photon. With the probability of p?(1 — F), states |‘I’+>§1‘2b1 can be written as

1 1
2
|¥+>§1b1 = %(|Halvbl> + ‘Vale1>) ® ﬁ(‘Halvb1>+ |Va1Hb1>)

1
= 5(‘H>“1 |V>b1 |H>a1 ‘V>b1 + ‘H>al |V>b1 |V>a1 |H>b1 + |V>al |H>b1 ‘H>“1 |V>b1 + |V>al |H>b1 ‘V>a1 ‘H>b1 ) (10)

\
After passing through PBS; and PBS,;, only items one can also obtain the state

‘H>al |V>b1 |V>al |H>b1 and |V>al |H>b1 |H>641 |V>b1 can make 1
each of the output modes azbz and asbs contain one pho- 93) = ﬁ(|H>“3‘H>b3|V>“4|V>b4
ton. States |<13'+>fz922b2 and |‘JF’+>Z'<>22b2 can also have the proba- + Vs [V )bs | H )y |H )by ) (13)

bility to cause the four-mode cases, similar to states |<I>+>‘§12b1

and |lP+>§.2bl’ respectively, i.e., items [H)a [H)p, |V )a |V s, with the probability of p®. In order to get |@"),, one should

\V)MV) b2| H>a2| H) by and items | H)a2|V> b2|V>a2| H) bys measure the states above in spatial modes a4b4 in the basis

V)ay |H )b, |H)a, [V )5, can satisfy four-mode case. |+) = (1/v2)(|[H) £|V)). Similar to Refs. [29], [30], and
On the other hand, states ‘(p+>a1 by |\P+>azb2 and [49], one can ultimately obtain a new mixed state

\‘I’f)albl |®"),,5, cannot satisfy the fou.r—mode case. By se- ply = Fo| &) (D] + (1 — Fo) [ ) (P, (14)
lecting the four-mode case, one can obtain

and the fidelity is

1
00) = 73 (Fes[H) ) ), s
h=——————. 15
F1V)as V)5V V), (11) 2= P (1-F)P 12 (15)
with the probability of p2 2 /2’ and Here the subscription “2” means that the EPP with two copies
of the mixed states.
1
|¢2) = 7(\H>a3IV>b3IH>a4\V>b4 . .
2 3. Multi-copy EPP with SPDC sources
+|V>ﬂ3|H>b3‘V>a4|H>b4)v (12)

In this section, we will discuss the EPP with multi-copy

with the probability of p2(1 — F)2 /2. For the rest of mixed states. As shown in Fig. 2, the pump passes through
the states, which satisfy the four-mode case, the fol- three BBOs, and produces the entangled photon pairs Pgpge1
lowing states ‘H>a1 |H>b1 ‘V>a| ‘V>b1, ‘V>a] |V>b1 |I‘I>al |H>b1, Pspdc2> and Pgpqc3 in spatial modes a1by, axb;, and azbs, re-
\H)al |V>b1 [V)a, |H>bl, and V), |H>b1 |H>a1 |V>b1 all be- spectively. Here pspdct, Pspdc2, and Pspdcs have the same form
come |V)4,|V)ps|H)ay|[H)p, and the total probability is  as shown in Eq. (4) and Eq. (5). In order to realize the EPP,
p?/2. Similarly [H)a, |H)p, V)ay [V)bys [V)as |V )iy |[H)ay |H) by, ~ We should select the six-mode case. That is each of the output
‘H>a2|v>b2|v>uz|H>
‘H>a3 |H>b3|v>a4‘v>

by» and V) o, |H)p,|H)a,|V)p, all become  modes ag, by, as, bs, as, and bg exactly registers one pho-
b, and the probability is p? /2. Therefore, ton. Therefore, for the whole system Pgpde1 ® Pspde2 @ Pspde3

060307-3
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only items [DF ) [P )| P ashys [P )ayi |92 For the states |®%), ., |®1)P2 | it becomes states

azby’ axby’

Lagys |<1>+>mb3 |<I>+>a1b1 | DY s s |‘P+>a1b1 |@F)asbss | )ayp, |PT)E5 with the probability of p>F2, states
[P >uzbz|cp+>a3b3 and |¢+>a2b2|(p+>asbs can satisfy the six- |p™), \'P*)?sz with the probability of p3F (1 — F), states
mode cases. [P ) ayp, | P >®2 with the probability of p*F(1 — F), and
¥, |p+)©2 b, With the probability of p2(1 —F)?, respec-
a; b
a, 1--]l3BO b, tively. The other states | ), |¢'+>a3b3 D)5, (DT )ayh,y
1

PBSl‘:‘ a, bQ ’:‘ PBS2 |¢+>a1b| ‘¢+>03b3’ |¢+>a2b2|¢+>a3b3 and |d)+>a2b2|¢+>a3b?

as ==BBO. b, can also be described in the same principle.

PBS, & : & pPBS, . . . ,
a a, b, T Similar to Section 2, the key step of this EPP is to select
6 . == ]
Alice BBO, Bob ’ the case that there is only one photon in each output mode
and we call it six-mode case. Firstly, we discuss the state
Fig. 2. (color online) The EPP with three copies of mixed states using three |¢+> ayby ‘ (p+>u2 by |'~1—5+ >u3 b3

SPDC sources. . . . . .
Because of noise as described in the above discussion,

If th o ffers fi he noise, it will . . .
) the state |™)a, su .ers rom the n0.1se, itwi be.C(?me the state [D@F) 4,5, [P ) ayp, [P ) azh, Will become eight possi-
a mixed state p; as shown in Eq. (3). In this way, the original ) o
. . ble different states as

state | D)y b, [P 1) ayh, | PT)azp, Will become a mixture of the
following states as given below. . N .

(i) With the probability of p>F3, they are in the states L2DPVAL SPPAL SOPNAREL SOPTAL SPFVAL SpFNa
‘¢+>a1b1 |(P+>a2hz |¢+>a3b3- ‘¢+>albl |¢'+>a2b2 |IP+>a3b3a |¢'+>a|b1 |lp+>azb2|q) >azb37

. . oy 3 _ 3 .

(1|1311\j]>1th tr;/f;()bar;ii}; Of p (1 F) ’ they are 1n the ‘ql+>alb1 ‘¢+>azb2|(p >dzb3a |¢+>a1b1|':P+>112b2|':y+>a3b37
states a1by arby azby-

(iii) With the equal probability of p3F2(1 _ ‘T+>a1b1 ‘(I) >a2b2|lp >azb37 |ql+>a1b1 |lP >a2bz|lp >a3b37
F), they are in the states [P )y 5, |PT)arh, | P )ashss
1D a1y [P ) sty | P Vs> and [P ) g, |¢+>a2b2|¢+>a3bg respectively. Interestingly, as shown in Fig. 2, after passing

(iv) With the equal probability of p*F(1 through the four PBSs, only states D" )g,5, [P )y, [P )ashs
F)2, they are in the states [P ayb, [P ) gk, P >a3bg, and [P7) a5, [P ) ayby [P )y have the possibility to satisfy
1P 160 [P )by [P Vs ad [P 0 [P )iy [P Vaghy»  the six-mode case. For example, with the probability of p*F?,
respectively. states D7) g, b, | P ) ayp, |PT)ashy can be written as

iqumHm [V Vo)) @ %umﬁm + \vazvb2>>®\%<|Ha3Hb3> VsV
= 2\[(|H>111 |H>b1 ‘H>az|H>b2‘H>a3 |H>b3 + |H>a| ‘H>b1 |V>az|v>bz|H>ai |H>

+ ‘V>a| ‘V>b1 |H>uz |H>b2 ‘H>a% |H>b3 + |V>fl1 |V>b1 ‘V>a2 |V>b2 |H>a3 |H>b3
+ ‘H>al |H>b1 |H>az |H>hz |V>113 |V>b3 + |H>dl |H>b1 |V>tl2 |V>b2|V>a3 ‘V>b3
+ ‘V>a| ‘V>b1 |H>ll2 |H>b2 ‘V>d3 |V>b3 + ‘V>al |V>b1 |V>a2 |V>b2 |V>as |V>b3)~ (16)

|(p+>a1b1 ‘¢+>a2b2 |(p+>a3b3 =

After passing through PBS1, PBS;, PBS3, and PBSy, items |H) o, [H)p, [H)ay [H) by |H) ay |H) by and [V) o, V)6, V) ar [V )6, [V Va3 |V )by
can make each of the output modes asb4, asbs, and agbg contain one photon. By selecting the six-mode case, they can obtain

lv1) = 7(|H>a4\H>b4 \H ) as|H)bs | H )ag |H )b 1V )as |V )64 [V )as [V )5 [V ) as [V )5 ) a7

with the probability of p>F3 /4. On the other hand, with the probability of p* (1 — F)3, states [F) a5, | asty | P Vash; can be
written as

1 1
(|Htl1Vb|>+ ‘Va1Hb1>) (|H03Vh3>+|VG3Hb3>)

g 7 7

2\[(|H>al Vo, H) ao|V s [H) as |V )3+ [H) ay [V )y [V ) ag | H )by [ H a3 [V )

FViar[H) oy [H)ay V) oy |H)as [V by + 1V ) [H) by [V )y [H) 5y | H )y [V )

+ ‘H>“1 |V>b1 |H>a2 ‘V>b2 ‘V>a3 |H>b3 + |H>a1 |V>b1 ‘V>a2 ‘H>b2 |V>a3 |H>b3
060307-4
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+ ‘V>al ‘H>b1 |H>az ‘V>b2 ‘V>d3 |H>bz + |V>al |H>b| ‘V>az ‘H>b2 |V>tl3 |H>b3) (18)

After passing through PBS|, PBS,, PBS3, and PBSy, items [H) 4, |V )i, |H)a, |V )by [H) a3 |V )by and |V ), [H) b, [V ay |H ) by |V ) ay [ H) by
can make each of the output modes a4b4, asbs, and agbg contain one photon. By selecting the six-mode case, they can obtain

1
ly2) = \ﬁ(|H>a4 ‘V>b4 ‘H>a5 |V>b5 |H>a6 ‘V>b6 +1[V)a, |H>b4|v>a5 |H>b5 |V>a(, |H>b6) (19)
with the probability p3(1 —F)3/4.

Next, we discuss states |PT), 5, |<P+>
‘(p+>a1b1|'}1+> >a1b1|(p+>a2b2’ and |'}I+>tl1b1|'}1+>

azbz arby

. If errors occurs, states @), p, |<15+>

, will become states [P )45, ‘(I)+>u2b2

which we have descrlbed before. Interestingly, only two states

|DF) gy, | PT)2 arh, and 1D, |'P+>?;2bz have the possibility to satisfy the six-mode case. For example, with the probability of

P3F?, states ‘(D+>a1b1 |<15'+>§’22b2 can be written as

1
2 >a1b1|¢+>azbz_ \[(|Ha1Hb1>+|Va1Vb1>)®

1
72(|H112Hh2> + |Va2Vb2>)

(‘ Hb2>+|V02Vh2>)

\[

= (|H>a1 |H>b1 |H>l12 |H>b2 |H>¢12 ‘H>b2 + |H>a1 |H>b1 |V>02 |V>b2 |H>az ‘H>

2\/

+ |V>111 |V>b1 |H>02 |H>b2 |H>az |H>b2 + |V>a1 |V>b1 |V>a2|v>b2|H>az |H>b2
+ |H>611 ‘H>b1 |H>a2 ‘H>b2 |V>f12 |V>b2 + |H>a1 |H>b1 |V>az |V>b2 |V>az |V>b2
+V)ar Vo [H)ay [H) by |V ar |V )y + V)t V)1 V) V) 6y [V [V )y ) - (20)

After passing through PBS{, PBS;, PBS3, and PBSy, only |H) 4, [H)p, |H)a, |H) b, |V ) as |V ), and [H)a, [H) b, [V )as |V )y [H ) ay [ H ) b,

will both become the state |H) o, [H)p, [V ) as|V )b |H ) ag |H ) b
states | D) 4, p, |‘I’+>a2b can be written as

1
B o 1¥ )iy = 75 (B Hon)+ Ve V) ©
1

T2

H>al |H>b1 |H>a2 |H>b2 |V>u2 |V>bz and ‘H>al |H>b1 |V>a2 ‘V>b2 ‘H>u2 |H>bz
with the probability of p>F? /4. With the probability of p>F(1 —F),

(|H02Vh2>+| Hb2>)® (|Ha2Vb2>+‘Vaszz>)

R
V2

(1H)a [H)o, [H) ay |V )5, | H )y [V )by + [H) ay [H )y [V )y [H) by [ H ) |V )y

+ |V>ll1 |V>/71 |H>tl2 ‘V>h2 ‘H>a2 |V>bz + |V>01 |V>b1 |V>02|H>h2 |H>az |V>h2
+ |H>a1 |H>b1 |H>az |V>b2 |V>a2|H>b2 + ‘H>al |H>b1 ‘V>az ‘H>b2 |V>a2 |H>bz
+ |V>d1 |V>b1 |H>llz ‘V>b2 ‘V>az |H>172 + |V>01 |V>171 |V>tlz |H>b2 |V>a2 |H>172)' 2D

After passing through PBS;, PBS,, PBS3, and PBS4, only
items

|H>l11 |H>b1 |H>az ‘V>b2 |V>az |H>b2
and
|H>al |H>b1 |V>a2 |H>b2 |H>a2 |V>b2

can satisfy the six-mode case. Interestingly, by selecting the
six-mode case,

|H>a1 |H>b1 |H>a2 ‘V>b2 |V>az |H>b2
and

(H)ay [H )b, [V)ay |H )by [H) ar |V )y
both become |H )y, |H)p, |V )as|V)bs|H) g |H) b With the prob-
ability p*F(1—F)/4.
from the states |®T)y, |PT)2
they can obtain the states

Therefore, and

‘(D >a1b1 |'P+>

aby

ayby’

|H>a4 |H>b4 |v>a5 |V>b5 |H>a(, |H>b5

\
with the total probability p*F /4.

Similarly, the states |®T), ;, |<15+>a3 5, can be described
in the same way. Because of errors, it will become four differ-
ent states as

|(D >a1b1 |(D+>
|IP+>a|b| ‘¢+>

|(p+>a1b1 |lP >
|lp+>alb1 |lp+>

aqbg ) a3bg ’

azbs’ azbz*

Only the states [P ),,p, |DT)57 and [@T)4,p, [PF)57 have
the possibility to satisfy six-mode case. By selecting six-mode
case, they can totally obtain |V), |V)p, |H)as|H)bs|V)as|V ) b
with the probability of p3F /4.

Moreover, if considering the states | @), |®7)9> asbs and
|(P >a1b1 ‘(D+>®2

arhs together, they can obtain the state

i) = %<|H>a4|ﬂ>b4|v>a5|v>b5|H>a6\H>b6

FV)asV)bsl H) as|H) bs |V )a |V i) 22)
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with the probability of p3F /2.
The other states

|¢+>albl |¢ >azb27
|¢+>a2hz|¢+>

|¢+>albl |¢ >03b3 )
D7) 5, | P asbs

as b}

can be discussed with the same principle. If considering the
®2 ®2
states |®F) % [P ) ayh, and DT ), |PT) 5

can obtain the state

together, they

%(\Hm )y [ s ) V) IV i
+ |V>u4 |V>b4 |V>a5 |V>b5 ‘H>u6 |H>b6)

lya) =
(23)
with the probability of p*F/2.

D)5, [T )azpy and [PF)5
obtain the state

If considering the states

: b2|<15+>m;,3 together, they can

%<|H>a4|H>b4|v>a5|v>b5|v>a6|v>b6
+ |V>u4 ‘V>b4 ‘H>as |H>b5 ‘H>ae |H>b6)

lys) =
(24)

with the probability of p3F /2.

From the states |y1), |y2), |y3), |wa), and |ys), after
measuring the photons in spatial modes as, bs, ag, and bg in
the basis |£), states |y1), |y3), |Wa), and |ys) will become

and the fidelity is

F34+6F
3+ (1-F)3+6F

B = (26)

It is straightforward to extend this protocol to the EPP
with N pairs of mixed states.

u a,|b
N+1 B .
® . N+1
PBS, 4% b W PBS,
a 2|72 b
N+2 N
PBS, & BBO, & pps, V*?
. a. b
Alice 3
c Bob
. . .
Ayn_y ¢ 1
#PBS a. | b PBS,, €%
a N N
2N 2N
.‘.BBO

Fig. 3. (color online) The EPP with N copies of mixed states using N SPDC
sources.
As shown in Fig. 3, the pump passes through N BBOs and

creates the correlated photon pairs in spatial modes a1 b1, axb;,

., anby, respectively. Similar to the EPP with two pairs of
mixed states and three pairs of mixed states described above,
for the EPP with four pairs of mixed states, they select the
eight-mode cases and obtain the new fidelity as

|@1),p and |y,) will become [PH) 4. F44 12F2 44
Finally, they can ultimately obtain a new mixed state by = FA+(1—F)*+12F>+4 @n
puy =F| @) p (@ |+ (1 —F3) [P )p(PT],  (25)  Generally, we can also obtain
|
F3+20F3 +20F
F5 == )
F3+(1—F)>+20F3 +20F
FN a FN—2 a 2k—1FN—2k
Fy = + oy * + oy + (28)

Here k =1,2,...,[N/2]. If N is odd, [N/2] equals (N

N—2k+1

=Y

i=1

i(i+1)(

Here my,my,...,m;_; > 1 and they are all different positive
integers which satisfy the condition mj +my +--- +my_| =
N—k—i.
1,2,...,k

We can also calculate the total success probability as

Here we should iterate over all possible m; (i =

— 1) and sum over all possible cases.

P = %(F2+(1—F>2+2)7
P

Py = Z(F3+(17F)3+6F),
N

Py = sy [F¥+(1=F)"

FN+(1—F)N+a1*FN*2+---+ock2k*'FN*2’<+-~~'

—1)/2. Otherwise, it equals N/2. Here o =

N(N—1) and oy (k> 2)is

(29)

(mimy---my_y)).

my+my+-+my_1=N—k—i

+oy xFN 2+ b g2 PN ] (30)

Here P», P3;, Py are the success probabilities with two-copy,
three-copy, and N-copy purification.

4. Discussion and conclusion

So far, we have completely discussed this EPP. We mainly
discussed the EPP for bit-flip error.
Refs. [29] and [50], the phase-flip error can also be purified

Certainly, similar to

with the same principle, by adding the Hadamard operations
to convert the phase-flip error to bit-flip error. In linear op-
tics, the Hadamard operation can be implemented by quarter
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wave plate (QWP). It is interesting to calculate the fidelity of
this EPP. As shown in Fig. 4, we calculated the new fidelity
Fy altered with the initial fidelity F. Here we let F € (0.5,1)
and N = 2,3,4 and 5 respectively. For example, if F = 0.55,
we can obtain that /5> = 0.919 and F; = 0.9947. In conven-
tional EPPs,?%% we require the fidelity of initial mixed state
to F > 0.5. In this EPP, we show that if F < 0.5, we can also
obtain a higher fidelity of mixed state.

1.00

————

0.98
_0.96f N—o
& — N=3
N=4
0.94 | N

0.92 |
0.90
0.5 0.6 0.7 0.8 0.9 1.0

F

Fig. 4. (color online) The increased fidelity Fy altered with the initial fidelity
F. N is the number of the degraded photon pairs.

1.0
0.9 A

0.8

&,
0.7} B

0.6 |

0.5 ‘
0.5 0.6 0.7 0.8 0.9 1.0
F

Fig. 5. (color online) The increased fidelity F’ altered with the initial fidelity
F. The curve A is this two-copy EPP with SPDC sources. Curve B is the
EPP in Ref. [29].

In Figs. 5 and 6, we calculated the purified fidelity in
EPPs with two copies and three copies in Refs. [29] and [50],
respectively. In Fig. 5, curve A represents the purified fi-
delity F’ altered with the initial fidelity F in this EPP with
two copies. Curve B represents the purified fidelity F’ altered
with the initial fidelity F in Ref. [29]. In Fig. 6, curve A rep-
resents the purified fidelity F’ altered with the initial fidelity
F in this EPP with two copies. Curve B represents the puri-
fied fidelity F’ altered with the initial fidelity F in Ref. [50].
From both Fig. 5 and Fig. 6, we show that the SPDC source
is not the obstacle but the advantage. Actually, in Ref. [30],
they have realized the EPP with SPDC sources. In their ex-
periment, if the initial fidelity is 3/4, they can obtain a higher
fidelity 13/14, which is also larger than the theory value 9/10
with ideal entanglement sources.

1.0
A

0.9}

0.8} B

&
0.7 1

0.6

0.5
0.5 0.6 0.7 0.8 0.9 1.0

F

Fig. 6. (color online) The increased fidelity F” altered with the initial fidelity
F. The curve A is this three-copy EPP with SPDC sources. Curve B is the
EPP in Ref. [50].

In Fig. 7, we calculated the total success probability al-
tered with the initial fidelity . We let p = 0.1. Curve a
is the case of two-copy purification. Curve b is the case of
three-copy purification, and curve c is the case of four-copy
purification, respectively. We show that the success proba-
bility Py ~ pV/2¥~! and it decreases with N. In EPP with
linear optics, they should exploit the post-selection principle.
After the success purification, the purified mixed state should
also be detected and they cannot improve the fidelity by re-
peating the EPP. With multi-copy purification, though the to-
tal success probability is low, we can obtain a higher fidelity
for perform the EPP for one step. Therefore, it is a trade
off between success probability and fidelity. In order to re-
alize the multi-copy EPP, we should let the pump pass through
N BBOs to generate N pairs of mixed states simultaneously.
Such cascaded entanglement sources have been widely real-
ized in current experiment, such as multi-photon entangle-
ment generation, >3 quantum teleportation of multiple degrees
of freedom of a single photon,>* experimental Greenberger—
Horne—Zeilinger-type six-photon quantum nonlocality,>>! and

SO on.
T T v T T
—20F a -
—2.4 F -
o —28Ff .
% b
o
= _32} .
—3.6 b
(&
—4.0E N 1 N 1 N 1 N 1 N 7
0.5 0.6 0.7 0.8 0.9 1.0
F

Fig. 7. (color online) The success probability P altered with the initial fi-
delity F. The curve a is the success probability for two-copy EPP. Curve b
is success probability for three-copy EPP, and curve c is success probability
for four-copy EPP, respectively. Here p = 0.1.

In conclusion, we have discussed the multi-copy EPP
with practical SPDC sources. This EPP requires linear optics
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to complete the task and it is feasible in current experiment

condition. Moreover, compared with the EPP with ideal en-

tanglement sources, we show that the SPDC source is not an

obstacle but an advantage and can benefit the purification. As

the ideal entanglement sources are not available, this EPP may

be useful in long-distance quantum communication.

References

(1]

[2]
(3]
[4]

[3]

(6]
(71
(8]
(91
[10]
[11]
[12]
[13]
[14]

[15]
[16]

[17]
[18]

[19]

[20]
[21]
[22]
[23]

Bennett C H, Brassard G, Crepeau C, Jozsa R, Peres A and Wootters
W K 1993 Phys. Rev. Lett. 70 1895

Long G L and Liu X S 2002 Phys. Rev. A 65 032302

Deng F G, Long G L and Liu X S 2003 Phys. Rev. A 68 042317

Wang C, Deng F G, Li Y S, Liu X S and Long G L 2005 Phys. Rev. A
71 042305

HulY, YuB,JingMY, Xiao L T, JiaS T, Qin G Q and Long G L 2016
Light Sci. Appl. 5 e16144

Hillery M, Buzek V and Berthiaume A 1999 Phys. Rev. A 59 1829
Ekert A K 1991 Phys. Rev. Lett. 67 661

Wang Q, Zhou X Y and Guo G C 2016 Sci. Rep. 6 35394

Wang Q, Zhang C H and Wang X B 2016 Phys. Rev. A 93 032312
XuJ S and Li C F 2015 Sci. Bull. 60 141

Zhang C, Li C F and Guo G C 2015 Sci. Bull. 60 249

MaH X, Bao W S, Li HW and Chou C 2016 Chin. Phys. B 25 080309
Tan Y G and Liu Q 2016 Chin. Phys. Lett. 33 090303

Chang Y, Zhang S B, Yan L L and Han G H 2016 Chin. Phys. B 24
050307

Wang M Y, Yan F L and Gao T 2016 Sci. Rep. 6 29853

Ding D, He Y Q, Yan F L and Gao T 2015 Acta Phys. Sin. 64 160301
(in Chinese)

Ye T'Y 2015 Sci. China-Phys. Mech. Astron. 58 040301

Lu X M, Zhang L J, Wang Y G, Chen W, Huang D J, Li D, Wang S,
He DY, Yin Z Q, Zhou Y, Hui C and Han Z F 2016 Sci. China-Phys.
Mech. Astron. 58 120301

Bennett C H, Brassard G, Popescu S, Schumacher B, Smolin J A and
Wootters W K 1996 Phys. Rev. Lett. 76 722

Simon C and Pan J W 2002 Phys. Rev. Lett. 89 257901

Sheng Y B and Deng F G 2010 Phys. Rev. A 81 032307

Sheng Y B and Deng F G 2010 Phys. Rev. A 82 044305

Li X H 2010 Phys. Rev. A 82 044304

[24]
[25]
[26]
(271
[28]

[29]
[30]

[31]

[32]
[33]
[34]

[35]
[36]
[37]
(38]
[39]
[40]
[41]
[42]

[43]
[44]

[45]
[46]
[47]
[48]
[49]
[50]
[51]
[52]
[53]

[54]

[55]

060307-8

Deng F G 2011 Phys. Rev. A 83 062316

Deng F G 2011 Phys. Rev. A 84 052312

Sheng Y B and Zhou L 2014 Laser Phys. Lett. 11 085203

Sheng Y B and Zhou L 2015 Sci. Rep. 5 7815

Deutsch D, Ekert A, Jozsa R, Macchiavello C, Popescu S and Sanpera
A 1996 Phys. Rev. Lett. 77 2818

Pan J W, Simon C and Zeilinger A 2001 Nature 410 1067

Pan J W, Gasparonl S, Ursin R, Weihs G and Zeilinger A 2003 Nature
423 417

Sangouard N, Simon C, Coudreau T and Gisin N 2008 Phys. Rev. A 78
050301

Sheng Y B, Deng F G and Zhou H Y 2008 Phys. Rev. A 77 042308
Wang C, Zhang Y and Jin G S 2011 Phys. Rev. A 84 032307

Xiao L, Wang C, Zhang W, Huang Y D, Peng J D and Long G L 2008
Phys. Rev. A 77 042315

Wang C, Zhang Y and Jin G S 2011 Quantum Inform. Comput. 11 988
Gonta D and van Loock P 2011 Phys. Rev. A 84 042303

Sheng Y B, Zhou L and Long G L 2013 Phys. Rev. A 88 022302
Zwerger M, Briegel H J and Diir W 2013 Phys. Rev. Lett. 110 260503
Zwerger M, Briegel H J and Diir W 2014 Phys. Rev. A 90 012314

Ren B C, Du F F and Deng F G 2014 Phys. Rev. A 90 052309

Wang G Y, Liu Q and Deng F G 2016 Phys. Rev. A 94 032319

He Y Q, Ding D, Yan F L and Gao T 2015 J. Phys. B: At. Mol. Opt.
Phys. 48 055501

Zhou L and Sheng Y B 2016 Sci. Rep. 6 28813

Dong D, Zhang Y L, Zou C L, Zou X B and Guo G C 2015 Chin. Phys.
B 24 100306

Feng X L, Gong S Q and Xu Z Z 2000 Phys. Lett. A 271 44

Metwally N and Obada A S 2006 Phys. Lett. A 352 45

Chi D P, Kim T and Lee S 2012 Phys. Lett. A 376 143

XuY Y, Feng X L and Zhang Z M 2012 Chin. Opt. Lett. 10 042701
JafarpourM and Ashrafpouri F 2015 Quantum Inform. Process. 14 607
Cai C, Zhou L and Sheng Y B 2015 Chin. Phys. B 24 120306

Deng F G, Ren B C and Li X H 2017 Sci. Bull. 62 46

Yamamoto T, Koashi M and Imoto N 2001 Phys. Rev. A 64 012304
Wang X L, Chen L K, Li W, Huang HL, Liu C, Chen C, Luo Y H, Su
ZE,WuD,LiZD,LuH, HuY, Jiang X, Peng CZ, Li L, Liu N L,
Chen Y A, Lu CY and Pan J W 2016 Phys. Rev. Lett. 117 210502
Wang X L, Cai XD, SuZE,ChenMC, WuD,LiL,LiuNL,LuCY
and Pan J W 2015 Nature 518 516

Zhang C, Huang Y F, Wang Zhao, Liu B H, Li C F and Guo G C 2016
Phys. Rev. Lett. 115 260402


http://dx.doi.org/10.1103/PhysRevLett.70.1895
http://dx.doi.org/10.1103/PhysRevA.65.032302
http://dx.doi.org/10.1103/PhysRevA.68.042317
http://dx.doi.org/10.1103/PhysRevA.71.042305
http://dx.doi.org/10.1103/PhysRevA.71.042305
http://dx.doi.org/10.1038/lsa.2016.144
http://dx.doi.org/10.1038/lsa.2016.144
http://dx.doi.org/10.1103/PhysRevA.59.1829
http://dx.doi.org/10.1103/PhysRevLett.67.661
http://dx.doi.org/10.1038/srep35394
http://dx.doi.org/10.1103/PhysRevA.93.032312
http://dx.doi.org/10.1007/s11434-014-0703-x
http://dx.doi.org/10.1007/s11434-014-0710-y
http://dx.doi.org/10.1088/1674-1056/25/8/080309
http://dx.doi.org/10.1088/0256-307X/33/9/090303
http://dx.doi.org/10.1088/1674-1056/24/5/050307
http://dx.doi.org/10.1088/1674-1056/24/5/050307
http://dx.doi.org/10.1038/srep29853
http://dx.doi.org/10.7498/aps.64.160301
http://dx.doi.org/10.7498/aps.64.160301
http://dx.doi.org/10.1007/s11433-014-5613-z
http://dx.doi.org/10.1007/s11433-015-5742-z
http://dx.doi.org/10.1007/s11433-015-5742-z
http://dx.doi.org/10.1103/PhysRevLett.76.722
http://dx.doi.org/10.1103/PhysRevLett.89.257901
http://dx.doi.org/10.1103/PhysRevA.81.032307
http://dx.doi.org/10.1103/PhysRevA.82.044305
http://dx.doi.org/10.1103/PhysRevA.82.044304
http://dx.doi.org/10.1103/PhysRevA.83.062316
http://dx.doi.org/10.1103/PhysRevA.84.052312
http://dx.doi.org/10.1088/1612-2011/11/8/085203
http://dx.doi.org/10.1038/srep07815
http://dx.doi.org/10.1103/PhysRevLett.77.2818
http://dx.doi.org/10.1038/35074041
http://dx.doi.org/10.1038/nature01623
http://dx.doi.org/10.1038/nature01623
http://dx.doi.org/10.1103/PhysRevA.78.050301
http://dx.doi.org/10.1103/PhysRevA.78.050301
http://dx.doi.org/10.1103/PhysRevA.77.042308
http://dx.doi.org/10.1103/PhysRevA.84.032307
http://dx.doi.org/10.1103/PhysRevA.77.042315
http://dx.doi.org/10.1103/PhysRevA.77.042315
WOS:000295652300008
http://dx.doi.org/10.1103/PhysRevA.84.042303
http://dx.doi.org/10.1103/PhysRevA.88.022302
http://dx.doi.org/10.1103/PhysRevLett.110.260503
http://dx.doi.org/10.1103/PhysRevA.90.012314
http://dx.doi.org/10.1103/PhysRevA.90.052309
http://dx.doi.org/10.1103/PhysRevA.94.032319
http://dx.doi.org/10.1088/0953-4075/48/5/055501
http://dx.doi.org/10.1088/0953-4075/48/5/055501
http://dx.doi.org/10.1038/srep28813
http://dx.doi.org/10.1088/1674-1056/24/10/100306
http://dx.doi.org/10.1088/1674-1056/24/10/100306
http://dx.doi.org/10.1016/S0375-9601(00)00350-9
http://dx.doi.org/10.1016/j.physleta.2005.11.040
http://dx.doi.org/10.1016/j.physleta.2011.11.006
http://dx.doi.org/10.3788/COL
http://dx.doi.org/10.1007/s11128-014-0861-4
http://dx.doi.org/10.1088/1674-1056/24/12/120306
http://dx.doi.org/10.1016/j.scib.2016.11.007
http://dx.doi.org/10.1103/PhysRevA.64.012304
http://dx.doi.org/10.1103/PhysRevLett.117.210502
http://dx.doi.org/10.1038/nature14246
http://dx.doi.org/10.1103/PhysRevLett.115.260402
http://dx.doi.org/10.1103/PhysRevLett.115.260402

	1. Introduction
	2. Two-copy EPP with SPDC sources
	3. Multi-copy EPP with SPDC sources
	4. Discussion and conclusion 
	References

