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Quantum algorithms provide a more efficient way to solve computational tasks than classical algorithms. We experi-
mentally realize quantum permutation algorithm using light’s orbital angular momentum degree of freedom. By exploiting
the spatial mode of photons, our scheme provides a more elegant way to understand the principle of quantum permutation
algorithm and shows that the high dimension characteristic of light’s orbital angular momentum may be useful in quantum
algorithms. Our scheme can be extended to higher dimension by introducing more spatial modes and it paves the way to
trace the source of quantum speedup.
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1. Introduction

Since the concept of quantum computer was proposed
by Richard Feynman,[1] a lot of work has been done to re-
alize quantum computation. It has been demonstrated that
quantum computation can reduce the computational com-
plexity in comparison to its classical counterpart. Quantum
algorithms[2] are the basis to realize quantum computation.
With more and more effort made to design quantum algo-
rithms, quantum computation based on well-designed algo-
rithms has shown great advantage over classical computation.
Deutsch’s algorithm[3–5] is the first quantum algorithm pro-
posed to prove the speedup. Shor’s factoring algorithm[6,7]

which is shown to be able to break the safety of the RSA en-
cryption algorithm has been realized to factor 15.[7] Other al-
gorithms such as Grover’s searching algorithm,[8–10] quantum
simulation algorithm,[11,12] quantum algorithm for solving lin-
ear equations,[13–15] and quantum annealing algorithm[16,17]

have also been proven to be advantageous in reducing the
space complexity and the time complexity compared with
classical algorithms.

Much effort has been made to understand the sources of
acceleration of quantum computation. Mark Howard et al.[18]

argued that quantum contextuality supplies the source of quan-
tum speedup. A quantum permutation algorithm is proposed
by Gedik et al.[19] to demonstrate that quantum entanglement
is not necessary in quantum speedup. The algorithm deals with
the similar black box issue with Deutsch’s algorithm. It shows
the speedup in deciding the type of the black box. Gedik’s

algorithm has been realized in NMR systems by using three-
level system[20] and four-level system[19] and also in linear
optical systems[21,22] by using hybrid Hilbert space[22] and en-
tangled states.[21] Qubit is the building unit of a quantum com-
puter and it poses no entanglement. Construction of a quantum
computer requires integration of multiple qubits. It is the en-
tanglement between qubits that completes the computing task.
On the other hand, a single degree of freedom (DoF) whose
dimension is higher than two can also be used to realize quan-
tum computation without entanglement involved. In this arti-
cle, we realize Gedik’s algorithm with a single qudit utilizing
light’s orbital angular momentum (OAM) DoF. Our scheme
can be extended to higher dimensional system because of the
high dimension characteristic of OAM DoF which shows the
potential of light’s OAM in high dimension quantum computa-
tion and provides a way to realize quantum computing without
entanglement in high dimension system.

2. Quantum permutation algorithm

Quantum permutation algorithm is proposed to solve
tasks involve cyclic transformations in d-dimensional system.
Consider a black box which maps d input states into d out-
put states. There are two possible subsets of the output states,
clockwise and anticlockwise. The order of the input states
doesn’t change in the clockwise subset except a shift of the
states. In the anticlockwise subset, however, the order of input
changes in addition to a shift of the states. The mapping of the
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black box can be formalized as follows:

f±m (x)−→mod(m± x,d), (1)

where x = 0,1, . . . ,d − 1,m = 0,1, . . . ,d − 1, f±m determines
clockwise permutation ( f+m ) and anticlockwise permutation
( f−m ). For example, f+1 maps {|0〉, |1〉, . . . , |d− 2〉, |d− 1〉} to
{|1〉, |2〉, . . . , |d− 1〉, |0〉}, while f−d−1 maps {|0〉, |1〉, . . . , |d−
2〉, |d − 1〉} to {|d − 1〉, |d − 2〉, . . . , |1〉, |0〉}. We can write
down the eight different mappings using Cauchy’s two-line
notation when d = 4

f+0 =

(
0 1 2 3
0 1 2 3

)
, f+1 =

(
0 1 2 3
1 2 3 0

)
,

f+2 =

(
0 1 2 3
2 3 0 1

)
, f+3 =

(
0 1 2 3
3 0 1 2

)
, (2)

f−0 =

(
0 1 2 3
0 3 2 1

)
, f−1 =

(
0 1 2 3
1 0 3 2

)
,

f−2 =

(
0 1 2 3
2 1 0 3

)
, f−3 =

(
0 1 2 3
3 2 1 0

)
. (3)

Classically, we need at least two measurements to determine
whether the permutation is positive or negative. Gedik et
al.[19] showed that using quantum algorithm, only one mea-
surement is needed to solve the problem which is twice faster
than classic algorithm. Figure 1 shows the quantum cir-
cuit of Gedik’s permutation algorithm. In Gedik’s algorithm,
the input state encounters Quantum Fourier Transformation
(QFT)[23] before entering the black box, the black box per-
forms some mapping operation on the transformed state, an
inverse QFT is carried out after the black box and the final
state is measured.

|ψ>0
UFT UFTfm

+ †
measurement

Fig. 1. (color online) Quantum circuit model of Gedik’s permutation
algorithm. A QFT is carried out before the input state enters the black
box which performs the 2d different operations. Following an inverse
QFT, the final state is measured.

In Gedik’s permutation algorithm, initial state |ψ〉0 =

| j〉,( j = 0,1,2, . . . ,d− 1) is prepared. After QFT, the quan-
tum state is transformed into

|ψ〉1 =UFT|ψ〉0 =
1√
d

d−1

∑
k=0

e(i2πk j/d)|k〉, (4)

which turns |ψ〉0 into superposition of |k〉 with equal weight.
As we can see from Eq. (2), in the positive cases, the effect
of the permutation operation is a shift of the |k〉 states in |ψ〉1.
The relative phases of |k〉 form an arithmetic progression thus
the shift of the states result in an overall phase of |ψ〉1

|ψ〉+2 = e(−i2πm j/d)|ψ〉1

= e(−i2πm j/d) 1√
d

d−1

∑
k=0

e(i2πk j/d)|k〉. (5)

After an inverse QFT, |ψ〉+2 is transformed back to | j〉 with an
overall phase

|ψ〉+3 =U†
FT|ψ〉

+
2 = e(−i2πm j/d)| j〉. (6)

In the negative cases, the permutation transforms |k〉 to
|m− k〉 (by m− k we mean mod(m− k,d), the same as below)

|ψ〉−2 =
1√
d

d−1

∑
k=0

e(−i2πk j/d)|m− k〉, (7)

by replacing m− k with K, we can obtain

|ψ〉−2 = e(i2πm j/d) 1√
d

d−1

∑
K=0

e(i2π j(−K)/d)|K〉

= e(i2πm j/d)UFT|d− j〉. (8)

In a similar way, an inverse QFT transforms |ψ〉−2 into |d− j〉
with an overall phase

|ψ〉−3 =U†
FT|ψ〉

−
2 = e(i2πm j/d)|d− j〉. (9)

The orthogonality of the final states (Eq. (6) and Eq. (9))
brings the possibility of identifying the parity of the opera-
tion with a single measurement in quantum manner. For ex-
ample, in the case of d = 4, |ψ〉0 can be chosen to be |1〉 or
|3〉, which results to be |3〉 or |1〉, respectively, under nega-
tive permutation operation, and results to be themselves under
positive permutation operation. In the next section, we present
a proof-of-principle experiment to demonstrate the speedup in
identifying the parity of the permutation using light’s OAM
DoF in a more elegant way compared with NMR system and
other linear optical systems.

3. Experimental realization
It is shown that electromagnetic fields with vortex phase

exp(−iℓφ) (ℓ ∈ 𝑍, φ is the azimuthal angle) pose ℓh̄ OAM
among which Laguerre–Gaussian (LG) beam is a common
type. The OAM of photons has been extensively studied and
applied in quantum information fields.[24–29] We integrate the
QFT step in Fig. 1 into the preparation of the initial state by
directly generating |ψ〉1. Besides, the inverse QFT and the
measurement of the final state is replaced by distinguishing
the output state from the black box (see text for details). In the
following we first introduce our experiment and extend our
scheme to higher dimensional systems.

3.1. Quantum permutation in a single qudit

In our experiment, the qudit is a subspace of the infinite
dimensional Hilbert space of light’s OAM.[30] We choose the
optical mode to be LG modes which are solutions of paraxial
wave equation

LGpℓ =

√
2p!

π(p+ |ℓ|)!
1

w(z)

[
r
√

2
w(z)

]|ℓ|
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× exp
[
−r2

w2(z)

]
L|ℓ|p

(
2r2

w2(z)

)
× exp[iℓφ ]exp

[
ik0r2z

2(z2 + z2
R)

]
× exp

[
− i(2p+ |ℓ|+1) tan−1

(
z

zR

)]
, (10)

where zR is the Rayleigh range, w(0) is the beam waist. L|ℓ|p

is an associated Laguerre polynomial. The subspace is chosen
to be H = {|− 2〉, | − 1〉, |0〉, |1〉} which corresponds to the
logical states {|0〉, |1〉, |2〉, |3〉}, respectively.

Figure 2(a) shows our experimental setup. Light emits
from He–Ne laser with wavelength of 633 nm. After being
collimated, the beam impinges on a digital micromirror device
(DMD)[24] on which a hologram used to produce |ψ〉1 is dis-
played. The hologram is filled with vales 0 and 1. The DMD
works as an amplitude-type spatial light modulator which con-
sists of two-dimensional micromirror arrays. The mirrors re-
flect light to 12◦ or −12◦ direction depending on the values of
the bits. A 4 f system consists of f1 and f2 is used to select
the first order of the diffracted light. The black box is to per-
form the eight different mapping operations. The output state
is measured by a charge coupled device (CCD) camera.

BS

OAM sorter

dove lens

lens

mirror

SPP

DMD
CCD

operation

BS1

BS2

D2

f2
f1

D1 M1

M2

A

(a) (b)

(c)

(d)

(e)

(f)

(g)

(h)

(i)

(j)

Fig. 2. (color online) (a): Schematic diagram of the proposed exper-
iment, collimated light beam impinges on DMD which is loaded with
the hologram pattern to produce the Fourier transformed states of the
initial states, |ψ〉1. The beam reflects in +12◦ direction is blocked. A
4 f system selects the 1st diffraction order. The produced states pass
through the black box which performs the permutation operations. A
CCD camera records the patterns. (b): Details of the OAM sorter. (c)–
(j): Details of the eight possible operations.

The eight different mapping operations correspond to
the different cyclic transformations of OAM states among
| − 2〉, | − 1〉, |0〉, and |1〉. To realize such transformations,
we make use of an OAM sorter[31,32] along with spiral phase
plates (SPP) as is indicated in Figs. 2(c)–2(j).[33] The de-
tails of the OAM sorter are shown in Fig. 2(b). Photons
with even OAMs interfere constructively in port A while

those with odd OAMs interfere constructively in port B. The
OAM sorters in our experiment works as an even–odd OAM
sorter. Figures 2(c)–2(f) are the f+m mapping operations. Fig-
ure 2(c) is identity operation corresponding to f+0 . In Fig. 2(d)
the SPP first adds ∆ℓ = +1 to the OAM which transforms
{| − 2〉, | − 1〉, |0〉, |1〉} to {| − 1〉, |0〉, |1〉, |2〉}. The OAM
sorter reflects photons with odd OAMs and transmits pho-
tons with even OAMs. We insert a Dove lens in the up-
per arm of the Mach–Zehnder interferometer to change the
sign of the even OAMs, the final state is transformed to
{|−1〉, |0〉, |1〉, |−2〉} which corresponds to f+1 operation. In
Fig. 2(e), we add ∆ℓ = +2 to the even OAMs which trans-
forms the OAM space to {|0〉, |−1〉, |2〉, |1〉} then reverse the
sign of OAM to {|0〉, |1〉, | − 2〉, |1〉} which corresponds to
f+2 operation. In Fig. 2(f), we first reverse the sigh of odd
OAMs then add ∆ℓ = +1 to the beam to transform the OAM
space to {| − 1〉, |2〉, |1〉, |0〉} then reverse the sign of OAM
to {|1〉, |− 2〉, |− 1〉, |0〉} which corresponds to f+3 operation.
Figures 2(g)–2(j) are the f−m mapping operations. In Fig. 2(g),
we reverse the sign of odd OAMs to transforms the OAM
space to {|− 2〉, |1〉, |0〉, | − 1〉} which corresponds to f−0 op-
eration. In Fig. 2(h), we add ∆ℓ = +1 to the even OAMs.
For odd OAMs, we first reverse the sign of OAMs then add
∆ℓ = +1 then reverse the sign. These operations transform
the OAM space to {|− 1〉, | − 2〉, |1〉, |0〉} which corresponds
to f−1 operation. In Fig. 2(i), we add ∆ℓ = +2 to the even
OAMs then reverse the sign of them. The OAM space is tran-
formed to {|0〉, |−1〉, |−2〉, |1〉} which corresponds to f−2 op-
eration. In Fig. 2(j), we simply add ∆ℓ=+1 to the beam then
reverse the sign of OAMs which transforms the OAM space
to {|1〉, |0〉, |− 1〉, |− 2〉} which corresponds to f−3 operation.
The lenses in the operations are used to image the optical field
of the back focal plane of f2 onto the surface of the SPPs and
the Dove lenses are used to compensate the reflection of pho-
tons. To realize the transformations accurately, the optical path
differences ∆φ = φ1−φ2 (φ1 represents the optical path of the
upper path and φ2 represents the optical path of the down path)
of the two paths which overlap on the beam splitter (BS) in
Figs. 2(d)–2(i) must be corrected, which is realized by adjust-
ing piezoceramics (PZT, not shown in the figures). The opti-
cal path differences and the topological charges of the SPPs
of the eight operations are summarized in Table 1. While cal-
culating ∆φ , the effects of mirror, 4 f systems and dove prism
(oriented at 0◦) are taken into consideration as they have an ex-
tra π phase on odd OAMs compared with the effects on even
OAMs. Note that our experiment realizes permutation algo-
rithm with half possibility but it is easily to improve to one by
cascading another interferometer.

As is indicated by Eq. (6) and Eq. (9), in the case of
d = 4, if the input logical state is |1〉 or |3〉 the output state will
change. In our experiment, we test OAM state |−1〉 and |1〉 in
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correspondence whose Fourier transformations are |ψ〉1,−1 =

(|−2〉−|0〉+ i|−1〉− i|1〉)/2 and |ψ〉1,1 = (|−2〉−|0〉− i|−
1〉+ i|1〉)/2, respectively. Note that |ψ〉1,−1 and |ψ〉1,1 have
completely different spatial modes, see Figs. 3(a1)–3(a2). A
simple bracket leads us to |ψ〉1,±1 = [(| − 2〉− |0〉)± i(|1〉−
|−1〉)]/2.

Table 1. The topological charges of the SPP added to the photons and
the optical path differences of the two paths in the second interferome-
ter.

m 0 1 2 3

f+ identity
∆ℓ=+1 ∆ℓ=+2 ∆ℓ=+1

∆φ = 3π/2 ∆φ = π ∆φ = π/2

f− ∆φ = 3π/2
∆ℓ=+1 ∆ℓ=+2

∆ℓ=+1
∆φ = π ∆φ = 3π/2

According to Eq. (6) and Eq. (9), to decide the parity of
the operation, we need to distinguish whether the output pat-
tern is |ψ〉1,+1 or |ψ〉1,−1. In order to judge the output pat-
tern, we fit the output pattern with fitting function |ψ〉1,θ =

[(|−2〉− |0〉)+ e iθ (|1〉− |−1〉)]/2, in doing so, we treat the
weight of the computational basis being equal and the relative

phases of | − 2〉 and |0〉, |1〉 and | − 1〉 being π . The fidelity
F± = |1,θ 〈ψ|ψ〉1,±1|2 is calculated and the results are shown
in Fig. 3. Figure 3(b) shows the fidelities of the output state
under f+m operations and figure 3(c) shows the fidelities of the
output state under f−m operations. We can see that the fideli-
ties of positive operations tend to identity while the fidelities
of negative operations tend to zero, which implies the invari-
ability of the states in positive operations and the alternation
of the states in negative operations.

The utility of light’s OAM brings us another method to
test our result. The difference between the output states corre-
sponds to the difference between the output spatial modes.
For example, figure 3(a3) is the output of |ψ〉1,1 under f+3
operation and figure 3(a4) is the output of |ψ〉1,1 under f−3
operation. We can see that figure 3(a3) is similar with fig-
ure 3(a1) (|ψ〉1,1) while figure 3(a4) is similar with figure 3(a2)
(|ψ〉1,−1). By directly observing the pattern, we can learn
that figure 3(a3) corresponds to positive operation while fig-
ure 3(a4) corresponds to negative operation, which is much
simpler than any previously reported method.[19–22]

(a1)

(a2)

(a3)

(a4)

|ψ>1,1

|ψ>1,1 |ψ>1,1

|ψ>1,-1

|ψ>1,-1 |ψ>1,-1
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Fig. 3. (color online) Experimental results. Panels (a1) and (a2) are the simulations of |ψ〉1,1 and |ψ〉1,−1, respectively. Panels (a3) and (a4)
are the output of |ψ〉1,1 under f+3 and f−3 operations, respectively. We can learn the parity of the permutation by observing the difference
between Panels (a3) and (a4). Panel (b) shows the fidelities of the the final states under the four (+) operations in which cases the states are
unchanged, the fidelities tend to identity. Panel (c) shows the fidelities of the the final state under the four (−) operations in which case the
states are changed to their quadrature states, the fidelities tend to zero.

3.2. Quantum permutation in higher-dimensional systems

The OAM of photons forms an infinite dimensional
Hilbert space. By making use of this characteristic, our
scheme can be extended to higher dimensional system by in-
troducing more OAM states. For example, we can test the
permutation algorithm when d = 5. In this case, the subspace
H can be chosen to be {|− 2〉, | − 1〉, |0〉, |1〉, |2〉}. Figure 4
is an example of implementing f+1 operation. In Fig. 4, SPP1
adds ∆ℓ = +1 to the input state |ψ〉1. The OAM beam split-
ters (OAMBS) consist of a Mach–Zehnder interferometer with
Dove lens in both arms. OAMBS1 works as an even–odd
sorter which reflects odd OAMs and transmits even OAMs
(with the sign reversed). OAMBS2 reflects |1〉 and trans-
mits | − 1〉 and |3〉. OAMBS3 reflects | − 1〉 and transmits
|3〉. The two dove lenses are used to compensate the sign of
the OAM states. SPP2 adds ∆ℓ = +1 to | − 3〉. The optical
paths of the interferometers should also be corrected. Un-

der such operation, {| − 2〉, | − 1〉, |0〉, |1〉, |2〉} is mapped to
{|−1〉, |0〉, |1〉, |2〉, |−2〉}.

OAMBS1

OAMBS2

OAMBS3

SPP1

SPP2

BS2

BS1

BS3

|-2>

|-1>

|1>

|0>, |2>

Fig. 4. (color online) Extension of our scheme to realize f+1 when d = 5.

The OAM DoF can be coupled with other DoFs of pho-
tons, polarization, path, etc. We can also couple OAM with
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other DoFs to realize permutation algorithm in high dimen-
sional space. For example, coupling polarization DoF and
OAM DoF can be used to test the algorithm in d = 8 dimen-
sional system. One of the possible operations can be found in
Ref. [34].

4. Conclusion
In conclusion, we propose an experimental realization of

quantum permutation algorithm based on light’s OAM which
theoretically forms an infinite Hilbert space. By ultilizing
the cyclic transformations of the OAM states, we performed
the eight possible permutation operations in four-dimensional
subspace of light’s OAM. While performing the experiment,
the phase differences of the interferometers should be care-
fully calculated and adjusted. The stability of the interferome-
ters should also be high enough during the whold experiment.
We integrate the QFT of OAM states into the generation of the
initial states to simplify the experiment and we analysize the
final states by numerical fitting because QFT of OAM states is
still difficult to be implemented. Our experiment demonstrates
Gedik’s algorithm in an elegant way. Unlike other linear opti-
cal schemes[21,22] which use two qubit or two DoFs of photon,
our scheme realize quantum speedup with a single DoF of pho-
tons with no entanglement involved. The experimental results
show that the black box issue can be solved within a single
measurement in quantum manner which is twice faster than
classical algorithm. Our experiment can be extend to higher
quantum permutation with a single DoF of a photon and pro-
vides a possible way to explore the origin of quantum speedup.
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