Chin. Phys. B  Vol. 26, No. 6 (2017) 060202

Determination of the vapor-liquid transition of square-well particles
using a novel generalized-canonical-ensemble-based method*
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The square-well (SW) potential is one of the simplest pair potential models and its phase behavior has been clearly
revealed, therefore it has become a benchmark for checking new theories or numerical methods. We introduce the general-
ized canonical ensemble (GCE) into the isobaric replica exchange Monte Carlo (REMC) algorithm to form a novel isobaric
GCE-REMC method, and apply it to the study of vapor-liquid transition of SW particles. It is validated that this method
can reproduce the vapor-liquid diagram of SW particles by comparing the estimated vapor-liquid binodals and the critical
point with those from the literature. The notable advantage of this method is that the unstable vapor-liquid coexisting states,
which cannot be detected using conventional sampling techniques, are accessed with a high sampling efficiency. Besides,
the isobaric GCE-REMC method can visit all the possible states, including stable, metastable or unstable states during the
phase transition over a wide pressure range, providing an effective pathway to understand complex phase transitions during
the nucleation or crystallization process in physical or biological systems.
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1. Introduction

A square-well (SW) potential is one of the simplest inter-
action models!!~#! and has attracted a huge variety of studies
on its structural and thermodynamical properties during the

3-151 The SW potential only consists of

past several decades.!
a hard sphere repulsion and a finite-range constant attraction,
and the interaction between a pair of particles separated by a

distance r is in the following form:

oo, r<o,
u(r)y=< —&, o<r<A>o, €))
0, r> Ao,

where o is the hard-core diameter of the particle, A is the
range of the attraction potential, and & is the attraction well

depth. Despite its simplicity, the SW exhibits the vapor—

(101 cap-

[16,17]

liquid, vapor—solid, and liquid—solid phase transitions,
turing the main phenomenology of real atomic fluids
even the biological solutions!'®! and providing an insight
into the understanding of complex physical and biological
phenomena, 122! such as colloid nucleation and protein crys-
tallization. To date, phase behavior of SW particles has been
clearly revealed, therefore this model has turned into an im-
portant benchmark for checking new theories or numerical

methods, [7:10:23-25]
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Many theoretical or numerical methods have been ap-
plied to the exploration of the phase diagram of SW parti-
cles, such as Gibbs ensemble Monte Carlo (GEMC),[ZG] grand
canonical Monte Carlo,8! Gibbs-Duhem integration, [27] his-
togram reweighting, [*8 discontinuous molecular dynamics,!”!

(231 The most frequently used method

and perturbation theory.
is GEMC as coexistent binodals can be directly determined by
setting two physically separated but thermodynamically equi-
librated distinct coexistent bulk phases. However, the ther-
modynamical quantities of the critical point need to be ex-
trapolated, and the high density phase is not efficiently stud-
ied because of the poor probability of particle insertion. An-
other popular method is the replica exchange Monte Carlo
(REMC),[252%1 which involves the simultaneously parallel
sampling in replicas of the same system at different temper-
atures and the exchange of configurations between replicas
during the simulation process. It has been found to be ef-
fective in enhancing the sampling of the low-energy states on
a free-energy landscape with many local minima, and ther-
modynamical information at different pressures or tempera-
tures can be collected after running a single parallel simu-
lation. Although this method accesses the phase equilibria

of many single or multicomponent systems, configurations in
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the phase-coexisting regions will not be efficiently exchanged
with each other as the sampling of configurations is hampered
by the high energy barriers between the coexisting distinct
phases. Despite these efforts in developing various methods
to enhance the sampling of possible states during phase transi-
tions, the difficulty in detecting the metastable states or unsta-
ble phase-coexisting states remains.

Recently, several novel algorithms beyond the traditional
MC have been proposed, aiming to enhance the sampling ef-
ficiency or to predict the critical properties more precisely. A
series of algorithms to enhance the sampling 29331 of possible
states has been systematically formulated based on a new en-
semble, generalized canonical ensemble (GCE),?*3% which
overcomes the inability of sampling the metastable states or
unstable phase-coexisting states during phase transitions by
using the conventional numerical methods. They introduced
the GCE into the canonical parallel tempering Monte Carlo
(PTMC)B3®! or the isobaric replica exchange molecular dy-
namics (REMD).[>3] These simulation techniques with the
combination of GCE, yield the unimodal Gaussian-like en-
ergy distributions with significant overlaps, even if when sys-
tem states are in phase-coexisting regions, suggesting that by
using these GCE-based methods, all the possible states even
the unstable phase-coexisting states can be visited. Alternative
classes of algorithms are designed beyond the detailed balance
condition and also show the promising future for traditional
MC.37-3% The event-chain Monte Carlo,***!] has been pro-
posed and applied to the simulation of hard-sphere with re-
pulsive power-law interaction. They identified the first order
liquid-hexatic and hexatic-solid transition. Similar irreversible
tricks, designed by Hu e al., have been successfully general-
ized to the lattice system.[*? The critical point of self-avoiding
walk was determined with approximately eight times more ac-
curacy than available predictions in the literature.

In this work, we introduce the GCE into the REMC to
form a novel GCE-based method, namely the isobaric GCE-
REMC, then check its validity and further show advantages
in determining the phase diagram of vapor-liquid transition
of SW particles. The rest of this paper is organized as fol-
lows. Firstly, we briefly introduce the principle of GCE and
derive the formula of acceptance probability for three types
of attempting movements in the GCE-based isobaric REMC
method. Secondly, this novel method is applied to the study
of the vapor-liquid phase diagram of SW particles. The valid-
ity of this method is checked by calculating the vapor-liquid
binodals and critical point, and also by comparing them with
those from the literature. Finally, advantages in detecting all
possible states during the vapor-liquid transition are demon-
strated by analyzing the sampling efficiency and swap accep-

tance ratio between neighbor replicas.

2. Method and theory
2.1. Generalized canonical ensemble (GCE)

Simulation ensembles!*>~*3! are distinguished by select-
ing the effective potential U(r) in the conformation distribu-
tion function W (r),

W(r) o< exp[=U(r)]; @

where r denotes the atomic position vector of a conformation
in the high-dimensional space. The corresponding energy dis-
tribution is

P(E) o< exp[S(E)~U(E)], (©)

where S(E) is the micro-canonical entropy of the system (log-
arithm of the density of states in the energy E).
The GCE is defined by choosing the U (E) as!*®!

U(E) = BoE + 5 (E—Eo) @

where By, Ep, and o are the referential inverse temperature,
referential internal energy and control parameter, respectively.
The energy distribution P(E) around the average energy E in
GCE is the approximate expression of the Gaussian-like form

P(E) = Cexp | ———(E~E)*|, ®)

indicating that the unstable coexistence and spinodal states
with §”(E) > 0 in the canonical ensemble (& = 0) can thus
be accessed in GCE by selecting @ > S”(E).

2.2. Isobaric GCE-REMC algorithm

The isobaric GCE-REMC algorithm is similar to that of
the normal isobaric REMC except replacing the internal en-
ergy by the GCE effective potential, which comprises three
types of trial moves:

(i) Displacement of a randomly selected particle.

In isobaric simulations, the internal energy E is replaced
by the enthalpy H and the effective potential is U = BoH +
(ot/2)(H—Hy)? with H = E 4 PV. Suppose that we have gen-
erated a trial move from state old to state new, the acceptance
probability is

acc(old — new) = min{1,exp(—AU)}, (6)
where the effective energy difference is
o
AU = Upew—Uog = BOAH+ EAH(AH_FZHold_zHO)a @)

with the enthalpy difference AH = Hpew —Hog.

(i1) Rescale of system volume.

To maintain the pressure at a fixed value, the system vol-
ume will be adjusted. In conventional isobaric simulations, the
acceptance probability of volume changing from V4 in state

old to Vyq in state new is given by[*%)

acc(old — new) = min{1,exp(—AU)}, 8
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with the effective energy difference

V,
AU = Upew—Usig = BoAH—(N 4 1) In ( “ew). )
old

In our isobaric GCE simulations, as the effective potential in-
cludes the square term § (H—Hy)?, the effective energy differ-
ence is thus similar to the expression in Eq. (7) and is in the
following form:

(04
AU = Upew—Uplg = ﬁoAH-i- EAH(AH+2H01d —2H0)

Vnew
(N+1)ln(V01d). (10)

(iii) Exchange of system configuration and volume be-
tween neighbor replicas.

In isobaric GCE-REMC simulations, M replicas evolve
from the same initial configuration in parallel. They have the
same reference inverse temperatures and control parameters
but different reference enthalpies. For convenience, we take
Bio = Bo, aip = o and evenly distributed Hjy in the interval
[Hi,Hy), i =1,...,M. Each replica only exchanges its con-
formation with two neighbors, i.e., replicas can be classified
into two sets: [(1, 2), (3,4), ...] or [(2, 3), (4,5), ...] and
these two sets are randomly used. The number of replica pairs
is M — 1. Supposing that inverse temperatures of replicas i,
j are Bi(H;), Bj(H;), we have the acceptance probability of
replica exchange

acc(i > j) = min{1,exp(AA)}, (11)

where
H;

s = [ 1B (t)~Bit)]aH.

With the expressions in GCE[3¢!

Bi(H) = Bo+ a(H—Hiy),

B;j(H) = Bo+ a(H—Hjo), (12)
we have
AA = —(X(Hjo—Hio)(Hj—Hi). (13)

2.3. Determinations of binodals and the critical point
The visiting probability of an NPT system in the enthalpy
space is
P(H) o< exp(—PoH + S(H)), (14)
where f is the inverse value of kgTy. With the expression!3¢]
B(H)=0dS(H)/JH, the terms on the exponent can be further
expressed as

S(H) ot = [ [B(H)~BoldH" (1)

In a first order transition system, the probability of finding the
vapor state or the liquid state at the coexistent temperature 7

should be equal. This means that the area under the line f = 3y
or the curve 3(H), above the H axis ranging from H; to H,
should be equal in the B—H plane as shown in Fig. 1. Accord-
ing to this equal area rule, the inverse temperature 3y, enthalpy
of vapor H, and that of H; in the coexistent vapor-liquid states
can be determined. In addition, the spinodals are given un-
der the condition of d3(H)/dH =0, i.e., the E and C points
shown in Fig. 1.

v

H, H,

Fig. 1. Schematic representation of determination of the vapor and lig-
uid binodals. The inverse temperature 3y is determined by satisfying the
equal area rule Say,i,B = SAH,H,BCDE» 1-€., the shadow areas above and
under the line = fBy should be equal to each other, i.e., Sapr = Spcp-

The critical point is recognized when the vapor and liquid
binodals converge to a single point, where the enthalpies of
vapor H, and liquid H; are equal to each other.

2.4. Simulation details

Isobaric GCE-REMC simulations were performed with
M =72 replicas at constant pressure. All systems evolve from
the same initial configuration corresponding to a liquid state,
where 300 particles are randomly dispersed in a cubic box with
a dimension of 7.3 nmx7.3 nmx7.3 nm. Periodic boundary
conditions are applied in all directions. The maximum particle
displacement and volume rescale are adjusted to give ~ 50%
of acceptance for trial movements. The values of reference
inverse temperature 3y of 72 replicas are 1.0 but the values
of reference enthalpy Hy are taken from an evenly spaced in-
terval [—1550, 50], and their values of sampling slope o are
0.006. There are 71 replica pairs and replica exchanges be-
tween neighbor replicas are performed every 100 MC cycles.
The total MC cycles are 3 x 10 and data during the last 1 x 103
cycles are collected for further analyses.

3. Results and discussion

In the following discussion, we focus on the vapor-liquid
transition of SW particles with the attraction range parameter
A = 1.5 at various pressures. It has been known that there ex-
ists an evident vapor—liquid coexistence line for A > 1.25,[10]
which will be convenient for checking the validity and show
advantages of the novel isobaric GCE-REMC method. The
reduced units P* = P63/£o, p* =pod, T = kT /&y, and
H* = H /&y will be used throughout the discussion.
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Fig. 2. (color online) (a) Phase diagram of SW particles with attraction range parameter A = 1.5 in the temperature-density plane. (b) Comparisons
of vapor-liquid binodals, critical points from our calculations and the literature. Binodals calculated at pressures of 0.08, 0.06, 0.04, and 0.02 are
represented by solid symbols colored in orange, green, purple and blue, respectively. The crosses are taken from Vega et al.,!! the pluses from Singh
et al.,”) and the empty squares from del Rio ez al.'% The vapor-liquid critical point in this work is estimated (P*, T}*, p&) = (0.100,1.236,0.312),
represented by the yellow square, in comparison with data from the literature represented by the black circles (for the details see Table 1).

Figure 2(a) shows the phase diagram of SW particles
with the attraction range parameter A = 1.5 in the density-
temperature plane at various pressures. At pressure P} < 0.1,
isobaric lines all show similar oscillation behaviors with a rel-
ative minimum and a relative maximum, recognized as the
vapor and liquid spinodals, respectively. The system state
approaches to the vapor or liquid spinodals at constant pres-
sure when the temperature of supercooled vapor continues
to fall or that of superheated liquid continues to rise. Be-
tween these two spinodals, dT*/dp* of the system state has
a positive value, indicating that heating up the system will
reduce the volume and increase the number density of parti-
cles, which is impossible to occur and violates the thermo-
dynamical stability conditions. These states captured by our
isobaric GCE-REMC simulations are in fact unstable, repre-
senting the phase-coexisting regions, and cannot be detected
using the conventional simulation methods. As the pressure
increases to P¥ = 0.1, the oscillation disappears and the iso-
baric line shows a relatively flat plateau. The two vapor and
liquid spinodals converge to a critical point with the estimated
(PF, T, p&) = (0.100,1.236,0.312), which compares favor-
ably with the values of critical points from the literature, as
listed in Table 1.

Figure 2(b) shows the comparisons of binodals, the criti-
cal point of SW particles computed from isobaric GCE-REMC
simulations with those from the literature more clearly. Bin-
odals in the temperature-density plane at various pressures as
listed in Table 2, displaying little deviation from those from
the literature. This good agreement suggests that the novel
isobaric GCE-REMC method is able to reproduce the vapor—
liquid phase diagram of SW particles.

Table 1. Critical vapor-liquid point data of SW particles with A = 1.5 from
our isobaric GCE-REMC simulations and those from the literature.

T pe P! Source
1.236 0312 0.100 This work
1.219 0.299 0.108 Vega et al.l%]
1.27 0.305577 0.11 Elliot et al.l]

1.2180 0.310 0.095 Orkoulas et al.[®!
1.2172 0.3079 0.0931 Singh et al.!)
1.230 0.309 - Liu et al.['0]
1.218 0.3016 0.0939 del Rio et al.l']

Table 2. Vapor-liquid coexistence data of SW particles with A = 1.5
from GCE-REMC simulations in this work. p;; and H;; represent the den-
sity and enthalpy of vapor binodal, and p; and H;’ represent the density
and enthalpy of liquid binodal, respectively.

t Py Hy o/ Hf P*
0.967 0.025 131.23 0.665 -1570.53 0.02
1.067 0.053 23.80 0.612 -1410.40 0.04
1.134 0.089 -99.80 0.569 -1290.78 0.06
1.185 0.151 —261.75 0.519 -1139.45 0.08

Figure 3(a) shows the sampling efficiencies of various
states of SW particles quantified by the enthalpy distributions
at pressure P* = 0.08 close to the critical pressure P} = 0.1.
Each enthalpy distribution of 72 replicas displays the single
peak, corresponding to the state in the temperature—enthalpy
plane, and overlaps adjacent distributions. Even in the unsta-
ble phase-coexisting regions from H* in a range from —1000
to —500, enthalpies show unimodal distributions, rather than
the multiple-peak distributions obtained from conventional
canonical simulations./*”! As shown in the inset more clearly
and expected according to Eq. (5), all probabilities of enthalpy
follow Gaussian-like distributions and overlaps between ad-
jacent enthalpy distributions are significant, indicating that
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the GCE-REMC method transforms enthalpy distributions in
the phase-coexisting regions into the unimodal Gaussian-like
distributions, and all possible states, including the stable or

. 0.08 E
) 0:02 ’ 600 i “ I é
jrisisel

metastable vapor and liquid states, even the unstable vapor—
liquid coexisting states during the vapor-liquid transition, are
visited with the high efficiency.

0.10
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Fig. 3. (color online) Sampling efficiencies of various states of SW particles with A = 1.5 using the isobaric GCE-REMC method. (a) Enthalpy
distributions (the left axis) of 72 replicas corresponding to the states of 72 replicas in the temperature-enthalpy plane (the right axis) at the

pressure P* = 0.08 close to the critical pressure Py =

0.1. The inset gives the details of enthalpy distribution profiles over the enthalpy ranging
from —600 to —500. (b) The enthalpy distributions and temperature-enthalpy plane at pressure P* =

0.04 far from the critical pressure.
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Fig. 4. (color online) Swap acceptance rate (SAR) using the isobaric GCE-REMC method. ((a) and (b)) SAR of 71 replica pairs at pressures P* = 0.08 and

0.04, close to and far from the critical pressure P; = 0.1, respectively. (c) Dependence of average value SAR of 71 replica pairs on pressure in a pressure

range from 0.02 to 0.1.

Figure 3(b) shows the enthalpy distributions of various
states and temperature-enthalpy plane at the pressure P* =
0.04 far from the critical pressure. The unimodal Gaussian-
like enthalpy distributions with significant overlaps between
neighbor distributions also exist for stable or metastable
phases, even the phase-coexisting regions, suggesting that the
sampling efficiency of the GCE-REMC method is almost not
affected by the variation of pressure and it still works under
low pressure situations.

Figures 4(a)—4(c) present the swap acceptance rate (SAR)
of 71 replica pairs using the isobaric GCE-REMC method. In
this novel method, a replica exchange scheme is used to over-
come the energy barrier separating different configuration re-
gions by exchanging configurations in replica pairs with dif-
ferent temperatures. The exchange efficiency is characterized
by the value of SAR, which measures the acceptance proba-
bility of the configuration exchanges. As shown in Figs. 4(a)
and 4(b), the values of SAR at pressures P* = 0.08 and 0.04,

both stay around 0.18, close to the suitable value of 0.2,[43]
even for replica pairs in phase-coexisting regions. As the value
of SAR depends on the overlap of enthalpy distributions in

replica pairs, 4]

this significant value is consistent with the
evident overlap between neighbor enthalpy distributions and
indicates that the configuration exchange is fulfilled with high
The slight de-

crease for the replicas in this region is attributed to the fact

efficiency even in phase-coexisting regions.

that the bigger sampling slope &« = 0.006 ensures that the un-
stable phase-coexisting region is accessed in the form of a uni-
modal Gaussian-like distribution, but reduces the overlaps be-
tween neighbor enthalpy distributions subsequently reducing
the value of SAR. Figure 4(c) further shows the dependence
of average SAR on pressure. The average value of SAR is
almost a constant of 0.18 over the pressure range from 0.02
to 0.1, indicating that the efficiency of the replica exchange
scheme is independent of the pressure and the GCE-REMC
method works well over a wide pressure range.
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4. Conclusions

In summary, we combine the isobaric replica exchange
Monte Carlo (REMC) with the generalized canonical ensem-
ble (GCE) to form a novel isobaric GCE-REMC method,
and apply this method to the study of vapor-liquid transi-
tion of square-well (SW) particles. By comparing the esti-
mated binodals and critical point with those from the literature,
we find that this isobaric GCE-REMC method can reproduce
the phase diagram of vapor-liquid transition. Moreover, this
method shows the notable advantage that the unstable phase-
coexisting regions in the vapor-liquid transition, which cannot
be visited in conventional numerical simulations, are accessed
with a high sampling efficiency. This new method can also
work well over a wide pressure range, suggesting that it is a
sophisticated tool to detect structural and thermodynamical in-
formation of metastable or unstable states during nucleation or
the crystallization process in physical or biological systems.
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