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We investigate electron transport through HgTe ribbons embedded by strip-shape gate voltage through using a non-
equilibrium Green function technique. The numerical calculations show that as the gate voltage is increased, an edge-
related state in the valence band structure of the system shifts upwards, then hangs inside the band gap and merges into
the conduction band finally. It is interesting that as the gate voltage is increased continuously, another edge-related state
in the valence band also shifts upwards in the small-k region and contacts the previous one to form a Dirac cone in the
band structure. Meanwhile in this process, the conductance spectrum displays as multiple resonance peaks characterized
by some strong antiresonance valleys in the band gap, then behaves as Fabry—Pérot oscillations and finally develops into
a nearly perfect quantum plateau with a value of 2¢2 /h. These results give a physical picture to understand the formation
process of the Dirac state driven by the gate voltage and provide a route to achieving particular quantum oscillations of the

electronic transport in nanodevices.
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1. Introduction

The quantum spin Hall (QSH) effect, which has been re-
garded as a class of topological state in two-dimensional (2D)
materials, has attracted extensive attention due to its poten-
tial device applications in future low-consumption technology
and information transport science.!'™! The QSH effect was
first predicted in some 2D models with honeycomb geome-
try, and then confirmed in HgTe/CdTe quantum wells (QWs)
experimentally.’®! To obtain new exotic quantum states and
to push the topological edge states towards practical device
applications with particular functionalities, we should explore
feasible routes to generating and operate the topological edge
states. For example, by using magnetic doping in a topolog-
ical insulator such as (Bi, Sb),Tes, the quantum anomalous
Hall state has been realized experimentally for the first time.[°]
By applying an external magnetic field, the controllable spin
polarized transport in HgTe QWs can be realized, and due to
the Aharonov—Bohm effect, the quantum anomalous Hall-like
phase has been observed, supporting that the relevant mate-
rial can work as a spin filter.[”) Meanwhile, we can create and
develop topological edge states artificially in some 2D materi-
als. For example, by constructing a line defect in a graphene
nanoribbon, two new quantum conduction channels, which
can behave as two topological edges, appear along both sides
of the linear defect, and the quantum states in the channels can
be controlled by tuning the gate voltage embedded below the
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line defect.®! If Anderson impurities are produced in HgTe
QWs, it is found that the disorder can induce topological edge
states.[”) Additionally, by embedding a top gate voltage on the
surface of HgTe QWs, the transport behaviors of the topolog-
ical edge states can be operated by adjusting the gate voltage,
which provides a feasible way to fabricate topological field-
effect transistors. 1"

Although there are many proposals and experimental de-
signs to realize topological edge states, there is still less lit-
erature to analyze in detail how a general quantum state in
some 2D materials is developed into topological ones, and also
how the electron transport changes from an insulator state to a
quantum topological one. In the end, we take a HgTe nanorib-
bon with a top gate voltage for example to demonstrate the
detailed process of the formation of topological edge states.
Our theoretical results show that as the gate voltage increases,
an edge-related band state in the valence band shifts upwards,
then hangs inside the bulk gap and finally merges into the con-
duction band to form a Dirac cone in the band structure. In this
process, the conductance spectrum first shows strong antireso-
nance, then develops into Fabry—Pérot oscillations, and as the
gate voltage is increased further to larger ones, a nearly perfect
conductance plateau with a quantum value of 2¢?/h appears
and behaves as the typical transport properties of topological
edge states. The reminder of the paper is organized as follows.
In Section 2, we introduce the Hamiltonian model of the sys-
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tem and the theoretical method. In Section 3, we present the
numerical results to show the influences of the top gate volt-
age on the band structure and the formation of the Fabry—Pérot
oscillations. Finally, we summarize our results in Section 4.

2. Device model and theoretical method

In the device design, a tripe-shape gate voltage is embed-
ded on the surface of the HgTe ribbon as shown in Fig. 1(a),
and the ribbon width is adopted as L, = Na, where a (= 5 nm)
is the lattice constant and N denotes the number of lattices in
width. To eliminate the influence of the helical edge states
located in both physical edges of the ribbon, we construct
another HgTe model with a cylindrical geometry as drawn
in Fig. 1(b). In this example, no topological edge states ap-
pear, if neither line defect nor disorder is produced.!! To es-
tablish the Hamiltonian model, we consider a square lattice
Px + iPva>’ |Sa\L>’
and |—(px — ipy),¢>, on each lattice site. Here 1 and | de-
note the spin-up and spin-down components. Considering the

with four special orbit states, i.e., |s,1),

symmetry in s and p orbitals, the effective Hamiltonian can be

written as!!1-12)

Eia 0 0 0
0 Ep O 0

_ i ,
H = ; (Pz 0 0 Eisb 0 ®;
0 0 0 Eipa
Vo Vo O 0
-V v 0 0
T sp'pp .
+ ; (Pz 0 0 Vis Vs; Qi+5x +H.c.
0 0 —Vyp Vi
Ve iV O 0
o iVs’E, Vop 0 '
+;(Pz 0 0 Ves _1‘/;]; (pz+5y+H.C. )
0 0 —iVyp Vp

Here i = (ix,iy) is the site index, and 6x and Oy are the
unit vectors along the length (x) and width (y) direction,
and @; = (a;,c;,b;,d;)T represents the four annihilation op-
erators of electron on the lattice ¢. If the gate voltage is
not taken into account, the on-site potentials are set to be
E’isa = Ljsh = ES and E'ipc = Eipd = Ep, where Es, Ep, Vss, Vpp,
and Vj, are the five independent parameters which character-
ize the clean HgTe sample. Considering that the top gate is
covered on some lattice sites, the corresponding on-site poten-
tials should be added by the voltage strength V. It is clear
that near the I" point, the lattice Hamiltonian in k representa-
tion can be reduced to the continuous Hamiltonian, 3! when
we take Vip = —iA/2a, Vss = (B+D)/a?, Vi = (D — B)/d?,
Es=C+M—4(B+D)/a* and E, =C—M —4(D—B)/d?,
where the parameters A, B, C, D, and M can be drawn from
the relevant experimental results. )

To calculate the linear conductance of the HgTe ribbon,
the Landauer—Biittiker formula is used,!!3! thus the conduc-

tance of the ribbon at zero temperature and low bias volt-
age can be expressed as G r = % Tr[Re(I] G'IRG")], where
I/ describes the coupling between the left/right semi-infinite
lead and the central region, and it is expressed as Ij g =
i(5] ) = Zf )11 Here 2] g = hyrycgL/rhiy g is the
retarded self-energy due to the fact that each of the lead L
(or R) and X} R is the advanced self-energy, h( g)c is the
hopping from the lead L (or R) to the central region C, and
gi/rR = (E—HyR) ~1is the Green function of the lead or drain,
where Hy /g is the Hamiltonian of the left (or right) lead. In

the previous expression, G2 = (E—Hc — E{ - Equ/a)q is

n, 115181 and Hc is the Hamiltonian

the retarded Green functio
for the central scattering region. For the detailed numerical

calculations, one can refer to Ref. [9].
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Fig. 1. (color online) Schematics of HgTe nanoribbon in (a) open
boundary condition and (b) periodic boundary condition in the width
(Ly) direction. The source and drain exist in the (pale green) filled re-
gions. In both devices, a top gate voltage (a long trip shape) is em-
bedded on the surface of the HgTe sample in the transport direction.
The width of the ribbon and the circumference of the cylinder are set to
be Ly = Na, where a is the lattice constant and N is the corresponding
number of the lattices in the width direction.

3. Results and discussion

Firstly, we present the band structure of a clean HgTe
nanoribbon with a cylindrical geometry, in which the circum-
ference is set to be Ly, = 80a (i.e., 400 nm) and the top gate
is placed on the 40st lattice site along the transport direction,
as shown in Fig. 1(b). Figures 2(a)-2(g) show the numerical
results as the gate voltage V; is increased from zero to 1.4 eV.

s

For V, = 0, the band shows a bulk gap of approximately 2|M
displaying a good insulator characteristic.!!>?°l When a finite
and small voltage is applied, for example V; = 30 meV, we find
that an edge-related state (red line) in the valance band shifts
upwards while keeping gapless at the point of k, = 0. Be-
sides these, other band lines nearly do not show any changes
(Fig. 2(b)). When V; is tuned to 50 meV, the edge-related state
develops into a localized one and hangs inside the bulk gap
(Fig. 2(c)). As Vg is increased further, the hanging state shifts
upwards continuously and merges into the conduction band
as shown in Figs. 2(d) and 2(e). In this process, it is inter-
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esting that another edge-related state in the valence band also
shifts upwards (Figs. 2(c)-2(g)). Nevertheless, this shifting
tendency occurs only in the small-k, region, which is very dif-
ferent from the previous one. When V is further increased to
a large one, for example V, = 1.4 eV, the new-developed edge-
related state in the valence band nearly contacts the previous
one at k, = 0, displaying as a linear Dirac-type characteristic.
To make a comparison with the topological edge state of HgTe

Energy/meV
ot
=

o

Energy/meV

—50

-2 0 2

k.a k.a

(a) Vg=0 meV (b) Vo=230 meV

nanoribbons predicted by Bernevig et al.,[* we calculate the
band structure of the HgTe nanoribbon with open boundary
conduction in width as shown in Fig. 2(h). Obviously, the
new-developed edge states in the HgTe cylinder possess the
same characteristics as those of the helical edge states in the
HgTe nanoribbon with open boundary conditions in width, in-

dicating that they have the same nature in physics.

(d) V=100 meV

(c) Vg=50 meV
Vﬁm\w-;.

h) a strip sample
( p p
e T

kma k:za

Fig. 2. (color online) (a)—(g) Band structures of the HgTe cylinder, where the periodic boundary condition in the width direction
is used and the strip-shape gate voltage V, is changed from 0 to 1400 meV. (h) Band structure of the HgTe nanoribbon in the open
periodic boundary condition in the width direction. States A-D are some chosen states inside the bulk gap.

To obtain a better understanding of the new-developed
edge states in the HgTe cylinder, we turn to the examination
of their wave function distributions in real space. For the state
A and B appearing inside the bulk gap in Fig. 2(g), the rele-
vant wave function distributions across the width direction are
plotted in Fig. 3(a). We find that the states A and B are asso-
ciated just with the bound states at the 39st site and the 41st
site respectively as shown in the inset of Fig. 3(a). More im-
portantly, the wave function distributions of the edge states are
nearly zero at the 40st site (see Fig. 3(b)), which corresponds
exactly to the lattices covered by the gate voltage. Thus, it can
be concluded that the lattices adjacent to the top gate mainly
contribute to the new-developed edge states and construct the
new quantum transport channels. Moreover, further numerical
calculations show that the bound states in the quantum chan-
nels adjacent to the top gate are independent of the widths of
the gate strip and the HgTe sample, indicating their stabili-
ties. To examine the difference between the bound states in

the new quantum channels and the helical edge states in the

HgTe nanoribbon, we plot the wave function distributions of
the state C and D in Fig. 3(c). As expected, the bound states
in the new quantum channel nearly do not show any difference
from the helical edges states in the HgTe ribbon. It can be be-
lieved that the new-developed edge states adjacent to the gate
have the same characteristics of the quantum spin Hall effect.

Next, we turn our attention to the influence of the bound
state developed by the top gate voltage on the conductance
of the HgTe cylinder. For V, = 0, one can see that the con-
ductance spectrum exhibits an insulator-trivial feature with a
full bulk gap E, = 2|M
sponding band structure (see Fig. 2(a)). As V; is increased to

, which is consistent with the corre-

30 meV, in the conductance spectrum there appear two new
peaks at E = —8.8 and —7.5 meV, respectively. These two
peaks originate from the extended states in the valence band,
marked by the red line in Fig. 2(b). As V, is increased con-
tinuously to 50 meV, the conductance spectrum becomes very
different. In the bulk gap region, the conductance peaks are

filled in, and display as two different kinds of quantum oscil-
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lations. In the low-energy region (—10 meV < E < 2.5 meV),
the conductance spectrum keeps finite values with some round
conductance peaks, behaving as Fabry—Pérot oscillations. ']
While, in the high-energy region (2.5 meV < E < 10 meV),
the conductance spectrum shows some sharp peaks, and be-
tween two nearest peaks, the conductance keeps zero. More-
over, in this energy region, the conductance does not show
any interference effect but some strong antiresonances. These
interesting transport behaviors can be understood from the
Obvi-
ously, there are some localized states (red line) hanging in-
side the bulk gap, and the localized states are closer to the

corresponding band structures plotted in Fig. 2(c).

valence band than to the conduction band. This property
leads to two different types of quantum resonances in the
conductance in the bulk gap as shown in Fig. 4(c). How-
ever, as V; increases to 100 meV, the conductance peaks are
developed into a conductance plateau in the high-energy re-
gion (3 meV < E < 10 meV), and in the low-energy region
(—10 meV < E < —4.8 meV), some resonance peaks remain
unchanged, while in the other region of the bulk gap, the con-

ductance is suppressed to zero. With further increasing Vg,
three typical transport characteristics appear: (i) all conduc-
tance peaks are developed into conductance plateaus near to
the quantum value of 2¢?/h; (ii) the gap between the peaks
becomes narrow, and is contributed partly by the finite-size ef-
fect of the cylinder; and (iii) as V; is adopted as a large value,
for example V; = 1.4 eV, the conductance displays as regu-
lar multiple-step structures with the quantum values of 2ne” /h
(n=1,2,3,...) as shown in Fig. 4(g). To further explain the
interesting conductance features for the HgTe cylinder cov-
ered by a high gate voltage, a direct comparison with the linear
conductance of a HgTe nanoribbon becomes necessary. Fig-
ure 4(h) shows the conductance of the HgTe nanoribbon with
the width L, = 400 nm, while without any gate voltage. Obvi-
ously, apart from a narrow gap with zero conductance due to
the finite-size effect, there is no other difference. These trans-
port characteristics also support that the bound states in the
new conductance channels behave with the same features as
these of the helical edge states in a HgTe ribbon.

0~5 T V T T T T T T 0-5 T T T T T 0.5I T T T T T T T 1]
gl HgTe o _state A (b) 0 0 O s‘:aze g () —o—state C
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Fig. 3. (color online) (a) Wave function distributions of states A and B marked in Fig. 2(g) for the HgTe cylinder, where the gate voltage is
applied to the 40st lattice site (see the inset), (b) the wave function distributions from the 35st to 45st lattice, (c) the wave function distributions
of the states C and D labeled in Fig. 2(h) for a HgTe nanoribbon in open boundary conditions, while without any gate voltage, and the size of

(d) V=100 meV
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the sample is shown in the inset.
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Fig. 4. (color online) (a)~(g) The conductances for the HgTe cylinder with the periodic boundary conditions, where the top gate voltage V,
is increased from zero to 1.4 eV. (h) The linear conductance for the HgTe nanoribbon in the open periodic boundary condition in the width
direction.

057303-4

20
d



Chin. Phys. B Vol. 26, No. 5 (2017) 057303

4. Conclusions

In summary, we construct a HgTe sample with a cylin-
der configuration to show the formation of the topological
edge states by applying a voltage to a strip-shaped top gate.
The numerical results show that as the gate voltage increases,
two bound states appear in the lattices adjacent to the gate
and two transport channels are developed. Meanwhile in the
band structures of the system, an edge-related quantum state
shifts from the valence band, then behaves as a hanging state
in the bulk gap, and as the gate voltage is increased further, the
hanging state shifts upward continuously and merges into the
conduction band. As the gate voltage is increased to a large
one, a Dirac band forms in the bulk gap. Moreover, in this
process, the conductance spectrum presents some resonance
peaks with strong antiresonance in the band-gap region, then
displays as Fabry—Pérot oscillations, and finally develops into
a nearly perfect quantum plateau with a value of 2¢? /h. These
results give a physical picture to understand the detailed pro-
cess of the formation of a Dirac cone produced by the gate
voltage and provide a feasible route to the realization of partic-
ular quantum oscillations in the transport of topological edge
states.
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