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Fully nonlinear (2+1)-dimensional displacement
shallow water wave equation∗

Feng Wu(吴锋)1, Zheng Yao(姚征)2,†, and Wanxie Zhong(钟万勰)1

1State Key Laboratory of Structural Analysis of Industrial Equipment, Faculty of Vehicle Engineering and Mechanics,
Dalian University of Technology, Dalian 116023, China

2Transportation Equipments and Ocean Engineering College, Dalian Maritime University, Dalian 116026, China

(Received 4 November 2016; revised manuscript received 20 December 2016; published online 30 March 2017)

Recently, a new (2+1)-dimensional displacement shallow water wave equation (2DDSWWE) was constructed by
applying the variational principle of analytic mechanics in the Lagrange coordinates. However, the simplification of the
nonlinear term related to the incompressibility of the shallow water in the 2DDSWWE is a disadvantage of this approach.
Applying the theory of nonlinear continuum mechanics, we add some new nonlinear terms to the 2DDSWWE and con-
struct a new fully nonlinear (2+1)-dimensional displacement shallow water wave equation (FN2DDSWWE). The presented
FN2DDSWWE contains all nonlinear terms related to the incompressibility of shallow water. The exact travelling-wave
solution of the proposed FN2DDSWWE is also obtained, and the solitary-wave solution can be deduced from the presented
travelling-wave solution under a special selection of integral constants.
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1. Introduction

Shallow water waves near the ocean shore are of great
interest in ocean engineering. The general characteristic of
such waves is that the scale of vertical motion is much smaller
than that of horizontal motion, allowing a considerable simpli-
fication in the governing equation and numerical solution.[1–4]

The first equation for the shallow water wave was proposed
by Saint-Venant in 1871. The Saint-Venant equation uses
two assumptions: (i) the pressure distribution is hydrostatic,
and (ii) the horizontal velocity is independent of the verti-
cal coordinate.[2] While Saint-Venant only derived the one-
dimensional equation, the basic principle and assumptions
of his equation were extended to the two-dimensional shal-
low water wave problems by many scholars, for example,
Lamb[5] and Hendershott.[6] Both the one-dimensional and
two-dimensional equations are commonly referred to as the
Saint-Venant equation. It is generally accepted that the Saint-
Venant equation is applicable for the case where the ratio of
the water depth to the wave length is less than approximately
0.05.[7]

Because of the hydrostatic pressure assumption, the soli-
tary wave solution cannot be derived from the Saint-Venant
equation. The solitary water wave was first observed by John
Scott Russell in 1834. Since then it has attracted the atten-
tion of many researchers from different areas such as fluid
mechanics, solid mechanics, quantum mechanics, electromag-
netics, coastal engineering, and the study of sand dunes.[8–14]

Nevertheless, the mathematical foundation for the solitary wa-
ter wave was lacking for many years after Russell’s obser-
vation. To find the solitary wave solution, Boussinesq took
into account the effect of the vertical velocity on the pres-
sure and derived the shallow water equation, the Boussinesq
equation.[15] By simplifying the Boussinesq equation, he de-
rived the famous Korteweg de Vries (KdV) equation that was
rediscovered in 1877 by Diederik Korteweg and Gustav de
Vries. They were the first to obtain the solitary wave solu-
tion in terms of the KdV equation.[16] It is generally accepted
that the Boussines and KdV equations are valid for the case
that the ratio of the water depth to the wave length is less than
approximately 0.1. There have been many subsequent works
devoted to the extensions of the Boussinesq equation in differ-
ent directions, such as improved frequency dispersion, vary-
ing bathymetry, and the inclusion of wave breaking, among
other applications.[17–23] All the extended Boussinesq equa-
tions are referred to as Boussinesq-type equations. Reviews of
the Boussinesq-type equations can be found in Ref. [24].

Currently, the derivation of the Boussinesq-type equa-
tions is an important issue for the shallow water problems.
One approach is the use of the perturbation approximation
to the Navier–Stokes equation. Another approach is based
on the Hamilton variational principle. The advantage of the
second approach is that the equation obtained through the
Hamilton variational principle can maintain the symplectic
structure and conservation properties of the shallow water
systems.[25,26] Luke[27] was the first to propose the least ac-
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tion principle for the water waves with an even bottom. Subse-
quently, Whitham[28] obtained the Lagrangian functions of the
Boussinesq and KdV equations. Zakharov[29] firstly derived
the Hamilton canonical equation for the water wave problem.
Lu and Dai[30] dealt with the Hamiltonian formulation of the
nonlinear water waves in a two-fluid system. Reviews of the
Hamilton variational principle of water waves can be found in
Refs. [25], [26], and [31].

There have been numerous works published on the shal-
low water wave problem. However, during the research, two
disadvantages of the KdV solitary-wave solution have been
observed by the researchers:[32,33] 1) the KdV soliton can
move in only one direction (right or left) while the real soli-
tary waves can move in both directions; 2) the velocity of the
KdV soliton is slightly larger than that actually observed for
the shallow water solitary waves. The Boussinesq equation
can overcome the first disadvantage. However, the second dis-
advantage remains. In Ref. [34], Zhong and Yao applied the
Lagrange coordinates and the variational principle of analytic
mechanics for the shallow water waves. They derived a new
(1+1)-dimensional displacement shallow water wave equation
(1DDSWWE)

qtt −
h2

3
qxxtt +gh(3qx−1)qxx = 0, (1)

where q(x, t) denotes the horizontal displacement of the shal-
low water system, g is the gravity acceleration, and z = −h
denotes the water bottom.

Interestingly, the solitary wave solution of the
1DDSWWE can move in both directions and the velocity
of the solitary wave matches exactly with the velocity mea-
sured by Russell, which is slightly smaller than that of the
KdV solution.[33,35] Subsequently, the use of the Lagrange
coordinates and the variation principle of analytic mechanics
was extended by Liu and Lou[32,33,36] to the (2+1)-dimensional
shallow water wave system. They derived a (2+1)-dimensional
displacement shallow water wave equation (2DDSWWE)

stt +gh(3sx +wy−1)sxx +gh(sx +wy−1)wxy

−h2

3
(sx +wy)xtt = 0,

wtt +gh(3wy + sx−1)wyy +gh(sx +wy−1)sxy

−h3

3
(sx +wy)ytt = 0,

(2)

where s and w are the horizontal displacements of the (2+1)-
dimensional shallow water system in x-axis and y-axis, respec-
tively. Both s and w are independent of the vertical coordinate
z. The incompressibility condition of water is given by

ζ (x,y, t) =−h
sx +wy + sxwy

(1+ sx)(1+wy)
=−h

sx +wy + sxwy

1+ sx +wy + sxwy
, (3)

where z = ζ (x,y, t) defines the water free surface. However
the incompressibility condition of Eq. (3) is incomplete. In this

paper, we derive the following fully nonlinear incompressible
condition:

ζ (x,y, t) =−h
α

1+α
, α = sx +wy + sxwy− sywx, (4)

based on continuous mechanics. Unlike Eq. (3), the proposed
incompressibility condition (4) contains the nonlinear term
−sywx. Based on Eq. (4), a fully nonlinear (2+1)-dimensional
displacement shallow water wave equation (FN2DDSWWE)
is constructed in Section 2. We give the travelling-wave solu-
tion of the proposed FN2DDSWWE in Section 3.

2. FN2DDSWWE
We assume that the water is an inviscid fluid of constant

density. Water is also assumed to be incompressible and pos-
sess a free surface, along which the pressure is constant. How-
ever the surface-energy effects are negligible. Let (x,y,z) rep-
resent the location of a certain particle P in water at an initial
time t0, and (X , Y, Z) represent the location of P at time t. The
free surface evolution is given by z = ζ (x,y, t) ≡ ζ and the
bottom plane by z = −h. Let s ≡ s(x,y,z, t), w ≡ w(x,y,z, t),
and v≡ v(x,y,z, t) represent water displacements in x, y, and z
directions, respectively. Obviously, we have

X (x,y,z, t) = x+ s(x,y,z, t) ,

Y (x,y,z, t) = y+w(x,y,z, t) ,

Z (x,y,z, t) = z+ v(x,y,z, t) .
(5)

Based on the theory of nonlinear continuum mechanics, the
incompressibility condition of water is given by

A =

∣∣∣∣∣∣∣∣∣∣∣∣∣

∂X
∂x

∂X
∂y

∂X
∂ z

∂Y
∂x

∂Y
∂y

∂Y
∂ z

∂Z
∂x

∂Z
∂y

∂Z
∂ z

∣∣∣∣∣∣∣∣∣∣∣∣∣
= 1. (6)

Substituting Eq. (5) into Eq. (6) gives∣∣∣∣∣∣∣
1+ sx sy sz

wx 1+wy wz

vx vy 1+ vz

∣∣∣∣∣∣∣= 1. (7)

For the shallow water system, the horizontal displace-
ments s and w are assumed to be independent of the vertical
coordinate z; hence, equation (7) can be expressed as

vz =
−α

1+α
, (8)

where α is defined in Eq. (4). Integrating Eq. (8) with respect
to z and noting that the vertical displacement v(x,y,z, t) = 0 at
the water bottom z =−h, we obtain

v(x,y,z, t) =−α (z+h)
1+α

. (9)
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Obviously, the water free surface can be defined by the vertical
displacement at the surface, i.e., z = ζ = v(x,y,0, t). Substitu-
tion of Eq. (9) into z = ζ = v(x,y,0, t) yields Eq. (4), which is
the fully nonlinear incompressibility condition for the shallow
water system.

The shallow water wave equation can be derived by us-
ing the Hamilton variational principle, i.e., δS = 0, where δ

represents the variational operator and

S =
∫ t

0
(T −U)dτ (10)

represents the action of the shallow water system. T and U
represent the kinetic and potential energies, respectively. The
kinetic energy is given by

T =
∫ L1

−L1

∫ L2

−L2

∫ 0

−h

1
2

ρ
(
s2

t +w2
t + v2

t
)
dxdydz

=
∫ L1

−L1

∫ L2

−L2

1
2

ρh
(
s2

t +w2
t
)

dxdy

+
∫ L1

−L1

∫ L2

−L2

∫ 0

−h

1
2

ρv2
t dxdydz, (11)

where ρ is the mass density, and the water is assumed to be
contained in a rectangular box of −L1 < x < L1 and −L2 <

y < L2. For the travelling wave solution, L1 and L2 may be
considered to be infinite. In terms of Eq. (9), the vertical ve-
locity is given by

vt =−
(z+h)αt

(1+α)2 =−(z+h)αt , (12)

where the approximation of 1/(1+α)2 ≈ 1 is used. Substitu-
tion of Eq. (12) into Eq. (11) yields

T =
1
2

∫ L1

−L1

∫ L2

−L2

ρ

(
hs2

t +hw2
t +

h3

3
α

2
t

)
dxdy. (13)

The potential energy is

U =
∫ L1

−L1

∫ L2

−L2

∫ 0

−h
ρg(z+ v)dzdxdy

= C−
∫ L1

−L1

∫ L2

−L2

ρgh2

2
α

1+α
dxdy

= C−
∫ L1

−L1

∫ L2

−L2

ρgh2

2
α
(
1−α +α

2 + · · ·
)

dxdy, (14)

where C =
∫ L1
−L1

∫ L2
−L2

∫ 0
−h ρgzdzdxdy is constant. Substituting

Eqs. (13) and (14) into Eq. (10) and taking the first variation
of the action, we obtain

δS = −
∫ t

0

∫
Ω

ρh(δsstt +δwwtt)dxdydτ

+
∫ t

0

∫
Ω

ρβδα dxdydτ, (15)

where Ω = [−L1, L1]× [−L2, L2], and

β =
gh2

2
(
1−2α +3α

2 + · · ·
)
− h3

3
αtt . (16)

Because the boundary conditions in the x and y directions are{
s(x,y, t) = 0, as |x|= L1, or |y|= L2,

w(x,y, t) = 0, as |x|= L1, or |y|= L2,
(17)

equation (15) can be rewritten as

δS = −
∫ t

0

∫
Ω

ρδs [hstt +βx (1+wy)−βywx]dxdydτ

−
∫ t

0

∫
Ω

ρδw [hwtt+βy (1+ sx)−βxsy]dxdydτ. (18)

According to the Hamilton variational principle, δS = 0.
Hence, we obtain{

hstt = βx(1+wy)−βywx = 0,
hwtt = βy(1+ sy)−βxwy = 0.

(19)

Making use of the approximation β =
(
1−2α +3α2

)
gh2/2−

αtth3/3, we can rewrite Eq. (19) as

stt +
h2

3
[αttywx−αttx (1+wy)]

+gh(3α−1) [αx (1+wy)−αywx] = 0,

wtt +
h2

3
[αttxsy−αtty (1+ sx)]

+gh(3α−1) [αy (1+ sx)− syαx] = 0,

(20)

which is called the fully nonlinear (2+1)-dimensional dis-
placement shallow water wave equation (FN2DDSWWE).
When w = 0 and s is independent of y, the FN2DDSWWE
will be reduced back to the (1+1)-dimensional displacement
shallow water wave equation, i.e., Eq. (1). Making use of the
lower-order approximation, we can write Eq. (20) as



stt +gh(3sx +wy−1)sxx +gh(sx +wy−1)wxy

−h2

3
(sx +wy)xtt + f1 = 0,

wtt +gh(3wy + sx−1)wyy +gh(sx +wy−1)sxy

−h3

3
(sx +wy)ytt + f2 = 0,

(21)

where

f1 = gh
[
(sywx)x +(sxwx +wywx)y

]
,

f2 = gh
[
(sywy + sxsy)x +(sywx)y

]
. (22)

Obviously, equation (22) will be reduced back to the
2DDSWWE (2) when the nonlinear terms f1 and f2 are ne-
glected. These two nonlinear terms reflect the effect of the
nonlinear term −sywx in the proposed fully nonlinear incom-
pressibility condition (4).
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3. Travelling-wave solutions to FN2DDSWWE
In this section, exact travelling-wave solutions are con-

structed for the proposed FN2DDSWWE. To find the exact
travelling-wave solution, we suppose that

s = e(ξ ) , w = f (ξ ) , ξ = k1x+ k2y+ t, (23)

where k1 and k2 are independent of x, y, and t. In terms of
Eq. (23), we have

stt =
d2e
dξ 2 , sx =

de
dξ

k1, sy =
de
dξ

k2,

sxx =
d2e
dξ 2 k2

1, sxy =
d2e
dξ 2 k1k2, syy =

d2e
dξ 2 k2

2,

wtt =
d2 f
dξ 2 , wx =

d f
dξ

k1, wy =
d f
dξ

k2,

wxx =
d2 f
dξ 2 k2

1, wxy =
d2 f
dξ 2 k1k2, wyy =

d2 f
dξ 2 k2

2, (24)

α = sx +wy + sxwy− sywx =
de
dξ

k1 +
d f
dξ

k2. (25)

The substitution of Eqs. (24) and (25) into Eq. (20) yields
d2e
dξ 2 −

h2

3
k1

d3α

dξ 3 +ghk1

[
1.5

d
dξ

α2− dα

dξ

]
= 0,

d2 f
dξ 2 −

h2

3
k2

d3α

dξ 3 +ghk2

[
1.5

d
dξ

α2− dα

dξ

]
= 0.

(26)

Integrating Eq. (26) once over ξ , we obtain
de
dξ
− h2

3
k1

d2α

dξ 2 +ghk1
(
1.5α2−α

)
=C1,

d f
dξ
− h2

3
k2

d2α

dξ 2 +ghk2
(
1.5α2−α

)
=C2,

(27)

where C1 and C2 are two integral constants. Letting the two
equations in Eq. (27) be divided by k1 and k2, respectively,
followed by the subtraction of the first equation from the sec-
ond one gives

1
k1

de
dξ
− 1

k1
C1 =

1
k2

d f
dξ
− 1

k2
C2. (28)

Combining Eq. (25) with Eq. (28) yields
de
dξ

=
k1

k2
1 + k2

2
α +

k2
2C1

k2
1 + k2

2
− k1k2

k2
1 + k2

2
C2,

d f
dξ

=
k2

k2
1 + k2

2
α− k1k2

k2
1 + k2

2
C1 +

k2
1

k2
1 + k2

2
C2.

(29)

Multiplication of the two equations in (27) by k1dα/dξ and
k2 dα/dξ , respectively, followed by the addition of these two
equations gives

dα

dξ
α−

h2
(
k2

2 + k2
1
)

3
dα

dξ

d2α

dξ 2

+gh
dα

dξ

(
1.5α

2−α
)(

k2
2 + k2

1
)

=
dα

dξ
(k2C2 + k1C1) . (30)

Integrating Eq. (30) once over ξ , we can obtain

1
2

α
2−

h2
(
k2

2 + k2
1
)

6

(
dα

dξ

)2

+
gh
(
k2

2 + k2
1
)

2
(
α

3−α
2)

= α (k2C2 + k1C1)+C3, (31)

which can be reformulated as(
dα

dξ

)2

=
3g
4h

(
4α

3 +4aα
2 +bα + c

)
, (32)

where

a =
1

gh
(
k2

2 + k2
1

) −1, b =−8(k2C2 + k1C1)

gh
(
k2

2 + k2
1

) ,

c =− 8C3

gh
(
k2

2 + k2
1

) . (33)

The transformation is then made to

α =
4h
3g

γ− a
3
. (34)

Equation (32) can be rewritten as(
dγ

dξ

)2

= 4γ
3−g2γ−g3, (35)

where

g2 =

(
3g
4h

)2(4a2

3
−b
)
,

g3 =−
(

3g
4h

)3(8a3

27
− ab

3
+ c
)
. (36)

Equation (35) is the famous Weierstrass elliptic equa-
tion, the solution of which is the Weierstrass elliptic function
γ =℘(ξ −ξ0; g2, g3), where ξ0 is an arbitrary integral con-
stant. Hence the solution of Eq. (32) is

α =
4h
3g

℘(ξ −ξ0; g2, g3)−
a
3
. (37)

Equation (37) can also be expressed by the Jacobi elliptic cn
function as

α =
4h
3g

[
e2− (e2− e3)cn2 (√e1− e3 (ξ −ξ0) ; m

)]
− a

3
, (38)

where m2 =(e2− e3)/(e1− e3), and ei (i = 1,2,3, e1 ≥ e2 ≥ e3)

are the three roots of 4γ3 − g2γ − g3 = 0. Substitution of
Eq. (38) into Eq. (29) yields

de
dξ

=−k14h(e2− e3)(
k2

1 + k2
2

)
3g

cn2 (√e1− e3 (ξ −ξ0) ; m
)

+
1

k2
1 + k2

2

(
4hk1e2

3g
− ak1

3
+ k2

2C1− k1k2C2

)
,

d f
dξ

=−k24h(e2− e3)(
k2

1 + k2
2

)
3g

cn2 (√e1− e3 (ξ −ξ0) ; m
)

+
1

k2
1 + k2

2

(
4hk2e2

3g
− ak2

3
− k1k2C1 + k2

1C2

)
.

(39)
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Integrating Eq. (39) once over ξ , we obtain



s = e(ξ ) =−k14h(e2− e3)(
k2

1 + k2
2

)
3g

λ (ξ )

+
ξ

k2
1 + k2

2

(
4hk1e2

3g
− ak1

3
+ k2

2C1− k1k2C2

)
+ e0,

v = f (ξ ) =−k24h(e2− e3)(
k2

1 + k2
2

)
3g

λ (ξ )

+
ξ

k2
1 + k2

2

(
4hk2e2

3g
− ak2

3
− k1k2C1 + k2

1C2

)
+ f0,

(40)

where e0 and f0 are arbitrary integral constants, and

λ (ξ ) =
∫

cn2 (√e1− e3 (ξ −ξ0) ; m
)

dξ

=
E (am(

√
e1− e3 (ξ −ξ0) ,m) ,m)√

e1− e3m2

− 1−m2

m2 (ξ −ξ0) , (41)

with am being the Jacobi amplitude function and E (x; m) the
elliptic integral of the second kind.

Substituting Eq. (38) into Eq. (4), we can obtain the peri-
odic water surface evolution, i.e.,

ζ (x,y, t) =−h

4h
3g

[
e2− (e2− e3)cn2 (

√
e1− e3 (ξ −ξ0) ; m)

]
− a

3

1+
4h
3g

[e2− (e2− e3)cn2 (
√

e1− e3 (ξ −ξ0) ; m)]− a
3

. (42)

When C1 =C2 =C3 = 0,

e1 = e2 =
ga
4h

, e3 =−
ga
2h

, m = 1, (43)

solution (42) will be degenerated to a solitary-wave solution

ζ (x,y, t) =

hasech2

(√
3ga
4h

(ξ −ξ0)

)

1−asech2

(√
3ga
4h

(ξ −ξ0)

) . (44)

In this case, solution (40) will be simplified as


s =

−ak1

k2
1 + k2

2

√
4h
3ga

tanh

(√
3ga
4h

(ξ −ξ0)

)
+ e0,

v =
−ak2

k2
1 + k2

2

√
4h
3ga

tanh

(√
3ga
4h

(ξ −ξ0)

)
+ f0.

(45)

Figure 1 represents the periodic evolution of the water
surface where the parameters are chosen as {k1 = k2 = 0.07,
C1 =C2 = 0, C3 = 10−6, h = 10, g = 9.81}. When C3 is cho-
sen to be zero , the periodic evolution will be degenerated to a
solitary wave evolution, as displayed in Fig. 2.
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Fig. 1. (color online) Periodic evolution of water surface (a) along x and y at t = 1, (b) along y and t at x = 1, (c) along x and t at y = 1.
The parameters are k1 = k2 = 0.07, C1 =C2 = 0, C3 = 10−6, g = 9.81, and h = 10.
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The parameters are k1 = k2 = 0.07, C1 =C2 =C3 = 0, g = 9.81, and h = 10.
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4. Conclusion
A new fully nonlinear (2+1)-dimensional shallow water

wave equation called FN2DSWWE is constructed by using
the Hamilton variation principle of analytic mechanics under
the Lagrange coordinate. In the new FN2DSWWE, the hori-
zontal displacements s(x,y, t) and w(x,y, t) in the x and y di-
rections are the two unknown variables. Once s(x,y, t) and
w(x,y, t) are obtained, the water free surface ζ (x,y, t) can be
determined by using the fully nonlinear incompressibility con-
dition for shallow water systems. The general travelling wave
solution of the proposed FN2DSWWE is obtained by means
of the Jacobi elliptic function, the Jacobi amplitude function,
and the elliptic integral of the second kind. Especially under
a special selection of integral constants, the solution is degen-
erated to a solitary-wave solution. The FN2DSWWE can be
reduced back to the (1+1)-dimensional displacement shallow
water wave equation proposed by Zhong when one horizontal
displacement, i.e., s(x,y, t) or w(x,y, t), is set to be zero. It can
also be reduced back to the (2+1)-dimensional shallow water
wave equation proposed by Liu and Lou when the effect of
the nonlinear term −sywx in the incompressibility condition is
neglected.
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