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We have studied the propagation dynamics of ultrafast electron pulses by using an improved mean-field model, in
which the propagation of the electron pulses across the boundary of the acceleration region is explicitly considered. A large
decrease in the speed spread of the electron pulses (we called “boundary kick”) is observed and properly treated leading to
a significant improvement in the simulation accuracy, particularly when the density of electrons is very large. We show that
our method is consistent with the simulation by the N-particle method, while others can introduce factorial error.
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1. Introduction
Ultrafast electron diffraction (UED) technique gets a

rapid development recently in various research areas, which
holds great promise for resolving ultrafast processes with
atomic level details.[1–8] One of the key issues in UED is
how to obtain ultrashort bright electron pulses, whose lon-
gitudinal pulse width dominates the overall temporal resolu-
tion. However, the repulsive force among electrons (or space-
charge effect) tends to broaden the pulse during its propaga-
tion, which limits the number of electrons per pulse for dif-
ferent applications and also affects the overall performance of
UED systems. Therefore, a deep understanding of the prop-
agation dynamics of ultrashort electron pulses, particularly
the evolution of its longitudinal width due to space-charge ef-
fect is critical. Although this topic has been extensively dis-
cussed in other research areas such as accelerator physics,[9,10]

the available tools are not straightly applicable and usually
overkill for typical UED parameter space. Qian first intro-
duced a one-dimensional “fluid model” to give analytical so-
lutions for the longitudinal pulse broadening for UED.[11]

Then a more general mean-field model has been developed
by various groups.[12–16] The simulation results explain the
observation very well.[17,18] Meanwhile, N-particle numerical
methods have also been developed which give more accurate
prediction[10,19,20] but are computationally intensive. Never-
theless, mean-field models can provide an intuitive physical
picture which the N-particle method is usually lacking.

A typical UED set up studied previously is shown

in Fig. 1(b), which is also the prototype of several UED
apparatus.[2–5,21] The electrons (blue) are emitted from the
cathode by laser excitation and then are accelerated by a static
electric field to reach very high energy (typically 10 keV to
100 keV). To avoid the distortion of acceleration field around
the pin hole of the anode, which can de-focus the beam trans-
versely, a metal mesh is attached on it.[2,3,11,15] After leav-
ing the anode, electrons will freely drift to the sample and be
diffracted. Other components such as deflection coil, magnetic
lens, beam compressor, and so on can be added to further col-
limate the electron beam during its propagation,[14,19] but the
effect of these components on the electron propagation is not
considered in this article. In previous analytical studies, the
whole propagation process is separated into acceleration and
free drift regions (Region 1 and 3 in Fig. 1(b)). On the other
hand, how electrons cross the boundary between these two re-
gions is not discussed. Figure 1(d) highlights such a process in
the boundary region (Region 2). In this region, some electrons
are freely drifting while the others are still accelerating. As
a result, the velocity difference between the electrons in the
front and the tail (or velocity spread of the electron pulse) will
decrease. Such an effect, which is called “boundary kick”, can
be clearly seen in the N-particle simulation,[10] however, it is
not accounted explicitly by the mean-field method. In this arti-
cle, we carefully studied the propagation dynamics of electron
pulses in all three regions, particularly in the boundary region.
We found that the effect of the boundary became extremely
important when the electron density was large. Under such
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condition, the simulation result of our improved mean-field
model was consistant with the N-particle simulation result,
while the one without considering the boundary region intro-
duced factorial error. The validity of previous mean-field mod-
els for the electron propagation dynamics is also discussed.

2. Analytical model
We study the propagation dynamics of ultra-short electron

pulses based on mean-field models, the details of which have
been explained elsewhere.[11,12,14,15] Briefly, an electron pulse
is treated as a smooth charge density profile (see Fig. 1(a)).
The mutual interactions between each individual electron are
treated approximately by using a homogenous field (mean
field), resulting from this charge density profile. Driven by
this mean field, the pulse will expand both longitudinally and
transversely. The whole process is separated in three regions
following Fig. 1:

l (t) =

 l1 (t) , t0 ≤ t ≤ tI,
l2 (t) , tI ≤ t ≤ tII,
l3 (t) , tII ≤ t,

r (t) =

 r1 (t) , t0 ≤ t ≤ tI,
r2 (t) , tI ≤ t ≤ tII,
r3 (t) , tII ≤ t,

(1)

where l (t) and r (t) represent the longitudinal and transverse
lengths of an electron pulse measured between the half max-
imum points (FWHM) of a smooth charge density distribu-
tion (for example, Gaussian function), or between the edge
points of a distribution that cuts off sharply (for example, top-
hat function) in the lab frame (LF). However, such definition
sometimes brings ambiguity when comparing l (t) and r (t) for
different density distribution profiles. Hence the dimensions
that cover the same amount of electrons are usually used, for
example, 76% of l (t) for a top-hat function is used when com-
pared with the FWHM for a Gaussian function. In the right
hand side of Eqs. (1), a subscript number is added to l (t) or
r (t) to indicate the three different regions. We also define the
longitudinal velocity spread as

v(t)=
dl (t)

dt
. (2)

When working in the center-of-momentum inertial frame
(CFM), a prime is added to these notations. For example, l′ (t ′)
represents the transformation of l (t) into CFM. Another fun-
damental assumption for mean-field models is that a velocity
chirp must be built up longitudinally and transversely such that
the closer electrons to the center, the slower they are moving
against it.
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Fig. 1. (color online) (a) Conceptual sketch for the mean-field approach. A bunch of discrete electrons is treated as a smooth charge density
profile. (b) A schematic diagram of an ultrafast electron diffraction system. The trajectory of electrons is separated into three regions. (c) An
enlarged plot of a cylindrically symmetric electron bunch (in this case with a top-hat charge density distribution). A, B and C are the tail, front
and center of the bunch. (d) A highlight of the boundary region.

Our method separates the electron propagation into three
regions.

2.1. Region 1: acceleration

This region accounts for the propagation of electron
pulses from the cathode (z = 0) within the acceleration elec-

tric field Ez until the front of it (point B) reaches the edge of

the anode (z = d). Although the center–of–momentum of the

electron pulse (point C) is accelerating, an inertial frame that

moves at the same speed of C can be chosen for each time

instance. The dynamical equations of electron pulses in such
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CMF can be written as

d2l′1 (t
′)

dt ′2
= K

1
κL fMF−L,

d2r′1 (t
′)

dt ′2
= K

1
κT fMF−T,

K =
Ne2

meε0πr′21
,

(3)

where fMF−L and fMF−R are the mean-field functions depend-
ing on l′1 (t

′) and r′1 (t
′) with κL and κT as the correction factor

respectively depending on the density distribution function.[15]

K is a constant with N, me, e, and ε0 as the number electrons
per pulse, the mass of an electron, the charge of an electron,
and the permittivity of the vacuum respectively. Also, the ef-
fects of collimation components such as magnetic lens, pulse
compressor, and so on, are not included in Eqs. (3), since they
are not the focus of this article. During the formation of the
electron pulse by laser excitation, the speed of C is still very
small and therefore the relativistic effect can be simply ignored
and all the quantities in CMF are equal to their values in LF.
Then, the initial conditions to solve Eqs. (3) can be written as

dl′1 (t
′)

dt ′

∣∣∣∣
t ′=t ′0

= vL,

dr′1 (t
′)

dt ′

∣∣∣∣
t ′=t ′0

= vR,

l′1 (t
′
0) = l (t ′0),

r′1 (t
′
0) = r (t ′0),

(4)

where l (t ′0) and r (t ′0) are the initial longitudinal pulse length
and radius respectively. vR and vL are the initial speed spread
in the two directions respectively. If we assume that the ini-
tial photoelectrons have a Gaussian energy distribution with
an energy spread of ∆E as FWHM, and a random special dis-
tribution in the illumination area of the cathode, then vR can
be estimated by

vR = 2

√
2∆E
me

. (5)

However, the N-particle method indicates that vR calculated in
this way is slightly bigger than the real velocity spread. This
is because it takes time for electrons to redistribute (without
space charge effect) to fulfill the velocity chirp condition for
the mean-field methods. On the other hand, vL contains con-
tributions from both ∆E and the acceleration by the extraction
field E ′z, which equals Ez under the reference frame transfor-
mation. To get an upper limit of vL, we simply add these two
contributions together

vL =

√
2∆E
me

+
eEz

me
τlaser, (6)

where τlaser is the laser pulse length. Since the second term in
Eq. (6) provides the velocity chirp, vL is close to the real value

proved by N-particle simulation. Nevertheless, vR and vL are
only important for a very small number of electrons per pulse
where the space charge is not so significant. Accordingly, l (t ′0)
can be written as

l
(
t ′0
)
=

√
2∆E
me

τlaser +
eEz

2me
τ

2
laser. (7)

Equation set (3) are numerically solved until t ′I , when the front
of the pulse (point B ) reaches the boundary (in the LF)

zB1
(
t ′I
)
= zC1

(
t ′I
)
+

l1 (t ′I)
2γC1

(
t ′I
) = d. (8)

zC1 (t ′) is the position of C that can be written as[22]

zC1
(
t ′
)
=

mec2

eEz

(
cosh

(
eEzt ′

mec

)
−1
)
+

l (t ′0)
2

. (9)

γC1 (t ′) is the relativistic factor which could be calculated
by[22]

γC1
(
t ′
)
= cosh

(
eEzt ′

mec

)
. (10)

By solving Eqs. (8)–(10), t ′I evaluated and is converted to t
by[22]

t
(
t ′
)
=

mec
eEz

sinh
(

eEzt ′

me

)
. (11)

2.2. Region 2: boundary region

In this region, the front of the electron pulse has entered
the drift region while the tail of the pulse still accelerates for
a short time interval of tI− tII. So the kinematics of A and B
must be considered separately by

d2z′B2 (t
′)

dt ′2
= K

1
2κL fMF−L,

d2z′A2 (t
′)

dt ′2
=−K

1
2κL fMF−L +

eE ′z
me

,

(12)

where z′B2 (t
′) and z′A2 (t

′) are the positions of B and A in the
CMF in Region 2 respectively. Then l′2 (t

′) can be written as

d2l′2 (t
′)

dt ′2
=

d2z′B2(t
′
)

dt ′2
− d2z′A2 (t

′)

dt ′2
= K

1
κL fMF−L−

eE ′z
me

. (13)

Comparing with Eqs. (3), it can be seen that the dynamics
of the electron pulse in the boundary region is very differ-
ent. Meanwhile, the equation for the transverse direction is
the same as in Region 1

d2r′2 (t
′)

dt ′2
= K

1
κT fMF−T. (14)

The initial conditions for this region are

dl′2 (t
′)

dt ′

∣∣∣∣
t ′=t ′I

=
dl′1 (t

′)

dt ′

∣∣∣∣
t ′=t ′I

,

dr′2 (t
′)

dt ′

∣∣∣∣
t ′=t ′I

=
dr′1 (t

′)

dt ′

∣∣∣∣
t ′=t ′I

,

l′2 (t
′
I) = l′1 (t

′
I) ,

r′2 (t
′
I) = r′1 (t

′
I) .

(15)
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Since the acceleration by the mean field (first term in Eq. (13))
is much smaller than the external field (second term), it is ig-
nored during the calculation. Then from Eq. (13) we get

v′
(
t ′
)
=

dl′2 (t
′)

dt ′
=

dl′1 (t
′)

dt ′

∣∣∣∣
t ′=t ′I

− eE ′z
me

(
t ′− t ′I

)
, (16)

According to Eq. (16), v′ (t ′) is reduced at the boundary, which
we called “boundary kick”. Simulation by using Eq. (13) is
finished until tII, when A leaves the boundary

zA2 (tII) = d. (17)

Since the space charge effect can be ignored if comparing with
the effect from E ′z, the kinetics of A in LF can be written as

d2zA2 (t)
dt2 =

eEz

γC1 (tI)me
,

dzA2 (t)
dt

∣∣∣∣
t=tI

=
dzA1 (t)

dt

∣∣∣∣
t=tI

,

zA2 (tI) = d− l (tI) ,

(18)

where
dzA1 (t)

dt

∣∣∣∣
t=tI

can be evaluated by the velocity transfor-

mation from CMF to LF

dzA1 (tI)
dt

=
v′A1 (t

′
I)+ vC1 (t ′I)

1+
v′A1 (t

′
I)vC1 (t ′I)
c2

, (19)

with

v
′
A1
(
t ′I
)
= −1

2
dl′1 (t

′)

dt ′

∣∣∣∣
t ′=t ′I

, (20)

and vC1 is the velocity of the center-of-momentum in the LF.
Ignoring the change of γC1 (t) in the short time interval of
tII − tI, equation (13) can be solved by using tII and vA (tII)
determined by Eq. (16) through Eq. (20).

2.3. Region 3: free drift

In this region, the dynamical equations for electron pulses
are the same as Region 1

d2l′3 (t
′)

dt ′2
= K

1
κL fMF−L,

d2r′3 (t
′)

dt ′2
= K

1
κT fMF−T,

(21)

with the initial conditions

dl′3 (t
′)

dt ′

∣∣∣∣
t ′=t ′II

=
dl′2 (t

′)

dt ′

∣∣∣∣
t ′=t ′II

,

dr′3 (t
′)

dt ′

∣∣∣∣
t ′=t ′II

=
dr′2 (t

′)

dt ′

∣∣∣∣
t ′=t ′II

,

l′3 (t
′
II) = l′2 (t

′
II) ,

r′3 (t
′
II) = r′2 (t

′
II) .

(22)

Table 1. Simulation parameters.

N-particle method Mean-field
Longitudinal Transverse Longitudinal Transverse

Length/m l
(
t ′0
)
= 19×10−9 r

(
t ′0
)
= 66.7×10−6 l

(
t ′0
)
= 19×10−9 r

(
t ′0
)
= 66.7×10−6

Density distribution Gaussian profile Gaussian profile Gaussian profile Gaussian profile
velocity spread/m·s−1 NA NA vL = 4.32×105 vR = 4.58×105

Velocity distribution Gaussian profile (FWHM: 0.3 eV)[23] Gaussian profile (FWHM: 0.3 eV)[23] NA NA

Mean-field function.[14] NA NA
fMF−L = 1− l√

l2 +4r2

κL = 2

fMF−T =
1
π

κT = 2

Laser duration/fs 50 NA 50 NA

3. Simulation result
To demonstrate the significance of our improved mean-

field model, we studied the propagation dynamics of the UED
set-up as shown in Fig. 1. The acceleration voltage is set to
be U0 = 100 kV between cathode and anode, which are sepa-
rated by d = 8 mm. The intensity profile of the pumping laser
is assumed to be a Gaussian function with its FWHM of 50
femtoseconds (fs). As a comparison, the N-particle method is
also used. As mentioned before, to more accurately determine
vR, we first used the N-particle method without space-charge
to linearly fit vR in order to account for the formation of ve-
locity chirp transversely, which can improve the accuracy of
about 5% for very few electrons per pulse (N = 104). Other
parameters used in the simulation are summarized in Table 1.

Figures 2 and 4 show the dimensions and the spread ve-
locity of an electron pulse as a function of time for three dif-
ferent numbers of electrons per pulse simulated by mean-field
models and the N-particle method. It can be seen that our
method is consistent with the result of the N-particle method.
The difference between the two methods is within ten per-
cent for electron numbers below one million. As the number
of electrons further increases, the difference between the two
tends to enlarge. This is because the density distribution func-
tion in the pulse also evolves due to the space charge effect,[14]

which is not accounted by the mean-field models.
To demonstrate the significance of the “boundary kick”,

the electron propagation dynamics in the longitudinal direc-
tion around Region 2 is highlighted in each figure. It can be
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seen that the spread velocity of the pulse v(t) drastically de-
creased when passing the boundary. Such “boundary kick”
can be separated into a model-related trivial part and a space-
charge-related non-trivial part. Assuming that electrons have
no charges (no space charge effect), the energy gained by each
electron is the same in the acceleration region. Then the ve-
locity spread after passing the boundary can be calculated by{

mec2 + eU = γA(tII)mec2,

mec2 + eU +∆E = γB(tII)mec2,
(23)

which yields an essentially small v2 (tII)

v2 (tII) = vB (tII)− vA (tII)≈
∆E

γ3
C (tII)mevC (tII)

≈ vL
vL

2γ3
C (tII)vC (tII)

. (24)

These two equations should also be valid in our model under
no space-charge condition. Since the aforementioned process
is separately analyzed in Region 1 and Region 2, and the ac-
celeration within τlaser has been accounted by vL (see the sec-
ond term in Eq. (6)), v1 (t) must sharply decrease to be nearly
zero in Region 2 in this case, then the magnitude of “boundary
kick” can be estimated by

∆vkick ≈ vns (tI)− vL
vL

2γ3
C (tII)vC (tII)

≈ vns (tI) , (25)

where vns (tI) represents the velocity spread of the electron
pulse at the boundary under no space-charge condition. We
called this part the model-related trivial part of “boundary
kick”, because, as we will show later, this effect can be in-
cluded in previous mean-field models without even consid-
ering Region 2 but only for a small number of electrons per
pulse.

Moreover, if the space-charge effect is turned on, it causes
a significant increase of longitudinal pulse length together with
velocity spread in Region 1. Therefore, equation (24) does not
hold any longer. Since electrons at the tail retreat relative to
those in front, not only does the velocity spread increase, but
they are accelerated for a longer time before leaving Region 1,
which gives the extra space-charge related non-trivial “bound-
ary kick”.[19] The relative significance of these two parts de-
pends on the number density of electrons per pulse ne. When
ne is small, the trivial part dominates and v1(t) decreases to
almost zero in Region 2 as shown in Fig. 2(c) (see the black
diamond curve). Also, v1(t) is dominated by vL in Region 1.
On the other hand, when ne is large, the non-trivial part domi-
nates as shown in Fig. 4(c). In this case, an initial increase of
v1(t) due to the space-charge effect is observed which is not
so obvious in Fig. 2(c), followed by a decrease due to the rela-
tivistic effect, the same as in Fig. 2(c). Both v1 (tI) and v2 (tII)
are dominated by the space-charge effect, which is much larger
than vL.
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Fig. 4. (color online) Temporal evolution of pulse radius (a) and pulse length (b) for 106 electron per pulse simulated by the N-particle method
(blue dotted) and our improved mean field model (red solid). (c) and (d) are the enlarged view of the pulse length and the corresponding velocity
spread as a function of time for the area marked in the black square in panel (b), which highlights Region1 and Region 2. As a comparison,
simulations by two other methods (see context for details) that ignore the boundary region are also shown (pink dash-dot line for method A and
green dashed line for method B). An N-particle simulation for electrons with no space-charge effect is also presented (black diamond), and the
sharp change of velocity spread at the boundary shows the trivial part of “boundary kick”.

In previous studies, Region 1 and 2 are either ignored be-

cause the total time in these two regions is much smaller than

in Region 3, or they are treated the same as in Region 3 (we

define as method A) by using Eq. (21) and Eq. (22). In the

former case, certain approximation of the initial conditions for

Eq. (21) must be used. For example, it is usually assumed that

the pulse length is determined by the laser pulse width, and the

initial velocity spread is negligible. As shown in our analysis,

such an assumption is only valid when the trivial “boundary

kick” dominates and therefore limits the application of these
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models for small ne. The same principle also applies for the
latter case, where the initial velocity spread in Eq. (22) must
be set to zero. Even with these considerations, these meth-
ods usually underestimate the longitudinal pulse width at the
early time of propagation (see the comparison of method A
with N-particle simulation from Fig. 2(d) to Fig. 4(d)). On the
other hand, Qian (we define as method B) developed a model
that separately considered Region 1 and Region 3 by the same
principle as our model, although Qian used a mean-field for-
mula only suitable for l � r (or 1D fluid model). The big
difference between Qian’s model and ours lies in Region 2.
Since Qian’s model assumes that l (t) is dominated by initial
velocity spread in Region 1 and space-charge effect in Region
3 respectively, it simply adds these two components together
(see the last paragraph of Page 6 in Ref. [11]). Such treat-
ment is only valid for small ne, where the space-charge effect
is negligible in Region 1. It is also equivalent to set v2 (tII)
to be zero for Region 3 and again only valid when the trivial
“boundary kick” dominates. As a comparison, the simulation
results by Qian’s model are also plotted in Figs. 2–4. Here,
we replace his mean-field formula by those used in this article
such that the space-charge effect is not ignored in Region 1
and is more accurately calculated through the whole process.
It can be seen that even for N = 104, the space-charge effect in
Region 1 cannot be neglected and it becomes more and more
important as the number of electrons increases. Qian’s model
gives about 30% to 40% errors for all cases. As a comparison,
our improved method gives much better results.

4. Conclusion
We use an improved method based on mean-field models

to study the propagation dynamics of electron pulses in which
the boundary effect of the acceleration region is explicitly con-
sidered. A big decrease of velocity spread at the boundary is
observed and properly treated. The simulation result is con-
sistent with the N-particle method. The origin of the bound-
ary effect is further separated into the model-related trivial part
and space-charge related non-trivial part. Particularly, the non-
trivial part has not been considered by previous studies and
therefore can introduce factorial error in the simulation when

the number density of electrons per pulse is large.
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