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We construct the Hirota bilinear form of the nonlocal Boussinesq (nlBq) equation with four arbitrary constants for
the first time. It is special because one arbitrary constant appears with a bilinear operator together in a product form. A
straightforward method is presented to construct quasiperiodic wave solutions of the nlBq equation in terms of Riemann
theta functions. Due to the specific dispersion relation of the nlBq equation, relations among the characteristic parameters
are nonlinear, then the linear method does not work for them. We adopt the perturbation method to solve the nonlinear
relations among parameters in the form of series. In fact, the coefficients of the governing equations are also in series form.
The quasiperiodic wave solutions and soliton solutions are given. The relations between the periodic wave solutions and
the soliton solutions have also been established and the asymptotic behaviors of the quasiperiodic waves are analyzed by a

limiting procedure.
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1. Introduction

Analytical study is an important aspect of nonlinear
partial differential equations, which plays an important role
Analyt-
ical soliton solutions of nonlinear partial differential equa-

in describing and explaining natural phenomena.

tions attract many researchers’ attention due to their inter-
esting properties.!!! Many different methods have been de-
veloped and used to obtain exact soliton solutions of nonlin-
ear partial differential equations, such as the Lie symmetry
method, ! Biicklund transformation method,! Hirota bilin-
ear method,®8! inverse scattering transformation,®! ellipitic
function method, ') and other constructing methods.!1?-17}

In 1970s, Novikov et al.!'®2?! developed a method to
construct analytical quasiperiodic solutions of the nonlinear
evolution equation. Many famous nonlinear evolution equa-
tions are proved to have analytical quasiperiodic solutions
based on the inverse spectral method®! and the algebraic ge-
ometry method, 2324 such as the KdV equation,[zs’m the
sine-Gordan equation, the Schrodinger equation,?®! and the
Camassa—Holm equation. In 1980s, Nakamura developed a
direct way to construct a kind of quasiperiodic solution of non-
linear equations explicitly!?>*°] based on the Hirota bilinear
form.[®7] This method is easy to determine the characteris-
tic parameters of the waves directly, such as frequencies and
phase shifts for given wave numbers and amplitudes. The pe-
riodic wave solutions of the KdV equation and the Boussinesq
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equation were obtained in Refs. [6], [8], and [31]. Fan gave the
asymptotic properties of the quasiperiod solution. 3233 This
method has been applied to many famous nonlinear evolution
equations. 34-361

The Boussinesq equation was proposed in the sense of

hydrodynamics in its 1870s in original form
uzt_uxx:uxxxx+(u2)xx~ €))

Many interesting properties have been revealed, such as the
soliton solution and head-on collisions of two solitons. The di-
rect method gave the interaction between solitons exactly. The
inverse scattering transform was used to study its initial condi-
tion problem. The Bécklund transformation could deduce a se-
ries of solutions to the Boussinesq equation from one solution
given previously. In order to overcome the ill-posedness of
Eq. (1), two alternative Boussinesq equations were proposed.
One is known as the improved Boussinesq equation

U — Upx = Uyt + (uz)xm 2
and the other one is the good Boussinesq equation
Ut — Uxx = (uz)xx — Uxxxx- 3)

The improved Boussinesq equation (2) and the good Boussi-
nesq equation (3) are both well posed problems.
The nonlocal Boussinesq (nlBq) equation

Uy =V, )
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Vi4+U?
Vy:aUx—U3x—(U2)x+{ 22
X

U—-a/2

where U = U (x,y), V =V (x,y), Upx = %, and Vy,y = 88%1’
was presented as a resonance-free alternative to the good
Boussinesq equation and the behavior of the relevant two-
soliton solution as compared to that of the good Boussinesq
equation was discussed in detail.[*”] The nonlocal Boussinesq
equation arose as a compatibility condition for a linear system
associated with the bilinear representation of Kaup’s higher or-

n.[37-3% 1t was shown that the nlBq equation

der wave equatio
can be regarded as a pg = c¢ reduction of the KP hierarchy. The
bilinear form was established in Ref. [38]. Multiple solutions
of the nonlocal Boussinesq equation were given in Ref. [36]
by the simplified Hirota bilinear method.

We will construct the one- and two-periodic wave solu-
tions of the nlBq equation and give relations between the soli-
ton solutions and the periodic solutions. The organization of
this paper is as follows. In Section 2, we will rewrite the bi-
linear form of the nIBq equation with four arbitrary constants.
In Section 3, the one- and two-periodic wave solutions of the
nlBq equation are constructed based on its bilinear form. In
Section 4, the limiting behaviors of the periodic-wave solu-
tions are analyzed. The periodic-wave solutions degenerate
into soliton solutions.

2. The bilinear form of nonlocal Boussinesq
equation

The nlBq equation (4) and (5) can be regarded as the low-

est order member of a hierarchy of soliton systems[*®!

1P, + Py, | +qu, P =0,
21Dy, — 1Dy, | + Do, | + (2 — ) Dy, | +2qu,, | Px
+1(2¢x,, — Gtyt,, )P =0 for m > 2,

the second member of which is

3,50 3[V24U?
U = aU—Us,— >(U) 4> | ——% 6
t Uy 3x 2( )x+4|:U—OC/2 xa ()
3 [V,Uy —VUy,
Vi = aV,—V3,—3(UV - | =
t (047 3x ( )x+2|: U—(X/Z :|x
3[Vi+uiv
P A 7
4 (U—OC/Z) X

The construction of this higher order flow is proved to be cru-
cial in the bilinearization of the nlBq equations (4) and (5). In
fact, equation (5) cannot be written in bilinear form directly,
but it can be written in bilinear form by introducing a new
variable ¢ with the aid of Eq. (6). If we set ¢ satisfying

U=uy+q, V = V0 + gxy, (®)

then equation (4) is satisfied automatically. Equation (5) can
be changed into the following form:

(vo Jr‘]ch)2 +q)2oc;c
U+ Goxx — OC/Z

and equation (6) can be regarded as an auxiliary equation in

dyy = (0 = 2U0)Gax — Gxre — G + +er, 9)

terms of ¢ and rewritten as

3 2
5 Y9xx

qxt = (a - 3”0)q2x — Gxxoxx — )

3 (v0+9)* + drer
p 20T dy) Thxex 10
4 M0+61xx—0‘/2 g (10

where ¢ and ¢, are integrable constants. The fractal terms can
be cancelled by subtracting three times Eq. (9) from four times
Eq. (10)

4('le - ((X - 6“0)61xx + Grxxx + 361)2@( - 3(])’)’ + Cl = 07 (1 1)

where C; = 4¢p — 3cy. On the other hand, equation (9) can be
written as

(qxx - % + uo) (4yy — (0= 200) G + Grver + G — 1)
= o+ 2000y + @iy + G- (12)

With the aid of Eq. (11), equation (12) is equivalent to the fol-
lowing equation:

(st +3qxaqr) — (0 = 610 (qee + 33

+ (Greveer + 15¢ G + 1543,

—3(Grryy + Gctlyy +243,) + 12(0t — 2u0)

X (qar — @yy +u0gxx) +3(C1 —2¢1) g

—12v0qay — 6V +3(a — 2ug) (¢ +C1) =0,  (13)
which can be verified directly. This equation looks more com-

plex than its original version, but it can be converted into the
bilinear form easily. In fact, if we assume

g=2Inf, (14)
then by using the standard identities for the Hirota D-
operators®]

D'DD} f(x,y,1)8(x,.1)

= (& —9y)"(dy—dy)" (0 — I f(x,y,1)

X g(x/ayl7t/)|x/:x,y’:y,t’:ta (15)
we can obtain the bilinear form of Egs. (11) and (13) as fol-
lows:

H: = [4D.D; —3D; + D} — (0t — 6ug)D; + C1]f - f =0, (16)
G: = [4D}D, — (a — 6ug)D} + DS — 3D2D; + 12( o — 2up)

x (DxD; — D} +uoDy) +3(C1 — 2¢1)D;

—12v9D, Dy — 6V}

+3(0—2up)(c1 +C1)]f - f =0, a7

where ug, vo, c1, and C; are arbitrary integration constants.
They are crucial in constructing the periodic solutions, while
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in the process of constructing the soliton solutions, they are
often put to zero.

It can be seen that equations (11) and (13) are equivalent
to equations (5) and (7), respectively. Now we have obtained
the bilinear form of the nonlocal Boussinesq equation by intro-
ducing new variable ¢ and auxiliary equation (7). These bilin-
ear equations are different from many existing bilinear equa-
tions for searching for Riemann theta function periodic wave
solutions, such as in Refs. [32], [33], [35], and [36], where
the arbitrary constants appeared separately. The arbitrary con-
stant c| appears in a nonlinear form in Eq. (17). Bilinear equa-
tions (16) and (17) degenerate into Eq. (30) in Ref. [38] when
u():V():O,Cl :C1 =0.

3. Periodic wave solutions
3.1. One-periodic wave solution

The Riemann theta function with genus N = 1140411 takes
the form

0(E) =&, )= ) eMinimT (18)
n—=—o0
where phase variable & = px+ wy+ ot +£°, 7> 0.
To make the theta function (18) be a solution to the bilin-
ear equation (16), equations (16) and (17) should be vanished
by substituting f = ¥(&, 1)

H(DMD)’)Dl)f'f

= Z Z H(DMD}’)Dl)ezﬂing_”nzr

N——oc0 p—=—00

% eZn’iméfﬂ.'mz‘r :O, (19)
g(Dan_WDT)f'f
_ Z Z g(DX’Dth)ehrinéfn’nzT

N=—ocom=—oo0

X eZﬂfiméfﬂfmzf — 0 (20)

According to the previous results in Refs. [29], [30], [32],
and [34], if the following four equations are satisfied:

Y. H[27i-2np,27i - 200,271 - 2n6)e 27T =0, (21)

n=—oo

i H2wi-(2n—1)p,2xwi- (2n—1)o,27i - (2n—1)0]

n=—oco

% efﬂ[l‘l2+(17n)2]‘[ — 0’ (22)

Y G[2mi-2np,27i -2n0,27i - 2n6]e T =0, (23)

i GR2ni-(2n—1)p,27i-(2n—1)o,2xi- (2n—1)0]

n?+(1-n)?t -0

x e 7l (24)

)

then equations (19) and (20) hold. Combining the above four
equations and the form of bilinear equations (16) and (17), we

obtain

Y [~64nn?po +48m°n e’ + 2567t p*
n=—o0
+16( 0t — 6ug) w>n’ p* + C1] e 2T 0,
Y [—16x°(2n—1)*po+127%(2n—1)*w*
n=—oo
+167* (20— 1)*p* +4(0o0 — 6up) > (2n — 1)2p? +C]
~ efn(2n272n+1)r =0

?

) [(21%*n* p? — 32800 — 2up) w*n* p) o — 3(28 't p?
n——o0
—2%(a — 2up) w*n?) 0> + 192vo*n® pw — 4096 °n° p°
—256(a — 6up)hn p* — 48(4aug — 8uj
+C| —2c; )71:2712172 — 6\%

+3(00 —2up)(cy +Cy)]e 2T =,
i [(647*(2n—1)*p® —48(at — 2up)w*(2n— 1) p)o

e
—(487*(2n — 1)*p* — 48( 0ot — 2up)*(2n — 1)) 0>
+48vom? (2n—1)?pw — 6478 (2n — 1)°p®
—16(a — 6ug)m* (2n—1)*p*

—12(4aug — 8uf +Cy —2¢1)w*(2n — 1)?p?
—6v3 +3(a — 2ug)(e1 +Cp)]e T 2T =0, (25)

Then theta function ¥(&,7) (18) is an exact solution of
Eq. (16).

Equation system (25) determines the relations among all
the parameters. We suppose that c¢1, C;, 0, and ® are in terms
of p, &, ug, and vy. Different from many existing references, ®
appears in a nonlinear form in Eq. (25). We will adopt the per-

turbation method to find the series solution of equation system

—nT —2mn’t — 12”2

(25). In fact, by assuming A = e "7, we have e

and e~ #(n*=2n+1)T — 3 20*=2n+1 then each equation of system
(25) is in the form of a series of A. So we naturally use the per-
turbation method to obtain the series solution. Furthermore,
the perturbation method is valid to the linear equation.323>-36]

In order to obtain the undetermined parameters, we can

also suppose that ¢, Ci, 0, and @ are in a series of A

=Y cid, Ci=Y Cud,
i=0 i=0

O':iGi)L[, a):ia),-l".
i=0 i=0

Then substituting Eq. (26) into Eq. (25), collecting the coeffi-
cients of A/, and setting to zero one by one, we can obtain an

(26)

equation system about o;, @;, ¢4, and Cy;, (i =0,1,2,...).
One can solve the equations corresponding to each A/, i =
0,1,... to solve the equation system step by step. As a result,
we obtain the following series solution:

®w=rp

050504-3



Chin. Phys. B  Vol. 26, No. 5 (2017) 050504

C1

C =

79872 np’
n P

3pd n p (—a+87r2p2)

16 n?p? (48w p? D+ 3 % + 128 14 p*) 22

¥ @2
1

- (144n2p3<15 +6336 p°n*

N 491520 p°n®

1) P2

1572864 p'' 10 2097152 p'3x!2
@3 P4

)14 +0(A%),

174 2
_ ¥ v

- (9671’2p3 +

48 1% p? (48 Wy p* — 64 tp*)
(288 ’pPd

576 p>it*
L T6p

6291456 pBn'2vy

2 2 Le) P2
144 % p3 (8 Y — vo)
Yo

¥ P2 ¥ @3
N 14472 p (=3 vy + 56 12 p*¥P)
D +4m2p? y3

(11272 p*¥ —33vp)
w3p

N 1843276 p” (—13vo + 8 w? p*¥)

‘P3q32
1474560p n® vo
Y33

4718592 p' 10y,
@34

>/14 +0(A%),

Y3 ps

212 768(327m2p? + 30 — 6ug )t p*
) + ( T pT+3a MO)TCP /’1‘4—|—O(18),

o —2u
—384 7t pta? —

o —2ug

6144 7t6p7v0)12

23047 p* At +0O(A9), 27)

where @ = ot — 2up and ¥ =
obtained the one-periodic wave solution f(x,y,t) =

V@ +4n2p2. So far we have
¥(E,7)
to the bilinear equations (16) and (17) with the parameters
c1,C1,0, and @ given in Eq. (27). Then from Egs. (8) and
(14), we obtain the solution of the nlBq equation as

Pnd(E, T Ve — OF
U=uo+2p2%=uo+2p2T€7 (28)

PInd(E, 1 Ve — OF
V:vo+2pa)% :v0+2pa)T‘5. 29)

The U and its contour are shown in Fig. 1.

The one-periodic wave solution has the following charac-
ters. (i) It has two fundamental periods 1 and 7 in the phase
variable . (ii) It is actually a kind of one-dimensional cnoidal
waves, i.€., there is a single phase variable &. (iii) It has only
one wave pattern for all time and can be viewed as a paral-
lel superposition of overlapping one-solitary waves placed one
period apart; see Fig. 1.

3.2. Two-periodic wave solution

We construct the two-periodic wave solution of the nIBq
equation in this subsection. By taking the genus N = 2, the
Riemann theta function takes the following form:

B(E) =0(&,&,7)= ), e Hirmmiamien) (30
nez?
where n = (n1,m)T € 7%, € = (£1,6)T € C?, & = pix+ oy +

o;t + éi(),
symmetric 2 X 2 matrix which takes the form

i=1,2, and T is a positive definite and real-valued

T T12 2
T= , T11 >0, T2 >0, T = T12, T11722 — T12 > 0.
1 ™2

In order to make the theta function (30) satisfy the bilin-
ear equation (16), we substitute Eq. (30) into the left side of
Eq. (16) to obtain

H(Dany,D[)ﬂ(él’éz’T) . ‘(9(61 , 62,7,)
Z Z ”H(D,C,Dy,Dt)e—ﬂ<‘rn,n>+2m<g,n)

neZ? meZz?
< e—n:(-rm,m)-&-Zﬂi(ﬁ,m) =0, (€20

g(nyDy,Dt)ﬂ(§17§277-) . 6(61,&2,7’)
Z Z g(Dx’Dy,Dt) e_”<7"n,n>+271:i(£7n)

neZ? meZz?
% e—n(rm,m)+2ﬂi(£7m> =0. (32)

We denote s' = (0,0)T, s> = (1,0)T, s* = (0,1)T, and s* =
(1,1)T, the necessary conditions of Egs. (31) and (32) are the

following eight equations:

Z H[27i(2n— s/, p),27i(2n — s/ W),

neZz?

Fig. 1. (color online) A one-periodic wave U of the nIBq equations (4)
and (5) via expression (28) with parameters p = 0.5, 7=0.8, @ = 0.1,
= 0. (a) Perspective view of the periodic wave
U. (b) The corresponding contour plot.

uy=1,v9=1.2,and &°

27i(2n — &/,

neZz?
050504-4
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27i(2n — s/, a)ej(n) =0, (33)

where ¢;(n) = e~ L8l =(s], )T, j=
1,2,3,4. Let A} = e ™71, Q) = e ®™2, )3 = e 27712 _then we

have

al((s/—n)T,8/ —n)+(rn,n))

sj(n) _ lln%+(n1—s{)ZA;%—}—(nz—sé)z/l;lnz-&-(nl—s{)(nz—sé). (34)

From Eq. (33), we find that the coefficients of @y, oy,
k = 1,2 and the constants c;, C1, ug, vo are all series of A1, A5,
so to obtain the undetermined parameters, we can also suppose
them to be series of A;,A>. The concrete forms are

o1 = Z Gl,i,jllilgj, 0 = Z 6271',1'}/1[-121';

i,j>0 i,j=0

W) = Z (Dlﬁiﬁjllilzj, ) = Z a)z,i’jx’fﬂﬂj’

20 020
=Y cLijMM, Ci=Y CiijAiA,
i720 i720
_ N _ i
uy = Z ”0-,i-,j)~f}~2> Vo = Z VO,i,jﬂ’llz'z' (35)
i720 i20

Then substituting (35) into (33), collecting all the coefficients
of lf?tzj occurring in the above equations, and setting to zero
one by one, we can obtain a system equation about @y ; ;, Ok;. ;,
c1,ij» Clij» U0, j» Vo for k=1,2,1i,j=0,1,... The idea
of perturbation can be used to solve the complicated equation

system and the following approximate values can be obtained:

v0,0,0 up1,0  2vo,1,0 . 440,1,0v0,0,0 upp1  2vo0,1  4up0,1v0,0,0
o — 5 Y000 B\ _ 1,0Y0.00 ) 5 01V0.00 ) 5 1 ... 36
3 pk< 0 —|—> pk(R + 0 + 02 ) 1 pk(R + 0 + 0? 2+, (36)
o — 3pi0 n pr(—a+872pi?) ~ 3pvoooR . 3 Piv0,0,0° _3 uo 1 0R+vo10  4vo1 07 pi*+10.1.0v0,00
k 2 2 0 02 k R RO
n 810.1.0v0,0.07pr> —2v0,0,0v0.1.0R Ao, 00,00° A3 10 0,1R+v0,0,1 n 4v0,0.1 7% 2 + 10,0,1v0,0.0
RO? 0’ 17— Pk R RO
810,010,007 pk> —2v0,00v001R  410,0,1v000>
2

o = 2500 4v0,0,0(vo,1,00 — 2v0,1,040,0,0 + 10,1,0V0,0,0) A 4v0,0,0(v0,0,10 — 2v0,0,1140,0,0 + 10,0,1V0,0,0) 2

ot —2u,0,0 (o —2ug0)? (0 —2uf)?

2 2 2
+|3samtpt 2(1024 78 p1© +2v0,0,0v02,0 +v0.10%)  4v0,00 (240,1,00,1,0 + 40.2,0¥0,0,0) n 810,1,0°v0,0,0 22
0 0? 03
2(10247°p2® +2v0,0,0v002 +v0.012) | 4v0.00 (20,0,1V0.0.1u002v000) | 840.0,12V0,00°
+ [384 mtpt + 0 : + 7 RO+ — o A3
4(vo.0.1v0.1.0 +v0.00v0.1.1)  16U010v000%4001 4000 (240.0.1v0.1,0 +240.1.0v00.1 + U0.1,10.0,0) A
0 + 03 0? 12

+oeey (38)
C) = —384m*piA} —384n* p3Ad + -, (39)
oy = U000+ Uo.1.0A + 001 A +uo11 A2+ U02,0AF + 10023+, (40)
Vo = 0,00 +v0.1.0M +v0,0.142 + V0,11 1 A2 +v02,0A7 + V00243 + -, 41)

where Q = a —2ug 0 and R = \/Q+4n2p;? fork = 1,2.
Up to now, we have obtained the two-periodic wave solu-
tion f(x,y,r) = ©(&1, &, T) of the bilinear equations (16) and
(17), the parameters @y, oy, c1, C1, ug, and vy for k = 1,2 are
given by Egs. (36)—(41). Then from Egs. (8) and (14), we can
obtain the corresponding solution of the nIBq equation as

23211“9(51,52,7')

U=up+ 9.2 ; (42)
2
V=vo+ 2%. (43)
dxdy

The U and its contour are shown in Fig. 2.
The two-periodic wave solution has the following charac-

ters. (i) It is a direct generalization of the one-periodic waves,
its surface pattern is two-dimensional, i.e., there are two phase
variables &; and &, which has two independent spatial periods
in the two independent horizontal directions. (ii) It has 2N fun-
damental periods {¢;,i = 1,2,...,N} and {7;,i = 1,2,...,N}
in (&,&) with ¢; = (1,07...,0)T, .oy Cv =1(0,0,..., 1)T.
(iii) If the parameters satisfy the ratio relation
ﬂh’\‘da)], éZNdéh 6(5]752) Nﬁ.(g]ad§2)? (44)
the two-periodic wave is actually one-dimensional and it de-

generates to the one-periodic wave.
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—4 —2 0 2 4
T

Fig. 2. (color online) A two-periodic wave U of the nlBq equa-
tions (4) and (5) via expression (42) with parameters p; = 0.5, p, =0.3,
711 =08, 12 =16 ¢=0.1,up;;=0,v;;=0,7,j=0,1,..., and
E) = EY = 0. (a) Perspective view of the periodic wave U. (b) The
corresponding contour plot.

4. Asymptotic properties of the periodic wave
solutions

In this section, we will show the relations between the
one- and two-periodic wave solutions and the corresponding
one- and two-soliton solutions.

4.1. Limiting behavior of the one-periodic wave solution

In this subsection, we will prove that the one-periodic
wave solution of the nlBq equation can degenerate into its one-
soliton solution with A = e "% — 0.

First of all, based on the bilinear equations (16) and (17)
with the integration constants both being 0, we can easily ob-
tain the one-soliton solution of the nIBq equation

fi=1+e", (45)

with n = Bx+yy+ 8¢ +n°, where y = B/ — B2 and § =
ap —B3.

If the parameters @, o, ¢y, and C; satisfy Eq. (27), theta
function (18) will be a solution to Eqgs. (16) and (17). In order
to prove that the one-periodic wave solution can degenerate
into the one-soliton solution, we will examine the limiting be-
havior of ¥(&, 1)

V(E,T) = 1+ XM TT 4 g 2mib-aT . pdmil—dne
+e_4”i5_4m+...' (46)

When up =vp =0 and A = e " — 0, from Eq. (27),
we know that the parameters have the following degenerating
values:

Cc1, C *)0,
c— pAn*p’ +a),

© = pVArp +a. (7)

Let us denote
p=2rmip, 6°=27mi&’—nr, (48)

then we have

2miow — 2mip\/AnPpr+ o =p\/a—p>=p,
2mic — 2rwip(4n’p? + o) =p(a—p?)=v. (49)

Assuming 0 = px + uy + vt + 0°, from Eqs. (45), (48), and
(49), we can see that 1+ e is a one-soliton solution to the
nlBq equation, the following result can also be obtained:

0 =2mi& —=wt, (50)

where £ = px+ @y + ot + E¥ is just the same as in Eq. (18).
Therefore, equation (46) can be changed into

B(E,7) = 1+e? +2%(e* +e7?)
FAS(e30 e ) 11 e® (51

asA — 0.
Up to now, we have proved that the one-periodic wave so-
lution of the nIBq equation actually degenerates into its one-

soliton solution when A = e~ %

— 0, which gives a further
validation for the correctness of this solution to the nlIBq equa-

tion.

4.2. Limiting behavior of the two-periodic wave solution

In this subsection, we will prove that the two-periodic
wave solution of the nIBq equation can degenerate into its two-
soliton solution with A; = ¢ "™ and A, = e "%22 — (.

At the beginning, by use of Hirota’s method in Ref. [6],
we can easily find the two-soliton solution of the nlBq equa-
tion based on its bilinear form (16) and (17) with the integra-
tion constants both being 0, its concrete form is as follows:

fz =1+ e + em +alze’““’27 (52)

with 1y = Bx + 1y + 5kt+11,9, where , = ﬁk,/(x—ﬁkz, & =
afe— B2, k=1,2, and

a—ﬁlﬁg—\/a—ﬁlz\/a—ﬁzz
a—I—ﬁlﬁz—\/a—ﬁlz\/a—ﬁzz
When @y, o, c1, Ci, up, and vg for k = 1,2 satisfy

Egs. (36)—(41), the theta function (30) is a solution to the bi-
linear equations (16) and (17).

ap = (53)
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In order to prove that the two-periodic wave solution can
degenerate into the two-soliton solution (52), we will examine
the limiting behavior of ¥(&;,&,7),

19(6175277-)
— 1 + (62717i§1 + e—2ni§1)e—m'11 + (62717i52 + e—2ni§2)e—m'22
+ (62ﬂi(§1+52) + e*2ﬂi(51+5z))e*ﬂ(711+2712+T22) 4o (54)
If we denote

pe =2mipx, O =2mi& — wTy,

a+4n’pips— \/a+47t2p%\/06+47r2p%

Ap = ;
o—4n’pips — \/Oz+47t2p%\/oc+47r2p%
InA
fy=—— L, (55)
T

and take ug;; = vo;; = 0 for i, j > 0, then 0 — o, R —

\/o+4m2p? for k=1, 2. So we also have
0‘*1011)2*\/Otfplz\/fxfipz2
A12 = ’
05+Plpz—\/(%—1312\/(%—71322
Wi — 2Wipg\/ O +4T2pl = pry/ ot — p? = g,
2mioy — 2mipy (0 +4m°pp) = pi(ot —pi) = Vi, (56)

fork=1,2.

Assuming 6y = pgx+ iy + Vit +6?, from Egs. (52), (53),
(55), and (56), we can see that 1 + e? +e®% 4+ A,e®1 7% jsa
two-soliton solution of the nIBq equation, the following result

can also be obtained:

O = 2mi&; — T, (57)

where &, = prx+ @y + opt + é,? is just the same as in Eq. (30).
Then equation (54) can be changed into

19(5175277) =1+ e@1 + 692 +A12€61+92 +1126791
+1226_62 +A«%que_el_92_2”112
oo l+ed pe®pA,e80 (58)

as A, &2 — 0. From Egs. (38) and (39), we can also see
that the integration constants c¢; and C; both degenerate into
0 when ),1712 — 0.

Up to now, we have proved that the two-periodic wave so-
lution of the nlBq equation actually degenerates into its two-
soliton solution when A; = e "%1, A, = e 22 — 0. When
t = 0, this two-soliton solution is equivalent to the two-soliton
solution presented in Ref. [36].

5. Conclusion

We have established a bilinear form to the nIBq equation,
which consists of four arbitrary constants. This new bilinear
form not only will degenerate to the known form in Ref. [38],
but can also be used to construct periodic and quasiperiodic
solutions to the nIBq equation in terms of the Riemman theta
function.

The algebraic equation system about useful parameters
is nonlinear, which is greatly different from the existing lin-
ear algebraic equation system in reference about constructing
a quasiperiodic solution by the Riemman theta function. Ac-
cording to the series form of the coefficients of the governing
equation, we have solved the nonlinear governing equation in
series form by the perturbation method. In fact, our pertur-
bation method is also suitable for the existing linear equation
system appearing in reference about constructing a quasiperi-
odic solution by Riemman theta function.

We also show that the Riemann theta solutions degen-
erate to the soliton solutions. When ¢ = 0, the degenerated
soliton solutions are equivalent to Wazwaz’s multiple soliton
solution!*! by a simplified bilinear method.
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