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This paper investigates the exponential synchronization of linearly coupled ordinary differential systems. The intrinsic
nonlinear dynamics may not satisfy the QUAD condition or weak-QUAD condition. First, it gives a new method to analyze
the exponential synchronization of the systems. Second, two theorems and their corollaries are proposed for the local or
global exponential synchronization of the coupled systems. Finally, an application to the linearly coupled Hopfield neural
networks and several simulations are provided for verifying the effectiveness of the theoretical results.

Keywords: exponential synchronization, linearly coupled, ordinary differential systems, QUAD condition

PACS: 05.45.Xt, 05.45.–a DOI: 10.1088/1674-1056/26/5/050503

1. Introduction
Synchronization of linearly coupled ordinary differential

equations (LCODEs) has been widely applied for decades
to different fields, such as neuroscience,[1–4] economics,[5]

biology,[6,7] ecology,[8] computer science,[9,10] and so on.
Meanwhile, the synchronization technique for LCODEs has
been favored by several researchers. For example, several
researchers proposed an array of resistive coupled Chua cir-
cuits for implementing spatial recognition,[11] some presented
various architectures of the coupled chaotic system for se-
cure communication,[11–13] and numerous presented an archi-
tecture of the coupled neural networks to store and retrieve
complex oscillatory patterns as synchronous states.[14] There-
fore, the study of synchronization of LCODEs is significant
and necessary.

So far, the synchronization of LCODEs has attracted a
great deal of attention from researchers and has been investi-
gated in various ways. The master stability function method
based on the transverse Lyapunov exponents is introduced to
analyze the local synchronization of coupled oscillators and
general coupled dynamical systems.[15–17] In addition, the dis-
tance between the state of a coupled dynamical system and
synchronization manifold is used to discuss global synchro-
nization of the coupled system.[18,19] Furthermore, two spe-
cial vectors are used to decompose the entire state space of
a coupled dynamical system into a direct sum of the trans-
verse space and synchronization manifold for studying local
and global synchronizations of the coupled system.[20]

In this paper, the synchronization of LCODEs is analyzed
in a different way. Synchronizing the coupled system means
that the states of any two nodes converge to agreement as time
t→∞. Then the synchronization of the coupled system can be

achieved, making sure that the states of all the nodes converge
to the state of a certain one among the nodes as time t→ ∞. It
can be found that the coupled system can be transformed into
a new one with state variables, which are the differences of
the states between the certain node and the other ones. Thus,
the exponential convergence of the latter implies the exponen-
tial synchronization of the former. Through the exponential
convergence analysis of the latter, our results can be obtained.

Generally, the coupled dynamical system described by
LCODEs is governed by the following two mechanisms: the
intrinsic nonlinear dynamics at each node and the coupling
configuration among the nodes. However, most of the ex-
isting results of synchronization of LCODEs are based on
the assumption that the intrinsic nonlinear dynamics sat-
isfy the QUAD condition or even the Lipschitz condition.
The QUAD condition is used in numerous researches on
synchronization.[20–23] For example, together with the dissi-
pativity property of the coupling configuration among nodes,
the QUAD condition is derived to prove the synchronization of
linearly coupled Lorenz systems.[21] The QUAD condition is
given in Ref. [22] for the synchronization of systems with non-
Lipschitz right-hand sides. In Ref. [23], the QUAD condition
is given for the synchronization of networks with discontinu-
ous activations in the presence of time delays.

However, as far as we know, the LCODEs in which the
individual dynamics do not satisfy the QUAD condition exist
in many practical network systems. Such systems have been
investigated in some literatures.[24–27] Therefore, the study of
the synchronization of LCODEs is significant and necessary.
It should be noted that such synchronization criteria may not
be easily verified. Therefore, in order to study the synchro-
nization of LCODEs in which the individual dynamics do not
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satisfy the QUAD condition or weak-QUAD condition, some
new approaches should be proposed. Compared with the ob-
tained results, we improve the QUAD condition, and propose
two weaker conditions for local and global exponential syn-
chronizations of LCODEs respectively on the one hand. On
the other hand, our results are suitable for any linearly cou-
pling configuration. This is the requirement that all the ex-
isting results for the exponential synchronization of LCODEs
can almost never meet.

This paper is organized as follows. Section 2 shows the
method of studying the synchronization of LCODEs, and sev-
eral necessary definitions and lemmas are given. Section 3
presents the main results and their proofs, then several use-
ful corollaries are proposed. The theoretical results are simply
applied to the exponential synchronization analysis of linearly
coupled Hopfield neural networks, and several simulations are
provided in Section 4.

The following notations are useful in this paper. Let 𝑅n

and 𝑅m×n denote respectively the n-dimensional real vector
space and the whole real matrices with m rows and n columns.
Let 𝐶n and 𝐶m×n denote respectively the n-dimensional com-
plex vector space and the whole complex matrices with m rows
and n columns. Let 𝑂m×n and 𝐸m denote respectively a zero
matrix with m rows and n columns and the m-order identity
matrix. We denote the transpose and the Hermitian adjoint of
𝐴 ∈ 𝐶m×n by 𝐴T and 𝐴H, respectively. If 𝐴 ∈ 𝑅m×m and
λ is an eigenvalue of 𝐴, then we denote the determinant of
𝐴, the inverse of 𝐴, and the real part of λ by det(𝐴), 𝐴−1,
and Re(λ ), respectively. Let 𝐴s = (𝐴+𝐴T)/2. If 𝐴 is sym-
metric, then we denote the minimum eigenvalue and the max-
imum one of 𝐴 by λmin(𝐴) and λmax(𝐴), respectively. Let
⊗ denote the Kronecker product of matrices. Let ‖ · ‖ denote
the Euclidean norm on 𝐶n or the spectral norm on 𝐶m×n. Let
o(x) denote the infinitely small quantity of higher order than
x ∈𝑅.

2. Preliminaries
Generally, the coupled dynamical system described by

LCODEs is given as follows:

𝑥̇i = 𝑓(t,𝑥i)+
m

∑
j=1, j 6=i

ai j𝛤 (𝑥 j−𝑥i), i = 1,2, . . . ,m, (1)

where 𝑥i = [xi
1,x

i
2, · · · ,xi

n]
T ∈ 𝑅n is the state variable of the

i-th node only related with the time t, 𝑓 : [0,+∞)×𝑅n→𝑅n

is a continuous map, 𝛤 ∈𝑅n×n and ai j ∈ R with assumption
that 𝛤 6=𝑂n×n and ai j ≥ 0, i 6= j.

Let 𝑥 = [𝑥1T
,𝑥2T

, · · · ,𝑥mT]T ∈ 𝑅mn, aii =

−∑
m
j=1, j 6=i ai j, i = 1,2, · · · ,m, and 𝐴 = (ai j) ∈𝑅m×m. Then

system (1) can be written as

𝑥̇i = 𝑓(t,𝑥i)+
m

∑
j=1

ai j𝛤𝑥 j, i = 1,2, · · · ,m.

Moreover,

𝑥̇i =

 𝑓(t,𝑥1)
...

𝑓(t,𝑥m)

+(𝐴⊗𝛤 )𝑥. (2)

𝐴 is the coupling matrix with zero-sum rows, which is deter-
mined by the topological structure of the LCODEs.

Definition 1 If there exists a constant δ > 0 such that for
any initial state 𝑥(0) satisfying ‖ 𝑥i(0)−𝑥 j(0) ‖≤ δ , i, j =
1,2, . . . ,m, there exist ε > 0, M ≥ 0, and T ≥ 0 such that

‖ 𝑥i(t)−𝑥 j(t) ‖≤M e−εt , i, j = 1,2, · · · ,m,

for all t ≥ T , then system (1) is locally exponentially synchro-
nized. Moreover, if for any initial state 𝑥(0), there exist ε > 0,
M ≥ 0, and T ≥ 0 such that the above formulas hold for all
t ≥ T , then system (1) is globally exponentially synchronized.

Definition 1 describes the local and global exponential
synchronizations of the LCODEs.

Definition 2 Suppose that 𝑃 ∈𝑅n×n is a symmetric and
positive definite matrix and 𝛥 ∈𝑅n×n. Fquad(𝛥,𝑃 ) denotes
a class of continuous maps 𝑓 : [0,+∞)×𝑅n→𝑅n satisfying

(𝑢−𝑣)T𝑃 [(𝑓(t,𝑢)−𝑓(t,𝑣))−𝛥(𝑢−𝑣)]≤ 0, (3)

for all 𝑢,𝑣 ∈𝑅n and all t ≥ 0.
Definition 3 Suppose that 𝑃 ∈𝑅n×n is a symmetric and

positive definite matrix and 𝛥 ∈𝑅n×n. Fpard(𝛥,𝑃 ) denotes
a class of continuous maps 𝑓 : [0,+∞)×𝑅n → 𝑅n satisfy-
ing that for any t ≥ 0 and any 𝑣 ∈ 𝑅n, there exists a matrix
𝐷(t,𝑣) ∈𝑅n×n such that

lim
‖𝑢−𝑣‖→0

‖ 𝑓(t,𝑢)−𝑓(t,𝑣)−𝐷(t,𝑣)(𝑢−𝑣) ‖
‖ 𝑢−𝑣 ‖

= 0, (4)

(𝑢−𝑣)T𝑃 (𝐷(t,𝑣)−𝛥)(𝑢−𝑣)≤ 0, (5)

for all 𝑢 ∈𝑅n.
It is not difficult to see that Fquad(𝛥,𝑃 ) and

Fpard(𝛥,𝑃 ) have the following connection. If for any t ≥ 0
and any 𝑣 ∈ 𝑅n, there exists a matrix 𝐷(t,𝑣) ∈ 𝑅n×n such
that formula (4) holds, then 𝑓 ∈ Fquad(𝛥,𝑃 )implies 𝑓 ∈
Fpard(𝛥,𝑃 ). When the map 𝑓(t,𝑣) is differential with re-
spect to 𝑓 on its domain, formula (4) can be obtained.

To analyze the exponential synchronization of sys-
tem (1), let 𝑦i = 𝑥i+1 − 𝑥1, i = 1,2, . . . ,m − 1 and 𝑦 =

[𝑦1T
,𝑦2T

, . . . ,𝑦m−1T
]T ∈ 𝑅(m−1)n. For every i = 1,2, . . . ,m,

it is not difficult to calculate that

m

∑
j=1, j 6=i

ai j𝛤 (𝑥 j−𝑥i)

=
m

∑
j=2, j 6=i

ai j𝛤𝑦 j−1−
m

∑
j=1, j 6=i

ai j𝛤𝑦i−1 =
m−1

∑
j=1

ci j𝛤𝑦 j,
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where

ci j =

 ai, j+1, j 6= i−1,

−
m
∑

k=1,k 6=i
aik, j = i−1.

Suppose 𝐶i = [ci1,ci2, · · · ,ci,m−1] ∈𝑅1×(m−1), then

m

∑
j=1, j 6=i

ai j𝛤 (𝑥 j−𝑥i) = (𝐶i⊗𝛤 )𝑦i.

And suppose

𝐶 =

 𝐶2−𝐶1
...

𝐶m−𝐶1

 ∈𝑅(m−1)×(m−1).

Then for every i = 1,2, . . . ,m−1,

𝑦i = ˙𝑥i+1−𝑥1

= 𝑓(t,𝑥i+1)−𝑓(t,𝑥1)+ [(𝐶i+1−𝐶1)⊗𝛤 ]𝑦i.

Moreover,

𝑦̇ =

 𝑓(t,𝑥2)−𝑓(t,𝑥1)
...

𝑓(t,𝑥m)−𝑓(t,𝑥1)

+(𝐶⊗𝛤 )𝑦. (6)

System (1) is exponentially synchronized when the trajectories
of system (6) exponentially converge to the origin.

The following marks and lemmas are useful in the rest of
the development.

Suppose

𝐿=


−1 1 0 0 · · · 0 0
−1 0 1 0 · · · 0 0
−1 0 0 1 · · · 0 0

...
...

...
...

...
...

−1 0 0 0 · · · 0 1

 ∈𝑅(m−1)×m.

Let 𝐿 = [𝐿1,𝐿2], where 𝐿1 ∈ 𝑅(m−1)×1 and 𝐿2 ∈
𝑅(m−1)×(m−1), and

𝐴=

[
𝐴11 𝐴12
𝐴21 𝐴22

]
,

where 𝐴11 ∈ 𝑅1×1, 𝐴12 ∈ 𝑅1×(m−1), 𝐴21 ∈ 𝑅(m−1)×1, and
𝐴22 ∈𝑅(m−1)×(m−1). Then 𝐿2 =𝐸m−1.

Lemma 1 The coupling matrix 𝐴 has at least an eigen-
value 0. If λ is an eigenvalue of 𝐴 and λ 6= 0, then Re(λ )< 0.

By the Gerschgorin theorem,[28] we can prove Lemma 1.
The results related with Lemma 1 can be found in Ref. [20].

Lemma 2 𝐶 and 𝐴 have the following relationships:
(a) 𝐶𝐿=𝐿𝐴,

(b) 𝐶 =𝐿1𝐴12 +𝐴22,

(c) λ1 = 0,λ2, . . . ,λm are the m eigenvalues of 𝐴 if and
only if λ2, . . . ,λm are the m−1 eigenvalues of 𝐶.

Proof It can be shown that 𝑦 = (𝐿⊗𝐸n)𝑥. By formu-
las (2) and (6), we have

(𝐿⊗𝐸n)(𝐴⊗𝛤 )𝑥= (𝐶⊗𝛤 )(𝐿⊗𝐸n)𝑥,

namely,
(𝐿𝐴⊗𝛤 )𝑥= (𝐶𝐿⊗𝛤 )𝑥,

for all 𝑥 ∈ 𝑅mn. Because 𝛤 is a non-zero matrix, we have
𝐶𝐿𝑢 = 𝐿𝐴𝑢 for all 𝑢 ∈𝑅n. Thus, 𝐶𝐿 = 𝐿𝐴. It implies
that 𝐶 =𝐿1𝐴12 +𝐴22. Thus (a) and (b) hold.

Next, it is easy to verify that[
1 𝑂1×(m−1)
𝐿1 𝐸m−1

]
𝐴

=

[
0 𝐴12

𝑂(m−1)×1 𝐶

][
1 𝑂1×(m−1)
𝐿1 𝐸m−1

]
.

Suppose that

𝐿̃=

[
1 𝑂1×(m−1)
𝐿1 𝐸m−1

]
, 𝐶̃ =

[
0 𝐴12

𝑂(m−1)×1 𝐶

]
.

Obviously, 𝐿̃ is reversible. Thus, we have

det(λ𝐸m−𝐴) = det(λ𝐸m− 𝐿̃−1𝐶̃𝐿̃)

= det(λ𝐸m− 𝐶̃)

= λdet(λ𝐸m−𝐶).

This implies that (c) holds.
Lemma 2 gives the representation of 𝐶 by the coupling

matrix 𝐴.

3. Main results
In this section, we investigate the exponential synchro-

nization of system (1) with 𝑓 , 𝛤 , and 𝐴, and present several
results different from the existing ones.

Theorem 1 Assume that there exists a symmetric and
positive definite matrix 𝑃 ∈ 𝑅n×n and a matrix 𝛥 ∈ 𝑅n×n

such that 𝑓 ∈ Fquad(𝛥,𝑃 ). If there exists a real positive
definite diagonal matrix 𝛯 = diag{ξ1,ξ2, · · · ,ξm−1} such that
𝛯⊗𝑃𝛥+𝛯C⊗𝑃𝛤 is negative definite, then system (1) is
globally exponentially synchronized.

Proof Let

V (t) =
1
2
𝑦(t)T(𝛯⊗𝑃 )𝑦(t). (7)

For any right maximally defined solution 𝑦 = 𝑦(t) of
Eq. (6) with the initial time 0, let V (t) = V (𝑦(t)). Then the
derivative V̇ (t) of V along the solution 𝑦 = 𝑦(t) of Eq. (6)
satisfies

V̇ (t) = 𝑦T(𝛯⊗𝑃 )𝑦̇

= 𝑦T(𝛯⊗𝑃 )

 𝑓(t,𝑥2)−𝑓(t,𝑥1)
...

𝑓(t,𝑥m)−𝑓(t,𝑥1)


+𝑦T(𝛯⊗𝑃 )(𝐶⊗𝛤 )𝑦
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=
m−1

∑
i=1

ξi𝑦
iT𝑃 (𝑓(t,𝑥i+1)−𝑓(t,𝑥1))+𝑦T(𝛯𝐶⊗𝑃𝛤 )𝑦

=
m−1

∑
i=1

ξi𝑦
iT𝑃 [(𝑓(t,𝑥i+1)−𝑓(t,𝑥1))−𝛥𝑦i]

+
m−1

∑
i=1

ξi𝑦
iT𝑃𝛥𝑦i +𝑦T(𝛯𝐶⊗𝑃𝛤 )𝑦

≤ 𝑦T(𝛯⊗𝑃𝛥+𝛯𝐶⊗𝑃𝛤 )𝑦. (8)

Let 𝐺=𝛯⊗𝑃𝛥+𝛯𝐶⊗𝑃𝛤 . Then 𝐺 is negative def-
inite. By the Rayleigh–Ritz theorem,[28]

λmax(𝐺
s) = max

y6=0

𝑦T𝐺s𝑦

𝑦T𝑦
= max

𝑦 6=0

𝑦T𝐺𝑦

𝑦T𝑦
.

It is easy to see that 𝑦T𝐺𝑦≤ λmax(𝐺
s)𝑦T𝑦 and λmax(𝐺

s)< 0.
Similarly, we obtain

2V (𝑦)

λmax(𝑃 ) max
1≤i≤m−1

ξi
≤ 𝑦T𝑦,

where λmax(𝑃 )> 0 and max
1≤i≤m−1

ξi > 0. So we have

V̇ (t)≤ 𝑦T𝐺𝑦 ≤ λmax(𝐺
s)𝑦T𝑦 ≤ 2λmax(𝐺

s)

λmax(𝑃 ) max
1≤i≤m−1

ξi
V (t).

It can be shown that both 𝑦(t) and V (t) are defined on
[0,+∞), and moreover, exponentially converge to 0 as t →
+∞. Hence, we prove this theorem.

Theorem 2 Assume that there exists a symmetric and
positive definite matrix 𝑃 ∈ 𝑅n×n and a matrix 𝛥 ∈ 𝑅n×n

such that 𝑓 ∈ Fpard(𝛥,𝑃 ). If there exists a symmetric and
positive definite matrix 𝛱 ∈ 𝑅(m−1)×(m−1) such that 𝛱 ⊗
𝑃∆ +𝛱𝐶 ⊗𝑃𝛤 is negative definite, then system (1) is lo-
cally exponentially synchronized.

Proof Suppose that

V1(t) =
1
2
𝑦(t)T(𝛱⊗𝑃 )𝑦(t). (9)

Then the derivative V̇1(t) of V1 along the solution 𝑦=𝑦(t)
of (6) satisfies

V̇1(t) = 𝑦T(𝛱⊗𝑃 )𝑦̇

= 𝑦T(𝛱⊗𝑃 )

 𝑓(t,𝑥2)−𝑓(t,𝑥1)
...

𝑓(t,𝑥m)−𝑓(t,𝑥1)


+𝑦T(𝛱⊗𝑃 )(𝐶⊗𝛤 )𝑦

= 𝑦T(𝛱⊗𝑃 )

 𝐷(t,𝑥1)𝑦1

...
𝐷(t,𝑥1)𝑦m−1


+o(‖ 𝑦 ‖2)+𝑦T(𝛱𝐶⊗𝑃𝛤 )𝑦

= 𝑦T[𝛱⊗𝑃 (𝐷(t,𝑥1)−𝛥)]𝑦

+𝑦T(𝛱⊗𝑃𝛥+𝛱𝐶⊗𝑃𝛤 )𝑦+o(‖ 𝑦 ‖2). (10)

Let 𝑄1(t,𝑥1) = 𝑃 (𝐷(t,𝑥1)), and 𝑄 = 𝛱 ⊗ 𝑃𝛥 +

𝛱𝐶 ⊗𝑃𝛤 , where 𝐷(t,𝑥1) is given in Definition 3 with
𝑣 = 𝑥1. Then formula (5) implies that for any t ≥ 0 and
any 𝑥1 ∈ 𝑅n, 𝑄1(t,𝑥1) is semi-negative definite, and thus,
𝛱⊗𝑄1(t,𝑥1) is also semi-negative definite. Since 𝑄 is neg-
ative definite, then similarly to the proof of Theorem 1, we
have 𝑦T𝑄𝑦 ≤ λmax(𝑄

s)𝑦T𝑦 and λmax(𝑄
s)< 0. Hence,

V̇1(t)≤ λmax(𝑄
s)𝑦T𝑦+o(‖ 𝑦 ‖2). (11)

Since

lim
‖𝑦‖→0

o(‖ 𝑦 ‖2)

‖ 𝑦 ‖2 = 0,

it is shown that there exists a constant δ > 0 such that if
‖ 𝑦 ‖≤ δ , then

o(‖ 𝑦 ‖2)≤−1
2

λmax(𝑄
s)𝑦T𝑦.

By the Rayleigh–Ritz theorem,

2V1(𝑦)

λmax(𝛱)λmax(𝑃 )
≤ 𝑦T𝑦,

where λmax(𝛱)> 0 and λmax(𝑃 )> 0. Then we obtain that if
‖ 𝑦 ‖≤ δ , then

V̇1(t)≤
λmax(𝑄

s)

λmax(𝛱)λmax(𝑃 )
V1(t).

This tells us that the key to proving this theorem is to find the
appropriate initial states 𝑦(0) such that ‖ 𝑦 ‖≤ δ .

In fact, it can be shown that when

‖ 𝑦(0) ‖≤ δ

2

√
λmin(𝛱)λmin(𝑃 )

λmax(𝛱)λmax(𝑃 )
,

where λmin(𝛱)> 0 and λmin(𝑃 )> 0, we have ‖ 𝑦(t) ‖≤ δ on
its domain. At this time, we can prove that both 𝑦(t) and V1(t)
are defined on [0,+∞), and moreover, exponentially converge
to 0 as t→+∞. Hence, this theorem is proved.

Theorem 1 and Theorem 2 give the criteria for the expo-
nential synchronization of the LCODEs. For convenience, we
propose the following corollaries.

Corollary 1 Assume that the continuous map 𝑓 satisfies
the so-called weak-QUAD condition,[20] i.e., there exists a real
positive definite diagonal matrix 𝑃 and a real diagonal matrix
𝛥 such that 𝑓 ∈ Fquad(𝛥,𝑃 ). If 𝐸m−1⊗𝑃𝛥+𝐶 ⊗𝑃𝛤

is negative definite, then system (1) is globally exponentially
synchronized.

Proof Corollary 1 can be directly obtained from Theorem
1 with 𝛯 =𝐸m−1.

Corollary 2 Assume that the continuous map 𝑓 satis-
fies the global Lipschitz condition, i.e., there exists a constant
α > 0 such that

‖ 𝑓(t,𝑢)−𝑓(t,𝑣) ‖≤ α ‖ 𝑢−𝑣 ‖,
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for all 𝑢,𝑣 ∈ 𝑅n and all t ≥ 0. If 𝐸m−1 ⊗ α𝐸𝑛 +𝐶 ⊗𝛤

is negative definite, then system (1) is globally exponentially
synchronized.

Proof Since 𝑓 satisfies the global Lipschitz condition,
we can obtain

(𝑢−𝑣)T[(𝑓(t,𝑢)−𝑓(t,𝑣))−α(𝑢−𝑣)]≤ 0.

Thus, 𝑓 ∈ Fquad(α𝐸n,𝐸n). By corollary 1, corollary 2 is
proved.

Corollary 3 Assume that the continuous map 𝑓 satisfies
the following condition:

(𝑢−𝑣)T(𝑓(t,𝑢)−𝑓(t,𝑣))≤ 0,

for all 𝑢,𝑣 ∈𝑅n and all t ≥ 0. Then the following results hold:
(a) If 𝐶⊗𝛤 is negative definite, then system (1) is glob-

ally exponentially synchronized.
(b) If 𝑓(t,𝑣) is differential with respect to 𝑣 on its do-

main, det(𝐶) 6= 0, and 𝛤 is symmetric and positive definite,
then system (1) is locally exponentially synchronized.

Proof It is easy to see that 𝑓 ∈Fquad(𝑂n×n,𝐸n). Thus,
by corollary 1, (a) holds.

Next, we need to prove (b). It can be shown that 𝑓 ∈
Fpard(𝑂n×n,𝐸n). Thus, by Theorem 2, we only need to find
a symmetric and positive definite matrix 𝛱 ∈ 𝑅(m−1)×(m−1)

such that 𝛱𝐶⊗𝛤 is negative definite.
Let λ1 = 0,λ2, . . . ,λm denote all the eigenvalues of 𝐴.

By Lemma 2, all the eigenvalues of 𝐶 are λ2, . . . ,λm. Because
det(𝐶) 6= 0, all the eigenvalues of C are non-zero. Again by
Lemma 1, Re(λ j) < 0 for all j = 2, . . . ,m. This implies that
the real parts of the eigenvalues of−𝐶 are all positive, namely,
−𝐶 is a positive stable matrix. Thus, there exists a symmet-
ric and positive definite matrix 𝑊 ∈𝑅(m−1)×(m−1) such that
(−𝐶)T𝑊 +𝑊 (−𝐶) is symmetric and positive definite,[29]

i.e., 𝐶T𝑊 +𝑊𝐶 is symmetric and negative definite. More-
over, (𝐶T𝑊 +𝑊𝐶)⊗𝛤 is symmetric and negative definite.
When 𝛱 =𝑊 ,

𝑦T(𝛱𝐶⊗𝛤 )y =
1
2

yT[(𝐶T𝑊 +𝑊𝐶)⊗Γ ]𝑦,

so 𝛱𝐶⊗𝛤 is negative definite. Hence, (b) is proved.
The above three corollaries all involve the negative def-

initeness of the matrices in the form of 𝐸m−1⊗𝑃𝛥+𝐶 ⊗
𝑃𝛤 , where 𝑃 , 𝛥, 𝐶, and 𝛤 are as in corollary 1. The follow-
ing proposition lists some conditions to make sure that such
matrices are negative definite.

Proposition 1 Suppose that 𝑃 = diag{p1, p2, . . . , pn}
is a real positive definite diagonal matrix and 𝛥 =

diag{δ1,δ2, . . . ,δn} is a real diagonal matrix. Choose 𝐶 =

𝐿1𝐴12 +𝐴22. Let λ s
1 ,λ

s
2 , . . . ,λ

s
m−1 denote all the eigenvalues

of 𝐶s and let λ1 = 0,λ2, . . . ,λm denote all the eigenvalues of
𝐴. Then we have that

(a) if 𝛤 = diag{γ1,γ2, · · · ,γn} is a diagonal matrix, then
the negative definiteness of 𝐸m−1⊗𝑃𝛥+𝐶⊗𝑃𝛤 is equiv-
alent to

max{piδi + piγiλ
s
j : 1≤ i≤ n, 1≤ j ≤ m−1}< 0,

in particular, if 𝐶 is normal, then the negative definiteness of
𝐸m−1⊗𝑃𝛥+𝐶⊗𝑃𝛤 is equivalent to

max{piδi + piγiRe(λ j) : 1≤ i≤ n, 2≤ j ≤ m}< 0;

(b) if 𝑃 = 𝐸n, 𝛥 = α𝐸n, and 𝛤 is a symmetric matrix
with all the eigenvalues λ ∗1 ,λ

∗
2 , . . . ,λ

∗
n , where α ≥ 0, then the

negative definiteness of 𝐸m−1⊗𝑃𝛥+𝐶⊗𝑃𝛤 is equivalent
to

max{λ ∗i λ
s
j : 1≤ i≤ n, 1≤ j ≤ m−1}<−α,

in particular, 𝐶 is normal, then the negative definiteness of
𝐸m−1⊗𝑃𝛥+𝐶⊗𝑃𝛤 is equivalent to

max{λ ∗i Re(λ j) : 1≤ i≤ n, 2≤ j ≤ m}<−α.

Proof Suppose 𝐺 = 𝐸m−1⊗𝑃𝛥+𝐶 ⊗𝑃𝛤 and 𝑦 ∈
𝑅(m−1)n. Then 𝐺 is negative definite if and only if 𝑦T𝐺𝑦 < 0
for all the non-zero vectors 𝑦.

Suppose 𝑦 is non-zero. We have

𝑦T𝐺𝑦 = 𝑦T𝐺s𝑦 = 𝑦T(𝐸m−1⊗𝑃𝛥+𝐶s⊗𝑃𝛤 )𝑦.

Because 𝐶s is a real symmetric matrix, we have that there
exists a real orthogonal matrix 𝑈1 ∈𝑅(m−1)×(m−1) such that
𝑈1𝐶

s𝑈1
T = 𝛬1 = diag{λ s

1 ,λ
s
2 , . . . ,λ

s
m−1}, where λ s

j ∈ R.[28]

Thus,

𝑦T𝐺𝑦 = 𝑦T(𝑈1
T⊗𝐸n)(𝐸m−1⊗𝑃𝛥

+𝑈1𝐶
s𝑈1

T⊗𝑃𝛤 )(𝑈1⊗𝐸n)𝑦

= [(𝑈1⊗𝐸n)y]T(𝐸m−1⊗𝑃𝛥

+𝛬1⊗𝑃𝛤 )[(𝑈1⊗𝐸n)𝑦].

Obviously, 𝑦T𝐺𝑦 < 0 for all the non-zero vectors 𝑦 if and
only if

max{piδi + piγiλ
s
j : 1≤ i≤ n, 1≤ j ≤ m−1}< 0.

Also, by Lemma 2(c), all the eigenvalues of 𝐶 are
λ2,λ3, . . . ,λm. If C is normal, then there exists a uni-
tary matrix 𝑈2 ∈ C(m−1)×(m−1) such that 𝑈2𝐶𝑈2

H = 𝛬2 =

diag{λ2,λ3, . . . ,λm}, where λ j ∈ C.[28] Moreover,

𝑦T𝐺𝑦 = 𝑦T(𝑈2
H⊗𝐸n)(𝐸m−1⊗𝑃𝛥

+𝑈2𝐶𝑈2
T⊗𝑃𝛤 )(𝑈2⊗𝐸n)𝑦

= [(𝑈2⊗𝐸n)𝑦]
T(𝐸m−1⊗𝑃𝛥

+𝛬2⊗𝑃𝛤 )[(𝑈2⊗𝐸n)𝑦].

Suppose Re(𝛬2) = diag{Re(λ2),Re(λ3), . . . ,Re(λm)}. Then

𝑦T𝐺𝑦 = [(𝑈2⊗𝐸n)𝑦]
T(𝐸m−1⊗𝑃𝛥
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+Re(𝛬2)⊗𝑃𝛤 )[(𝑈2⊗𝐸n)𝑦].

Of course, 𝑦T𝐺𝑦< 0 for all the non-zero vectors 𝑦 if and only
if

max{piδi + piγiRe(λ j) : 1≤ i≤ n, 2≤ j ≤ m}< 0.

Hence, (a) is proved.
(b) can be proved in the same way as that of (a).

4. Applications and simulations
In this section, we apply the theoretical results of this pa-

per to the exponential synchronization analysis of linearly cou-
pled Hopfield neural networks and illustrate the effectiveness
of the theoretical results through simulations.

In system (1), for each i, let 𝑓(t,𝑥i) =−𝐷𝑥i+𝑇𝑔(𝑥i)+

𝐼(t), where 𝐷 = diag{D1,D2, . . . ,Dn} is a real diagonal ma-
trix, 𝑇 ∈ 𝑅n×n, 𝑔 : 𝑅n → 𝑅n is a continuous map, and
𝐼(t) = [I1(t), I2(t), . . . , In(t)]T ∈ 𝑅n. Then system (1) can be
written as

𝑥̇i = −𝐷𝑥i +𝑇𝑔(𝑥i)+𝐼(t)

+
m

∑
j=1, j 6=i

ai jΓ (𝑥 j−𝑥i), i = 1,2, . . . ,m. (12)

Let 𝑔 be chosen as g(𝑥i) = [g1(xi
1),g2(xi

2), . . . ,gn(xi
n)]

T with
each g j continuous on R. Then as we know, system (12)
describes the linearly coupled Hopfield neural networks,
where 𝐴 = (ai j) ∈𝑅n×n with aii = −∑

m
j=1, j 6=i ai j for all i =

1,2, . . . ,m is the coupling matrix and the differential equation
𝑥̇i = −𝐷𝑥i +𝑇𝑔(𝑥i) + 𝐼(t) describes the dynamics of the
i-th Hopfield neural network with no coupling.

For simplicity, we assume that 𝛤 = diag{γ1,γ2, . . . ,γn},
g(xi) = [g0(xi

1),g0(xi
2), . . . ,g0(xi

n)]
T with g0 : R→ R satisfy-

ing that g0 is a continuous function and there exists a constant
α > 0 such that

|g0(u)−g0(v)| ≤ α|u− v|,

for all u,v ∈ R. Then it is not difficult to verify that

f ∈Fquad(−D+α ‖ T ‖ En,En).

Let 𝐶 =𝐿1𝐴12 +𝐴22 and let λ s
1 ,λ

s
2 , . . . ,λ

s
m−1 denote all

the eigenvalues of 𝐶s. Then by Corollary 1, Corollary 3, and
Proposition 1, we have the following conclusions:

(B1) if

max{−Di + γiλ
s
j : 1≤ i≤ n, 1≤ j ≤ m−1}<−α ‖ 𝑇 ‖,

then system (7) is globally exponentially synchronized;
(B2) if g0 is differential on R, det(𝐶) 6= 0, γi > 0 for all

i = 1,2, . . . ,n, and

min
1≤i≤n

Di ≥ α ‖ 𝑇 ‖,

then system (7) is locally exponentially synchronized. In this
case, we can see that system (7) is also globally exponentially
synchronized because of the particularity of the map g.

Next, we illustrate the effectiveness of our results through
simulations.

In simulations, suppose that in system (7), n = m = 3,
𝐷 = 𝛤 =𝐸3, 𝐼(t)≡𝑂n×1, and

𝑇 =

 1.25 −3.2 −3.2
−3.2 1.1 −4.4
−3.2 4.4 1

 .
Then conclusions (B1) and (B2) mean that if max{λ s

1 ,λ
s
2} <

1− 7.0099α , or if α ≤ 1/7.0099, g0 is differential on R, and
det(𝐶) 6= 0, then system (7) is globally exponentially synchro-
nized.

Let z =‖ x2− x1 ‖ + ‖ x3− x1 ‖ and w = lnz. If for any
initial states x1(0),x2(0),x3(0), the curve z = z(t) exponen-
tially converges to 0, i.e., the curve w = w(t) is located below
some straight line related with the initial states, and all the
straight lines related with the initial states are parallel to each
other, then system (7) is exponentially synchronized. Hence,
we can roughly determine the exponential synchronization of
system (7) by observing the trajectories of z and w with respect
to time t in the following simulations.

Simulation 1 In system (7), let g0(u) = (|u+ 1| − |u−
1|)/2 with α = 1 and let the coupling matrix be

𝐴=

 −4 1 3
5.5 −6.5 1
0.5 4 −4.5

 .
Then it is easy to obtain that

𝐶 =

[
−7.5 −2

3 −7.5

]
,

and max{λ s
1 ,λ

s
2} = −7 < 1− 7.0099. Figure 1(a) shows that

for the randomly chosen initial states, all the curves w = w(t)
are respectively located below the straight lines represented
as the dotted lines, namely, w(t)≤ w(0)−1.9802t; figure 1(b)
shows that for the randomly chosen initial states, all the curves
z = z(t) converge to 0 when time t is long enough. Thus, fig-
ure 1 reflects the exponential synchronization of system (7).

Simulation 2 In system (12) as in Simulation 1, we only
change the coupling matrix 𝐴 into

𝐴=

 −0.1 0.1 0
0 −4.1 4.1
0 0 0

 .
Then we have

𝐶 =

[
−4.2 4.1
−0.1 0

]
,

and max{λ s
1 ,λ

s
2} = 0.8000 > 1− 7.0099. In Fig. 2, we can

see that system (7) is not synchronized. This tells us that when
max{λ s

1 ,λ
s
2}> 1−7.0099, system (7) might not be exponen-

tially synchronized.
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Fig. 1. The trajectories of (a) w and (b) z with respect to time t ob-
tained by choosing randomly initial states. In panel (a), the trajecto-
ries of w with respect to time t obtained by choosing randomly initial
states disappear when time t is long enough because the numerical val-
ues of w(t) approximatively reach −∞; the dotted lines are given by
w = w(0)−1.9802t.
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Fig. 2. The trajectories of z with respect to time t obtained by choosing
randomly initial states.

Simulation 3 In system (7), let g0(u) = 1/7.0099×
ln(1+ u2) with α = 1/7.0099. Then α ≤ 1/7.0099 and g0

is differential on R. Thus, det(𝐶) 6= 0 implies the exponential
synchronization of system (7).

Let the coupling matrix

𝐴=

 −0.1 0.1 0
0 −4.1 4.1
0 0 0

 .
Then, it follows det(𝐶) 6= 0. Figure 3(a) shows that for the
randomly chosen initial states, all the curves w = w(t) are
respectively located below the straight lines represented as
the dotted lines, namely, w(t) ≤ w(0)− 0.0370t; figure 3(b)
shows that for the randomly chosen initial states, all the curves
z = z(t) converge to 0 when time t is long enough. Thus, fig-
ure 3 reflects the exponential synchronization of system (7).
By comparing with simulation 2, it is shown that in system (7)
with the coupling matrix A invariant, we can achieve the ex-
ponential synchronization of the system through the change of
the map g.

From the above analysis and simulations, it is concluded
that the results of this paper can be applied to the exponential
synchronization analysis of linearly coupled Hopfield neural
networks.
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Fig. 3. The trajectories of (a) w and (b) z with respect to time t obtained
by choosing randomly initial states. In panel (a), the dotted lines are
given by w = w(0)−0.0370t.

5. Conclusion
This paper presents a new method of studying synchro-

nization of LCODEs by using the matrix C represented by the
coupling matrix A to simplify the LCODEs. Two theorems
and their corollaries are presented for the exponential synchro-
nization of the LCODEs. Among them, we propose two new
conditions Fpard and Fquad for local and global exponential
synchronizations of LCODEs, respectively. Compared with
the obtained results in the references, the two new conditions
are weaker than the QUAD condition that the intrinsic nonlin-
ear dynamics satisfy. The results are suitable for any linearly
coupling configuration. This is the requirement that all the ex-
isting results for the exponential synchronization of LCODEs
can almost never meet.
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