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Centroids analysis for circle of confusion in reverse Hartmann test*
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The point spread function (PSF) is investigated in order to study the centroids algorithm in a reverse Hartmann
test (RHT) system. Instead of the diffractive Airy disk in previous researches, the intensity of PSF behaves as a circle
of confusion (CoC) and is evaluated in terms of the Lommel function in this paper. The fitting of a single spot with
the Gaussian profile to identify its centroid forms the basis of the proposed centroid algorithm. In the implementation
process, gray compensation is performed to obtain an intensity distribution in the form of a two-dimensional (2D) Gauss
function while the center of the peak is derived as a centroid value. The segmental fringe is also fitted row by row with
the one-dimensional (1D) Gauss function and reconstituted by averaged parameter values. The condition used for the
proposed method is determined by the strength of linear dependence evaluated by Pearson’s correlation coefficient between
profiles of Airy disk and CoC. The accuracies of CoC fitting and centroid computation are theoretically and experimentally
demonstrated by simulation and RHTs. The simulation results show that when the correlation coefficient value is more than
0.9999, the proposed centroid algorithm reduces the root-mean-square error (RMSE) by nearly one order of magnitude, thus
achieving an accuracy of ~ 0.01 pixel or better performance in experiment. In addition, the 2D and 1D Gaussian fittings
for the segmental fringe achieve almost the same centroid results, which further confirm the feasibility and advantage of

the theory and method.
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1. Introduction

451 have been

Interferometry!!'=3 and deflectometry
widely employed in the measurement of optical surfaces. In
particular, slope measuring deflectometry (SMD)[®! systems
have been developed rapidly. Successful implements include
the reverse Hartmann test (RHT) presented by Su et al.!”) and
phase measuring deflectometry presented by Knauer ez al. ¥

The RHT provides a contact-free, high dynamic range,
full field metrology method with easy setup and alignment. It
utilizes an incoherent source and imaging detector with ex-
ternal pin-aperture to measure the shape of tested surfaces as
shown in Fig. 1(a). In Fig. 1(b), the coaxial design makes
the test less sensitive to geometric uncertainty at component
position.®! In RHT, the surface slopes can be calculated by
knowing the lit pixel locations (x, ys) on the screen, the pat-
tern centroids (xq, yq) on the detector, and the mirror bright
region (Xy, ym). Since the accuracy of this system geometry
is significantly determined by computation of the centroids of
(xd, ya), a high-precision centroid algorithm with better relia-
bility becomes very important.

To explore the centroid computing method for the RHT,
one needs to start with analyzing the intensity distribution of
the point spread function (PSF). The PSF describes the contri-
bution of irradiance on a single image point. In the beam path
diagram described in Fig. 1, we use an incoherent imaging sys-
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tem in which beam energy from one object point is imaged as
a PSF. In RHT, limited by the diffraction of light, an imaging
lens with circular pin-aperture makes the focused spot well de-
scribed by the Airy disk. In fact, the detector is focused on the
reflected surface rather than the generator, which means that
the intensity distribution of the PSF onto the image plane be-
haves as a circle rather than a point. This circle is called the
CoC, and it is a measure of how much the image point is de-
focused. So, we consider the PSF of the imaging detector as
a CoC, rather than an Airy disk. In this case, the Huygens—
Fresnel integral used to determine the light intensity cannot
be obtained in a closed form,! and the traditional method of

centroid computation!-”] should be improved.

In this paper, the CoC intensity distribution is determined
by the characteristics of imaging lens and pin-aperture model.
It is simulated on computer based on Lommel functions and
Bessel functions. Image formation experiments are also con-
ducted to prove the correctness and validity of the model. The
strength of linear dependence between the Airy disk profile
and CoC profile is evaluated by Pearson’s correlation coeffi-
cient. Finally, the centroid algorithm of CoC is investigated in

the RHT system.
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Fig. 1. (color online) (a) Off-axis and (b) on-axis geometry setup of
RHTS.

The rest of this paper is organized as follows. In Sec-
tion 2, the intensity of CoC is analyzed based on the RHT
pin-aperture model. In Section 3, a simulation is conducted to
verify the performance of the algorithm. In Section 4, the cen-
troid computation experiments for the spot and fringe pattern

based on a coaxial RHT system are conducted. In Section 5,
some conclusions and a discussion are presented.

2. CoC and Gaussian approximation
2.1. Traditional centroids calculation in RHT

The centroid is generally defined as the irradiance
weighted average position of detector pixels. The centroid

from pixel-to-pixel light curve data is calculated by!'’!

m n m n
Y X (xt th/) Y ¥ (yt,jl,/)
Jj=li=l1 j=li=1
Xd = prom— sy A= T (D
L ;1 lij XYl

J 4

where (x4, yq) is the centroid coordinate, (x; j, y; ;) and I; ; are
coordinates and gray of the i x j pixel on detector.
Actually, the patterns on the detector are small in size.
Figure 2 contains small portions of recorded images, with
spots ranging from 7 to 9 pixels in diameter, or with fringes
ranging from 14 to 16 pixels in width. The shot noise and dark
current noise in the imaging sensor, as well as the stray light
from the outside environment will significantly affect the cen-

troid accuracy computed by Eq. (1), and even produce centroid

CITOrS.

Fig. 2. Sample patterns recorded on imaging detector in RHT. (a) Enlarged drawing of a spot; (b), (c) Enlarged drawing of partial fringe

patterns in x (horizontal) and y (vertical) directions.

To counter the problems above, the Gaussian fitting of
the single spot pattern takes into account the sub-pixel local-
ization, and the Gaussian fitting is used to precisely extract its
centroid. We know that the Airy disk can be approximated
by the Gauss function, however, not all the patterns of RHT
can have the same approximation due to diffraction and out-
of-focus reasons. Thus we need to establish and evaluate the
physical optics model of PSF before the centroid computation
in RHT.

2.2. CoC analysis in RHT system

Figure 3 gives an equivalent light path of the coaxial RHT
system. An optical generator is used to emit the spots or scan
line pattern. This pattern illuminates the reflected surface and
the detector captures the tested surface image formed by re-
flected light rays. The pin-aperture has selective action on

passing rays and plays a decisive role in measurement reso-

lution.

pin—apertl(re lens detector

image
generator reflected surface

Fig. 3. (color online) Light path of coaxial RHT system. d is the pin-
aperture diameter, f is the focus in object space, f” is the focus in image
space, dcoc is the diameter of CoC.

The light path described in Fig. 3 uses an incoherent
imaging system in which energy from one object point is im-
aged as a PSF. The detector is focused on the reflected surface
rather than the generator. It means that the PSF onto the im-
age plane acts as a CoC. Its intensity distribution is determined
by the characteristics of imaging lens and pin-aperture model.
In geometrical optics it is assumed that light rays travel along

050204-2



Chin. Phys. B  Vol. 26, No. 5 (2017) 050204

straight-line paths. However, diffraction occurs when the light
encounters the pin-aperture. Thus, we aim at determining the
intensity distribution within the CoC for defocused points.

The pin-aperture system consists of a circular opening in
a planar opaque screen. The image plane is placed at a dis-
tance f' or Af’ + f’ behind the pin-aperture, where f’ is the
focal length and Af’ is the defocal distance. Furthermore,
we assume that the transfer function of the lens is simply a
phase transformation and does not affect the transmittance.
The complex function of position is given by

U(x,y) =1(x,y)exp[=j¢ (x,y)], @
where I(x,y) and ¢(x,y) are the amplitude and phase of the
wave at position (x,y), respectively. Based on the Huygens—
Fresnel principle, the propagation of the wave over the dis-
tance f’, whose extent is limited by the pin-aperture, can be
described with the help of a linear space-invariant system.
Thus the field amplitude Uy on the detector image plane (xq,
y4) can be expressed by a two-dimensional (2D) convolu-
tion of the input wave field distribution U’ and the impulse
response of the system evaluated over the area of the pin-
aperture as follows:

1 (jkr)
xdayd // =P rJ S("MT) U’ (x,ay/) dx/dyla 3

where the wave number k = 27 /A, n is a unit vector in the di-
rection of the optical axis, and r is a vector from the center of
the aperture to the observation point on the image plane. The
¥ = [(«')% 4 (¥)?]"/? is the radial distance in the pin-aperture
plane. When v’ <d/2,C = 1, otherwise, C = 0. If the distance
r is large compared with the diameter of the aperture and the
region of observation is limited to an area around the opti-
cal axis (the Fresnel approximation), then the obliquity factor
cos(n,r) = 1 and Uy reduces to the Fourier transformation of
the portion of field subtended by the lens aperture. Assuming
ra = [(x4)? 4 (va)?]"/?, and the light intensity (infinite time-
average of the amplitude) for monochromatic light is given in
this case by I(x,y) = U(x,y)?, then

kdrg\ 12
I(rg) = <kd2>2 > ( 2f' )
8f kdrg ’
(57)
which is the well-known Airy pattern, where J; is the Bessel

function of the first kind and the first order.
In classical physics, the diffraction phenomenon is de-

“)

scribed as the interference of waves according to the Huygens—
Fresnel principle. However, the Huygens—Fresnel integral
used to determine the light intensity in the CoC cannot be
obtained in a closed form and must be evaluated in terms of
Lommel functions and Bessel functions. The light intensity

I(u,v) in the CoC is given as follows:

2
I(u,v) = (i) [UF (,v) + U3 (u.v)] o, )

where Iy is the maximum intensity of the pattern, while U
and U, are Lommel functions. The Lommel functions can be
evaluated by a series of approximations given by

=)

0y ) = X (=1° (£)" 2 0,

q=0
p=12¢9=0,1,2,..., (6)

where J(,,, 5,) 1s the Bessel function of the p + 2g order, and J;
is expressed as follows:

(V/Z)ZH-I

; (I+s)!

The variables u and v specify the position of a point within the
CoC, and they can be expressed as

5=0,1,2,.... )

dpm A
"= {Zf} / ©

where dyin # 0 and k = 27/ A is the wavenumber. Especially,
at u = 0, the distribution of light intensity of a point focused
on the image plane is given by the following equation which
is the derived Airy pattern:

2
1(0,v)= {2]1‘}(\/)} Io. C)

Simulations of the intensity distribution /(u,v) are plot-
ted in Fig. 4, which shows that the distribution changes sig-
nificantly with u. When u > 27, the intensity distributions
become complicated and will cause potential problems in cen-
troid data calculation, so this situation should be avoided in an
actual test.

An important observation is that when u ranges from 0
to 0.57, the CoC keeps a similar profile of Airy disk (Fig. 5).
In this paper, the strength of linear dependence between Airy
disk profile and CoC profile is evaluated by Pearson’s corre-
lation coefficient. The classical estimator of the correlation
coefficient is given by the sample correlation coefficient, com-
monly denoted as r.

n

Zl (IAlry i IA]ry) (ICOC l_ICOC)

i—

n —\2 n —\2
'21 (Iairy—i — Iairy) '21 (Icoc—i — Icoc)
=

=

r =

;o (10)

where (Iziry—1, Icoc—1) (airy—2- Icoc—2)s - - - » Uniry—n» Icoc—n)
are the observed samples of Airy disk profile and CoC profile;
Iairy and Icoc are the average values of sample respectively.
The r values range from —1.0 to 1.0. The coefficient of 1.0
indicates a perfect positive correlation.!'!] The correlation co-
efficients between Iajry and Icoc are listed in Table 1. The r
values greater than 0.9999 indicate that there are strong pos-
itive relationships between the Iajy and Icoc when u < 0.57,
which accords with the conclusion of Fig. 5.
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Fig. 4. (color online) Simulations of intensity distribution /(u, v). Each simulation contains three-dimensional (3D) energy distribution surfaces
and CoC patterns for parameter values (a) u = 0 (Airy disk), (b) u =0.57, (c)u = 1z, (d) u = 1.57, () u =27, and (f) u = 37.

— Airy disk
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u=T
u =27
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Fig. 5. (color online) Profile curves of Airy disk and CoCs for parame-
ter values u = 0.5m, u = 1m, u =2x, and u = 3.

Table 1. Parameters of the scanning patterns collecting system.

Tairy (u=0)
Icoc u=1m) Icoc (u=27) Icoc (u=37)
0.999333207 0.97984771 0.563886796

Set A
SetB  Icoc (u=0.57)
r 0.999963533

2.3. CoC centroiding algorithm with Gaussian approxima-

tion profile

As described in Subsection 2.1, the light source is blurred
in a characteristic manner by the RHT system with a pin-
aperture, termed the CoC. When the value of u is kept in a
range from O to 0.57, the point of light appears as a bright
maximum cone of light surrounded by concentric diffraction
rings in the image plane. The shape of this maximum cone
which is similar to the shape of Airy disk can be approximated
by a Gaussian fit. This idea from Airy disk approximation
using a 2D Gaussian function describes the intensity distri-

bution produced by a point source.!?! The approximation of

the PSF by a Gaussian function is relatively simple, computa-
tionally quick, and more robust under the condition of a lower
signal-to-noise ratio than that from the mass center expressed
by Eq. (1).I'314] 1t is important to note that computationally
a Gaussian fitting can be made by either least squares fitting
or maximum likelihood estimation. Maximum likelihood es-
timation is a more accurate method, but more complex than
least-squares fitting.[141]

The fitting of a single CoC spot with a Gaussian function
to identify its centroid forms the basis of the proposed cen-
troiding algorithm. The Gauss function used to formulate the

gray distribution of the spot pattern is given by

(yxd)r_ {(xyd)

C1 (&)

2
G(x,y) =aexpq — [ } , (1D
where a is the height of the peak, (xg4, yq) is the position of the
center of the peak, which also serves as the calculated centroid,
and c¢; and c¢; are the Gaussian RMS widths.

The algorithm of Eq. (11) is also applied to the fringe
pattern if we characterize the fringe as a superposition of mul-
tiple continuous spot patterns. In fact, the curve of the 2D
Gauss function has a characteristic symmetric “bell” shape,
thus the fitting with the 2D Gaussian function about the fringe
pattern will present an “oblate bell” shape. In order to further
test the accuracy of the fringe centroid, 1D Gaussian fitting

is conducted row by row on a segmental fringe, and then the
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average values of parameters are used to build the Gauss func-
tion. In this way, the plot of fitted fringe is a true ‘line’. The
1D Gauss functions used to formulate the gray distributions of

fringe patterns are given by

G (x) = mean (d}) exp _)Langm)
mean (Cl)

12

G' (v) = mean () exp _M
mean (CZ)

where mean(*) represents averaging operation, G'(x) and
G'(y) are Gauss functions for fitting the fringe patterns in the
vertical and horizontal directions, @} and a) are the heights of
the peaks, while ¢} and ¢} are Gaussian RMS widths.

3. Centroid algorithm simulation

A simulation experiment is carried out to test the preci-
sion of the proposed centroid algorithm. A simulated spot im-
age is generated by the computer; each spot is defended as
a CoC as shown in Fig. 6(a). It contains 10x 10 spots, whose
centroids are known and served as the truth-values, denoted by
(x0, y0). Different centroid algorithms are used to calculate the
centroids, while the noises are artificially added into this sim-
ulated image as shown in Figs. 6(b) and 6(c). Table 2 shows
the RMSE results of the simulation experiments, in which (xfj,
y}) are the centroids computed by Eq. (1), and (xg, yq) are the
centroids computed by Eq. (11). It shows that the centroid
algorithm with Gaussian approximation can increase the pre-

cision by almost one order of magnitude.

Fig. 6. Simulations of centroid computation, showing (a) the standard CoCs image, whose centroids are determined by computer program,
(b) the centroid computation result from the method with Eq. (1), and (c) the centroid computation result from the method with Eq. (11). The
small blue circles represent the known centroid coordinates. The red crosshairs refer to the centroid coordinates computed by (b) Eq. (1) and

(c) Eq. (11).

Table 2. Parameter of the scanning patterns collecting system.

Y0, V4
1.05x1072

X0, X}
1.16x1072

X0, Xd
0.36x1072

Y0, Yd
0.41x1072

RMSE

4. Experiments and results
4.1. Layout of experiments

We designed a coaxial RHT to capture target images.
The experimental setup consisted of an image generator (light
source), PBS, reflector surfaces (planar, spherical, and off-axis
parabolic (OAP) mirror), pin-aperture, imaging detector, and

=

pin-aperture imaging

/ / detector

<\ /LCD

spots array on LCD

reflector N

V PBg
fi:ﬂ

=" od

image of spots on detector
spots on reflector

a computer as shown in Fig. 7. The parameters are shown in
Table 3. The LCD screen was employed as an image genera-
tor, and it generated a spot matrix or multiple fringe pattern,
whose width and space could be controlled by computer. Then
the light from the LCD is reflected by the PBS and reflector
surface. After passing the PBS and pin-aperture, rays were
imaged on the detector’s receiving surface, which were sent
to an image processing system and displayed on the monitor.
The recorded patterns were used to conduct the centroid cal-
culation. The coaxial design makes the RHT less sensitive to

geometric uncertainty in component positions.®!

reen (image generator )
pin-aperture

detector

& =

image monitor

Fig. 7. (color online) Coaxial RHT setup, where the detector captures the image of the reflector and records the spots or fringes pattern.
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Table 3. Parameter of the RHT system. 4.2. Experiments for spot pattern
4.2.1. Spots intensity analysis and the Gaussian fitting
Parameters Values . .
The spots patterns with different shapes are collected by
LCD dot pitch 0.2928 mm x 0.2928 mm . . .
the setup shown in Fig. 7. In Fig. 8, the patterns are succes-
PBS diameter/ thickness 76.2 mm/2 pm . . . .
sively formed by a flat crystal, spherical mirror, and OAP mir-
Reflector surface precision 20/A ~4/2 A ..
ror. The spot shape in Fig. 8(a) is circular. However, the ones
Pin-aperture diamet 0.8 . . . .
1n-aperture dlameter mm in Figs. 8(b) and 8(c) are changed into non-circle shapes be-
Detector resolution 192051200 pixels cause of the aberration effect caused by the spherical or as-
Detector pixels’ size 5.85 pm x 5.85 um

pherical mirror.

(a)

Fig. 8. Spot array images for centroid computing in the coaxial RHT experiments. They are formed by (a) flat crystal, (b) spherical
mirror, and (c) OAP mirror.
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Fig. 9. (color online) Profile curves of the fitting results, showing (a) profiles of a circular spot and profiles of a non-circular spot in
(b) x and (c) y cross sections.
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Fig. 10. (color online) 2D Gaussian fitting results of spots formed by (a) flat crystal, (b) spherical mirror, and (c) OAP mirror. Iy denotes the
initial intensity, and G(xq, y4) the intensity fitted by 2D Gaussian function.
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Table 4. Numerical analysis for spot Gauss fit. The calculations are
completed by Matlab procedure.

Reflector: flat crystal

Initial sample size: 368; Valid sample size: 360

Glxg —xg.yg — ¥g) = 88.5688exp(— ((xg — xq — 6.7003)/3.5150)2 — ((yq — vq — 6.8691)/3.3655)2)
PV value: 15.587886655731289; RMSE: 2.581329944546755

Reflector: spherical mirror

Initial sample size: 767; Valid sample size: 724;

Glxg = Xg>¥d = ¥q) = 1575755 exp(—((xg — g — 8.0411)/3.5933)2 — ((yq — yq — 8.1536)/3.3944)2)
PV value: 18.436763287995916; RMSE: 2.563148373223341

Reflector: OAP mirror

Initial sample size: 570; Valid sample size: 503
Glxq =g,y = ¥q) = 1245765 exp(—((xg — xg — 10.3322) /4.9672)% — ((vg = yq —9.9221)/3.5535)2)
PV value: 15.495142032283248; RMSE: 2.651570683242642

Through the binarization and the statistics for connected
regions, the invalid data with small area are removed. Once the
valid images are acquired, we perform a 2D Gaussian fitting
by least squares using a custom Matlab (The Mathworks, Nat-
ick, MA) script. Each circular spot intensity is approximated
by a Gaussian fit and compared with the simulation by Lom-
mel function (Eq. (5)). Figures 9 and 10 show the examples
of fitting results by profile curves and intensity distribution,
which can be quantitatively evaluated by the calculated values

in Table 4. It indicates that the original spot pattern contains

~ 88.2%-97.8% valid centroids, the root-mean-square errors
(RMSEs) of fitting are in a range of about 2.5-2.6 in grey-scale

value.

4.2.2. Spot centroid computation

The spot centroids are computed by the methods de-
scribed by Eq. (1) and Eq. (11). Table 5 shows the results
in detail, where (x/}, y) is the centroid calculated by Eq. (1),
and (Axg, Ayq) is the difference between (xq, yq) and (x, ;).
It can be found that the centroid difference (Axg, Ayq) is less
than 0.1 pixel. The data from each spot are an average of 25
single images with a total exposure time of 68 seconds per
step.

In fact, the spot reflected by OAP demonstrates oblate
shape (¢; =4.97, ¢ = 3.55). According to Table 5, the Gaus-
sian fitting gains stabilized compensation and centroid calcula-
tion results, which proves that the centroid algorithm with 2D
Gaussian approximation is applicable to a spot with an oblate
shape.

Table 5. An example of centroid computation results (spots patterns, units: pixels).

Values of 2D G(xq4, y4) Centroids evaluated Centroids calculated Centroids
parameters by 2D G(xg, Ya) by Eq. (1) difference
a 1 &) Xd Vd X} Vi Axg Ayg
Flat 88.57 352 3.37 6.700 6.869 6.726 6.882 0.025 0.013
Sph. 157.60 3.59 3.39 8.041 8.154 7.996 8.123 0.045 0.031
OAP 124.50 4.97 3.55 10.330 9.922 10.26 9.931 0.069 0.009

4.3. Experiments for fringe pattern
4.3.1. Fringes intensity analysis and the Gaussian fit-
ting

The fringe patterns are captured and analyzed in the same
way as spot patterns. As shown in Fig. 11, the fringes reflected
by flat crystal and spherical surface retain their linear charac-
ters. However, the OAP surface makes the shape of fringes
more complex than the other ones, which are presented as
‘curves’.

Invalid data are located at both ends of the fringe. In order
to improve the efficiency, instead of computing the centroid
row-by-row, we segment the successive fringe into several sep-

arate short lines and calculate the centroid with 2D Gaussian
fitting for each of them. The width of the fringe yields the
length of each segment in our research. Figures 12—-14 show
the examples of segmental ‘straight-lines’ and the fitting re-
sults. The numerical computation results in Table 6 show that
the RMSE:s of fitting are in a range of about 3-7 in grey-scale
value.

4.3.2. Fringe centroid computation

The fringe centroids are computed by the methods de-
scribed in Egs. (1) and (11). Tables 7 and 8 show the results
in detail. The centroid difference (Axq, Ayq) is less than (0.03,
0.07) pixel.

Fig. 11. Fringe images for centroid computation in the coaxial RHT experiments. They are formed by (a) flat crystal, (b) spherical

mirror, and (c) OAP mirror.
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Fig. 12. (color online) Gray compensation with 2D Gaussian fitting for
the fringes in the (a) horizontal and (b) vertical directions. The reflector
surface is flat.
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Fig. 13. (color online) Gray compensation with 2D Gaussian fitting for
the fringes in the (a) horizontal and (b) vertical directions. The reflector
surface is spherical.
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Fig. 14. (color online) Gray compensation with 2D Gaussian fitting for
the fringes in the (a) horizontal and (b) vertical directions. The OAP is
used as the reflector.

Table 6. Numerical analyses for fringe Gauss fit. The calculations are
completed by Matlab procedure.

Reflector: flat crystal

x-direction:

Glxg = xg:yd = ¥q) = 124.8389exp(—((xg — xg — 40.2022)/202.6900)2 — ((yg — yq — 8.3240)/3.8200)2)
PV value: 29.188798483195910; RMSE: 6.651351053393330;

y direction:

Glxg = xg.yg — ¥q) = 121.5372exp(—((xg — xg — 8.5356)/3.8841)2 — ((yg — yq — 34.6722)/207.7502)%)
PV value: 21.342625305933660; RMSE: 4.844315782968343;

Reflector: spherical mirror

x-direction:

Glxg = xg:¥d = ¥q) = 209.7471exp(—((xg — xg — 6.0860)/71.5845)% — ((vg = yq —9.0324)/3.5307)2)
PV value: 32.293859852711190; RMSE: 6.273374685399610;

y-direction:

Glxg —xg.yg — ¥q) = 194.4213exp(—((xg — xg —9.4317)/3.7133)2 — ((yq — yq — 27.6167)/309.4072)%)
PV value: 26.961978458523333; RMSE: 3.680895019294392;

Reflector: OAP mirror

x-direction:

Glxg = g,y — ¥q) = 175.8908exp(—((xg — xq — 0.8233)/61.7004)% — ((yg - yq — 8.6038)/3.9217)2)
PV value: 43.281235309291155; RMSE: 7.212201976343422;

y-direction:

Glxg = Xg:¥d = ¥q) = 159.6719exp(—((xg — xg — 12.4691)/5.8377)2 — ((yg — yq — 83.2847)/488.5722)2)
PV value: 18.568620464845900; RMSE: 3.149698803140415

Table 7. An example of centroid computation results (horizontal fringes, units: pixels).

Values of 2D G(xq4, yq) Centroids evaluated Centroids calculated Centroids
parameters by 2D G(x4, ya) by Eq. (1) difference
a < @ ¥ Ya Ayq
Fig. 12(a) 124.8 202.7 3.820 8.324 8.335 -0.011
Fig. 13(a) 209.7 71.58 3.531 9.032 9.043 -0.011
Fig. 14(a) 175.8 61.70 3.922 8.604 8.599 0.005
Table 8. An example of centroid computation results (vertical fringes, units: pixels).
Values of 2D G(xq, yq) Centroids evaluated Centroids calculated Centroids
parameters by 2D G(x4, ya) by Eq. (1) difference
a 1 ¢ Xq X} Axq
Fig. 12(b) 121.5 3.884 207.8 8.536 8.491 0.045
Fig. 13(b) 194.4 3.713 309.4 9.432 9.457 -0.025
Fig. 14(b) 159.6 5.838 488.6 12.469 12.538 -0.069

In fact, the curve of the 2D Gauss function has a char-
The fitting result about
the fringe pattern presents an ‘oblate bell’ shape.

acteristic symmetric ‘bell’ shape.
Taking
Fig. 12(b) for example, the full width at half maximum
(FWTM) in the x direction is 2(2In2)'/2 . ¢; ~ 9.1461 pix-
els, in the y direction is 2(2In2)!/2¢c, ~ 489.3316 pixels. In
order to further test the accuracy of the fringe centroid, 1D
Gaussian fitting (Eq. (12)) is conducted row by row, and then

the average values of parameters are used to build the Gauss
function of the fringe pattern. By this method, the shape of
fitted fringe presents a true “line”, rather than an ‘oblate bell’.
The shape of ‘oblate bell’ arises from the differences between
2D Gaussian fitting and 1D mean Gaussian fitting as shown in
Fig. 15. However, the values of yq are almost identical, which
proves that the accuracy of fringe centroids calculated by 2D
Gaussian fitting satisfies the requirement.
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Fig. 15. (color online) Comparison between (a) 2D Gaussian fitting and (b) 1D mean Gaussian fitting for Fig. 12(b), and (c) the

difference between panels (a) and (b).

4.4. Anti-noise experiments

Anti-noise experiments for centroid algorithms with the
methods of Eq. (1) and Eq. (11) are conducted. In this test, an
initial pattern is captured by a coaxial RHT system with fea-
tures equivalent to a standard CoCs image, Fig. 6(a) in simu-
lation, and the results of centroid computations with different
methods serve as the standard values. Under the same sys-
tem, by reducing the required exposure times or the gains of
the detector, images with different SNRs are obtained, and the
results of the centroid computation are used as tested values.
The standard and tested values are compared with each other
to analyze the anti-noise capabilities of the two centroid algo-
rithms.

Table 9 shows the results of anti-noise experiments |,
where (x}, y;) and (x4, yq) are centroids computed by Eqs. (1)
and (11), (Ax}j, Ay};) and (Axq, Ayq) are centroids shifting be-
tween the initial image and noised images computed by these
two different methods, (Ax, Ay) is the difference between (Axfi,
Ayé) and (Axy, Ayd).

Table 9. An example of result in noise-suppression experiment.

Initial SNRI1 SNR2 SNR3

image 42.3977 14.4856 2.6454
X 6.7256 6.7231 6.7623 6.9974
Xd 6.7003 6.7020 6.7087 6.9595
AX) 0 0.0025 0.0367 0.2718
Axgq 0 0.0017 0.0084 0.2592
Ax 0 0.0008 0.0283 0.0126
Y 6.8824 6.8820 6.8238 7.3618
Yd 6.8691 6.8692 6.8843 6.9774
Ay 0 0.0004 0.0586 0.4794
Ayq 0 0.0001 0.0152 0.1083
Ay 0 0.0003 0.0434 0.3711

It can be found that a greater shift of centroid is obtained
when the SNR value the noised image has is larger. The value
of (Ax, Ay) shows that the centroid shift computed by Gaussian
fitting is less than that computed by Eq. (1). The values of (Ax,
Ay) are also enlarged with the decrease of SNR, which implies
that the centroid shift computed by Gaussian fitting grows at a
slower pace relative to Eq. (1). Anti-noise tests prove that the
Gaussian fitting method has the better anti-noise capability in
centroid computation, which is consistent with simulation re-
sult.

5. Conclusions and perspectives

A centroid algorithm with Gaussian approximation is the-
oretically and experimentally demonstrated based on the study
of CoC in the RHT system. Since the detector is not focused
on the light source, the intensity of PSF is evaluated in terms
of Lommel functions and Bessel functions. According to the
CoC computational simulation, we find that when the corre-
lation coefficient r is more than 0.9999, there is a strong pos-
itive relationship between the /iy and Icoc, which indicates
that the centroid can be calculated by using the Gauss profile
approximation method. A simulation experiment is conducted
to verify the accuracy of the proposed centroid algorithm. The
simulation result shows that the RMSEs are reduced by almost
one order of magnitude compared with those from the tradi-
tional method. The further actual tests on spot and fringe pat-
terns are carried out by a coaxial RHT system. The anti-noise
tests further prove that the Gaussian fitting method has the bet-
ter anti-noise capability in centroid computation, which is con-
sistent with the simulation result. The results of the centroid
achieve an accuracy of 0.01-0.1 pixel or better performance.
The contrast experiments of 2D and 1D Gaussian fittings for
the segmental fringe obtain the same centroid results, which
prove that the centroid computation by using the 2D Gaussian
method not only has the advantage of high efficiency, but also
meets the precision requirements.
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