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The interaction between a screw dislocation and a wedge-shaped
crack in one-dimensional hexagonal piezoelectric
quasicrystals*
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Based on the fundamental equations of piezoelasticity of quasicrystal material, we investigated the interaction between
a screw dislocation and a wedge-shaped crack in the piezoelectricity of one-dimensional hexagonal quasicrystals. Explicit
analytical solutions are obtained for stress and electric displacement intensity factors of the crack, as well as the force on
dislocation. The derivation is based on the conformal mapping method and the perturbation technique. The influences of
the wedge angle and dislocation location on the image force are also discussed. The results obtained in this paper can be
fully reduced to some special cases already available or deriving new ones.
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1. Introduction

The interaction of dislocations with defects (cracks, in-
terfaces, inhomogeneities, etc.) is of considerable importance
for understanding the physical behavior of materials. In the
open literature,'=! a lot of work on dislocations and cracks
in pure elastic materials, piezoelectric solids, and quasicrys-
tals have been studied in order to build a fracture theory that
describes plastic deformation of dislocations near the crack
tip. Many methods and techniques, such as the Green func-
tion method,®! integral transformation,!”! and the complex

variable method(®-14

can be used to solve these problems.
Head!'3 first investigated the interaction between a screw dis-
location and a bi-material interface. Ohr et al.!'® derived the
elastic field of a semi-infinite wedge crack and its interaction
with a screw dislocation. The above-mentioned studies are
based on the pure elastic materials. For the piezoelectric ma-
terials, various types of defects can adversely influence the
performance of such piezoelectric devices. Pak!!”! obtained
closed form solutions for a screw dislocation in a piezoelectric
solid and derived the generalized Peach—Koehler forces acting
on the screw dislocation subjected to external loads. Zeng et
al.''8) studied the interaction between screw dislocations and
two asymmetrical interfacial cracks emanating from an ellip-
tic hole under loads at infinity. Lee e al.l'®! performed the
interaction between a semi-infinite crack and a screw dislo-

[20]

cation in a piezoelectric material. Chen et al.'“"! investigated
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the electro—elastic stress on the interaction problem of a screw
dislocation near the tip of a semi-infinite wedge-shaped crack
in piezoelectric material. Liu ez al.!*!! derived closed-form so-
lutions of the elastic and electrical fields induced by the screw
dislocation using the conformal mapping method in conjunc-
tion with image principle. Recently, one-dimensional hexag-
onal quasicrystals have been paid a great deal of attention.
Li et al.??! performed an elastic field induced by a straight
dislocation in a one-dimensional hexagonal quasicrystals with
its line parallel to the quasiperiodic axis by superposition of
the elastic fields of a pure edge part and a pure screw part.
Liu et al.”?® investigated the interaction of defects in one-
dimensional (1D) hexagonal quasicrystals using the complex
variable function method. Li et al.l*¥ studied the interaction
between the screw dislocation and wedge-shaped crack in 1D
hexagonal quasicrystals. These explicit and exact solutions
can provide a theoretical analysis for fracture problems.
However, for piezoelectricity of quasicrystals, this prob-
lem becomes more complicated due to the introduction of the
electric field. Up to now, there has not been any research work
on the interaction between a screw dislocation and a wedge-
shaped crack in piezoelectricity of one-dimensional hexago-
nal quasicrystals. In this paper, explicit analytical solutions
are obtained for the stress and electric displacement intensity

factors of the crack, as well as the force on dislocation.
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2. Statement of the problem

The physical problem considered in this paper is shown
in Fig. 1. The wedge-shape crack is assumed to infinitely ex-
tend in the negative x axis, and the wedge angle is denoted as
0. A charged screw dislocation located at the point z4(r4, 64),
with the Burgers vectors (blll,bg,b!,bi,bg) is assumed to be
straight and infinitely long in the z direction.
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Fig. 1. A 1D hexagonal quasicrystal containing screw dislocation near a
wedge crack.

As shown in Fig. 1, we have the following boundary con-
ditions:
X2 4+y2 oo

(x,y)€0=%(m—0p/2): 0,y =0, H,y=0,D, =0, (1)

Oy = T1, Hyy = 7, Dy = Dy,

where 71, Tp, and Dy are the stress of the phonon field, the
stress of the phason field, and the electric displacement, re-
spectively, at the infinite region.

The stress—strain relations for 1D hexagonal piezoelectric
quasicrystals, referred to the Cartesian coordinate (x,y,z) with

xoy coincident with the periodic plane and the z axis identical

to the quasi-periodic direction, read as follows: >

O = C11&x + C128yy + C13&; + R1 0, — €31 E,

Oyy = C12€x +C116y +Ci136 + R1 @ — €31 Ey,

0y, = C13&x + C13&yy + (338, + Ro0;; — e33E,,

Oy; = Oz = 2C44&;y + R30; — e15E),

Oy = Oy = 2C44€; + R30; — ey5Ey,

Oy = Oyx = 2C66Exy, ()
H = R1&x+R1&Ey +Roe; + K10, — d33E,

H,y = 2R3&,, + K>, — di5E),

H, = 2R3&, + Kr @, — dysEy, 3)
D, = 2e15&, +d150, + A1 Ex,

Dy =2ei5&y +di50, + A1 Ey,

D, = e31& + €318y + €338, +d330, + A33E;,.  (4)

The generalized strain-displacement relations are

= (% ow 1 (du du
2 \ay a9z ) T 2\ ax a9z )’

e, = L(Om 9 Wy W
Yo2\ady ax ) Y a9y’ T ox’
_ dw; _d¢
O==G BT o0
_ 96 99

In the absence of body forces and free charges, the equilibrium

equations can be expressed as

do  dOy 00y 0

ox dy oz

doy,  doy  Jd0y 0

dx dy oz

do,  doy  do; 0

ox dy dz

OH,, O0H., JH

ox + dy dz =0,

oD, oD, JD,

ax "oy Tar 7 ©

where o;;, &, u; are the stress, strain, and displacement of
the phonon field, respectively; H;j, @;;, and w; are the stress,
strain, and displacement of the phason field, respectively; D;,
E;, and ¢ are the electric displacement, the electric field, and
the electric potential, respectively; C;;, K;, and R; stand for the
phonon elastic, phason elastic, and phonon—phason coupling
modulus, respectively; e;;, d;;, and A ; stand for piezoelastic
constants and the dielectric permittivity, respectively. All field
variables are independent of the longitudinal coordinate z, say

a() _
. =0 7

With the help of Eq. (7), equations (2)—(6) can be decomposed
as two uncoupled problems. The first problem is

Oxx = Cllgxx +C128yy7 Oyy = C128xx +Cl 1€y,

0y, = C138 +C13€yy, Opy = 2C6Exy,

H;; = R1&y +ngy)’a D, = e31Exx + €31 €y, (®)
duy duy 1 (Juy Jdu,
= — = — = — 9
Exx ox &y dy y Exy 2\ dy + ox )’ )
d0y  J0y o, d0yc  JOyy o, (10)
do, doy, do, doy

which is just the classical plane elasticity of conventional
hexagonal crystals. The other problem is

Oy = 2C44&y + R300,y — e15E),
Oy = 2C44E + R3 @ — €15,
H,y =2R3&,y + K>,y — di5Ey,
Hy =2R36 + Ky 0y — di5Ey,
Dy =2ei5&,y +di50, + A1 Ey,
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Dy =2e15&, + di50 + A1 Ex, (11
g, =10 o _1ouw
29y T 2 9x”
dw; _ dw;
Oy = Tya = o
_do ¢
Ey - 7})7 Ex _ga (12)
d0,  doy 0
ox dy ’
OH, OH, 0
ox dy
oD, dD,
ox oy 0, (13)

which is a phonon—phason—electric coupling anti-plane piezo-
elasticity problem of 1D hexagonal quasicrystals. Since the

where V? is the two-dimensional Laplace operator. The gen-
eral solution for the displacement vector w obtained from
Eq. (13) can be written as

u= {umwmq)}T = Re{fu(z)vfw(z)vftp(z)}T
= Re[f(2)],

where Re is the real part of the complex function, and f,(z),

s)

fw(2), and fy(z) are arbitrary analytic functions of z. By using

Egs.(1), the complex function vector f(z) can be written as

f(2) = fo(2) + f1(2),

where fo(z) is associated with the unperturbed field without

(16)

the wedge crack and can be chosen as

fo(z) = Aln(z—zq) + Bz, 17)
first problem described by Egs. (8)—(10) has been studied ex-
tensively, we only need to consider the second problem. in which
Substituting Eq. (12) into Eq. (11) and then into Eq. (13), 2= rqelify (9d c (_7[+ %,n— @)) 7
we have 2 2
A = {A1i,A,A31) 7T,
Caa Vi, + RV w, + €15V = 0, il Aol Asi)
. . . AT
R3V2uZ+K2V2WZ+d15V2¢ _ O, B= {B]17BZI,BSI} ; (18)
e1sVu, +disViw. — A1 V29 =0, (14)  where
|
bH bJ_ bq’
Ay=—22, Ap=—2 A3=—22
1 271_7 2 27[7 3 275’
B, — e1sKaDo +d? 1 + M1 Ko — R3Ai1 T2 — R3disDo — e15dis T
Caadis —2e15d15R3 + Krets — R3A 1 + Caahi 1 Ko
B €357 + Cauhi1 T2 — R3Ai1 T + CaadyisDo — e15d15T1 — e1sR3 Dy
2= )
Casdls —2e15d15R3 + Krets — R3A11 + Cashi Ko
R3Dg + e15K2T) — R3e1sTy — RadsT1 + CaadisTo — CaaKo Dy
B3 = . (19)

C44d125 —2e15d15R; —I—Kze%s —R%)L]] 4+ Cau 1 K>

The function f;(z) corresponds to the perturbed field due to
the existence of the wedge crack. By Eqgs. (11), (12), and (15),
the resultant force along any arbitrary arc AB is

B
TZ/Q@H%MZCWH@K (20)
A
In which Im stands for the imaginary part and
t.= [GZ,X7HZ)67DX]T7
t)' = [GzyszyaDy}Ta
Cy R3 e
C = R3 K2 d15 (21)
e1s dis —An

From Egs. (1), we have t, = ¢, = 0 in the boundary 6 =
+(m — ap/2), so the boundary condition at the wedge surface
0=+(r—ap/2)is

T(z) =0. (22)

\
It is difficult to directly solve the problem in the z plane. There-

fore, we introduce the conformal mapping function

z=(@-/m) (23)

with { = Re!? mapping the boundary 8 = +(7 — 0 /2) in the
z plane into the boundary conditions ¢ = +(7/2)i in the {
plane and the dislocation located at the point z4 in the z plane
onto {4 in the § plane. In the { plane of the current problem,
the state of stress at 8 = (7w — ¢t /2) is free from the stress of
the phonon field, the stress of the phason field, and the electric
displacement, so the boundary condition becomes

T(CC) = 07

where . is along the imaginary axis. From Eq. (20), we know

(24)

equation (24) can be rewritten as

f(&)—F(&)=0. (25)
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Utilizing Eqgs. (16) and (25), noting that zc = —{. holds along  sions for the stresses in Appendix A). Similar to the classical
the imaginary axis, and using standard analytic continuation  elasticity theory, we define a complex stress intensity factor

arguments,>%! we obtain vector included by the dislocation as
fi(&) = Fo(=0). (26) Ko, —1Kg,
, K= | Ky, —iKy, | . (29)
From Egs. (16) and (26), the complex function vector f({) Kp, —iKp,

can be obtained in the { plane as . . | .
Since the field variables show y*~!(1/2 < A < 1) type of sin-

f(8) = Aln(§ = o) + Aln(§ + Cy) +2ilm BE. @7 gularity near the wedge crack tip, equation (29) can be rewrit-

Therefore, in the physical plane, we have ten as

f(z) = Aln(* —zdl) +Aln( +zh) +2ilmB*. (28) K= 1ir1(1)(2ﬂz)(1—l)(tx —it,)
Z—
i -2 f
3. Stress intensity factors lim(272)" = [Cf (2)]- (30)

The entire stress and displacement fields can be calculated Inserting Eq. (29) into Eq. (30), we have

by using Egs. (2)-(5) and (28) (here, we only list the expres-
|

21
Ko-zy =— (27”/ )l [(C44b! —I—R31)3l —|—€15b§’)005/19d —|—2r§'71'(C44Bl +R3B» —|—61533)],
d
22 I 1 9 A
Kpzy = — T )A [(R3b3 +K>b3 +d15b3)COSQLGd +2r§ n(R3B; + K3B; +di5B3)],
d
[(ewb! +d15b3l — Mlb?)cosled + 2}’&717(61531 +di5By — 11133)]. (31

Kpy = —
2T 2ny)t

\
We can draw the conclusion from the above results. The 4. Force on the dislocation

stress intensity factor of the wedge-shaped crack is mainly

influenced by the screw dislocation along the x axis. It is According to the generalized Peach—Koehler force for-

[22

noted that when o = 0, we gain the stress intensity factor  mula for quasicrystals derived by Li et al.,[*?! the image forces

of the semi-infinite crack induced by the dislocation. If there  acting on the dislocation due to the wedge crack in the piezo-

is no applied electric loadings at infinity, the above results

9 electricity of quasicrystals are
[

equations (31) reduce to the corresponding results”*! of one-

gl T 14T 0 ~T
dimensional hexagonal quasicrystals. If the phason field is ne- Fy=b30,,+ b3y Hy + 3Dy,

glected, the present solutions (31) can give the corresponding F=— b! ch _ bé‘ ch _ bf DI» (32)
solutions for a wedge-shaped crack interacting with a screw T T T T .
dislocation in piezoelectric materials, which is new and differ- whete 0y, Oy, Hyy, Hy, Dy, and Dy are the stress field pro-

ent from the ones in the open literature. 2! The authors discuss ~ duced by the crack in the absence of the dislocation, for which

the case of 6, = 0, H,, = 0, Dy =0, and the line force and the =~ We will give the detailed expressions in Appendix B. For the

[20]

line charge at the dislocation core in the literature. current problem, equation (32) can be expressed as follows:

|
2
(Casbl + Kbt — A0 +2R3bLbE +2e15b)b8 + 2d5b b)) {(A —1)cos 6y —

1

F— lcos(ll)@d]
47'[’)/d

cos A6y
- 2[(C44Bl +R3B; +€1533)b! + (R3Bl + KB +d15B3)b§

+ (e15B1 +disBa — A B3)b A" cos( — 1) 6y,

1 2 2 .
= (Caub) + Kby  —A1bY +2R3bIby +2e15b1b¢ + 2d,5b1 b)) {(A —1)sin6g+

. Asin(A —1)6g
Y 4my

cos A8y
+2[(CaaB1 + R3Ba + e15B3)bl + (R3B) + K2Ba + dysB3 )by
+(e15B1 +disBy — A1 B3)bS Ay sin(A — 1)6y. 33)
When the dislocation is in the positive x-axis direction (zqg = xq with (x4 > 0)), the above results can be simplified as
F, = ﬁ(ambﬂz + Kot — Anbd +2R3blbE +2e15blb8 +2415bEb)
044601-4
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— 2[(C4aB1 +R3By + 61533)17! + (R3B1 + KB, +d15B3)b§' + (e1sB1 +disBy — )1,1133)172]1)6&_1, (34)

F,=0.

The results obtained show that the image forces on the dislo-
cation are along the x axis.

S. Numerical examples

Clearly, the image forces on the screw dislocation are
given explicitly in Eq. (33). They are functions of b!, by,
bg’ , Ti, T», Do, z4, and material constants. In order to have
a deep investigation on how these parameters affect the im-
age force, a particular one-dimensional hexagonal piezoelec-
tric quasicrystals is used as an example to numerically demon-

strate the force on the dislocation. The material constants are

selected as follows: 27!

C4s =5.0x10"°N/m?, Ry =1.2x10° N/m?,
K3=0.3x10°N/m?, ej5=—-0.318C/m?,
dis =—0.160 C/m?, A;; =82.6x 10712 C?/N-m?.
Other parameters are taken to have the values listed below
bl =1.6x10""m, by =10.7x10 % m,
b =1.0x107V, 7 =3.0x 107 N/m?,
7 =5.0x10"°N/m?, Dy=3.0x10"8C/m’.
The forces on the dislocation are normalized with

C bll2
_ “44Y3

(35)

O™ 407m

Fig. 2. (color online) The normalized image force on the dislocation along
x axis versus angular position when o = /6.

Figures 2 and 3 show the normalized force on the dis-
location versus the angular position of the dislocation when
the wedge angle is /6. It is found from Figs. 2 and 3 that the
magnitudes of the image force on the dislocation increase with

decreasing 7y.

Fig. 3. (color online) The normalized image force on the dislocation along
y axis versus angular position when o = /6.

—10

_20 =

&
o —30
! --- 0,=7/6
—40 " — 0,=7/4
A - = 60,=7/3
—50 . . . . . . . .

1 2 3 4 5 6 7 8 9 10

Fig. 4. (color online) The normalized image force on the dislocation along
X axis versus rq when o = /6.

0

-
\\
o
/ ---0,=7/6
/
I/ — 0,=7/4
- = 0,=7/3

—30

Fig. 5. (color online) The normalized image force on the dislocation along
y axis versus rq when 0 = /6.

In order to further reveal the variable tendency, figures 4

and 5 depict the variations of the normalized image force ver-
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sus rq when the wedge angle is /6. It is seen from Figs. 4 and
5 that the crack always attracts the dislocation in the radial di-
rection when it is far away from the dislocation. We further
obtain that the forces along the x axis increase with decreasing
64 while the forces along the y axis increase with increasing
4.

6. Conclusion

In this paper, a screw dislocation near a wedge crack in
one-dimensional hexagonal piezoelectric quasicrystals is ana-
lyzed. By using the conformal transformation method and the
perturbation technique, the stress and electric displacement in-
tensity factors and the image forces on the dislocation are de-
rived. At the same time the explicit analytical expressions for
the stress and displacement are also obtained. The influences
of the wedge angle and dislocation location on the image force
are also discussed. The results are reduced to the new or previ-
ous ones when the wedge angle is taken to be the limiting case
or the materials are assumed to be one-dimensional hexagonal

quasicrystals.

Appendix A

The expressions for the stress of the phonon, the phason
fields, and the electric displacements can be expressed as fol-

lows:
Ou = (CaaA1 + R3A2 +e1543) (X2 — X))
—2(C4aB1 +R3By +e15B3) Ay !

sin(A —1)8,

Oy = (CaaA1 + R3A; +€15A3)(Y2 1)
—2(C44B1 +R3B; +815B3)}L’}/1_1 cos(A —1)0,
Hy = (R3A1 + KAz +di5A3) (X2 — X1)
—2(R3By + K3By +dysB3)AY* " 'sin(A — 1)0,
H,, = (R3A] + KbAy +di543)(Yr — 1)
—2(R3Bl +K>B) +d1533)l)ﬁ71 COS(A - 1)9,
D, = (e15A1 +di5A2 — A1143) (X2 — X1)
—2(e15B1 +dysBy — AB3) Ay !

sin(A —1)0,

Dy, = (e15A1 +di5A2 — A11A3) (Y, — 1)
—2(e15B) +dy5sBy — M1 B3)AY* T cos(A —1)6, (A1)
in which
¢ _ APk sin(A.0y — (A~ 1)6) — " sin 6]
1= },2A+y2172ylylcosl 9*9(1) ’
o AV "yt sin(A 65+ (A — 7" sin6]
2= y2h 4 +2y’1y§*cosl 9+9d) ,
v _ A7y cos 8 — vt cos(A0g — (A — 1)8)]
= y27t+y§l—2y*yj“cosﬂl(9—9d) 7
v A7y cos 8 + 7t cos(A 0y + (A — 1)8)] (A2)
2= ,},22,_'_,)/31 +2Yly£cosﬁ,(9+9d) .
Appendix B

The stresses produced by the crack in the absence of the

dislocation can be obtained as follows:

1 I o . Asin(A —1)6q
ch: m(c44b3 +R3b§_+€]5b3) |:(1_A')Sln9d_cosled
2(C44B] +R3B> +81533 )g’}/l sm — 1)6(1,
| Acos(A—1)6,
T I 1 ¢ d
, = R -1 _
(o T (Cas4b3 + R3by +e15b5) [(l ) cos 64 cos A6 ]
—2(C44B;1 +R3By +e15B3) Ly L cos(A —1)8y, (B1)
1 [ . Asin(A —1)6,
T _ I i ¢ _ _ —/7d
= P (R3b3 + K>b3 +d15b3) -(1 A)sin 64 cos A0, :|
—2(R3B) + K»B; —|—d15B3)7L}471 sin(A — 1)6y,
1 [ Acos(A—1)6,
T [ 1 o d
——(R3bx + Kpby +dy5b A—1 Og— ——
2y 47ﬂ’( 3b3+ Kaby +ds 3)_( ) cos By cos 163 ]
—2(R3B1 +K2Bs +dy5B3)A Y} ' cos(A — 1)6y, (B2)
1 [ ) Asin(A —1)64
pr— bl dibt —269) | (1— _ LA T )5
N 177 (615 3 +di503 Al 3) _( /'L)Slned c0s A0
—2(61531 +d1532 —11133))/}{117] Sil‘l(l — l)Gd,
1 [ Acos(A —1)64
y pr (615b3 +di5b3 Mi 3) (7L )COS 04 c0s A0
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— 2(61531 +di5By — 11133)1’}47] COS(A — 1)6d.
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