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Numerical study on characteristic of two-dimensional
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An improved plan-wave expansion method is adopted to theoretically study the photonic band diagrams of two-
dimensional (2D) metal/dielectric photonic crystals. Based on the photonic band structures, the dependence of flat bands
and photonic bandgaps on two parameters (dielectric constant and filling factor) are investigated for two types of 2D
metal/dielectric (M/D) photonic crystals, hole and cylinder photonic crystals. The simulation results show that band struc-
tures are affected greatly by these two parameters. Flat bands and bandgaps can be easily obtained by tuning these parame-
ters and the bandgap width may reach to the maximum at certain parameters. It is worth noting that the hole-type photonic
crystals show more bandgaps than the corresponding cylinder ones, and the frequency ranges of bandgaps also depend
strongly on these parameters. Besides, the photonic crystals containing metallic medium can obtain more modulation of
photonic bands, band gaps, and large effective refractive index, etc. than the dielectric/dielectric ones. According to the
numerical results, the needs of optical devices for flat bands and bandgaps can be met by selecting the suitable geometry
and material parameters.
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1. Introduction
Recently, photonic crystal (PC) has been studied theo-

retically and experimentally and has aroused great interest in
the optical field and developed rapidly. The active research
area has been extended to M/D PC which is expected to ob-
tain more particular characteristics than the traditional dielec-
tric/dielectric (D/D) PCs.[1–9] Yablonovitch and John first pro-
posed the photonic band gap (PBG) structures for achieving a
complete control of the spontaneous emission.[10,11] Photonic
crystals are artificial periodic materials with spatial variation
of dielectric constant on the order of an optical wavelength,
which can control radiation field and light propagation char-
acteristics. Owing to the periodic structure of PCs, photonic
band gap is obtained and offering the opportunity to achieve
a complete optical confinement, which may modify the ba-
sic properties of PCs systems.[12] Due to the superior prop-
erty of PBG in PCs, there appears great interest in using the
PBG structures to design new optoelectronic devices, such as
low threshold lasers, frequency filters, integrated photonic cir-
cuits, optical switches, and waveguides for guiding and fil-
tering electromagnetic (EM) waves.[13–19] For example, Aka-
hane et al.[13] demonstrated the high-quality factor photonic
nanocavity in a 2D PC, by using the cavity with both high-
quality factor and small modal volume. Erdiven[15] inves-
tigated the design and performance of novel communication
system using 2D PCs, and showed those PC arrangements that

appropriate for many optical applications such as high perfor-
mance photonic integrated circuits. Menura et al.[16] modeled
a nonlinear optical switching in a standard PC fiber infiltrated
with carbon disulfide. They analyzed the propagation of ultra-
fast optical pulses in PC fibers, and makes it a good candidate
for optical switching. Another interesting feature of PCs is
the flat band, which enables a small group velocity of light
in all crystal directions.[20,21] There is an enhancement effect
when the group velocity of the eigenmode in PCs is small,
especially the flat band is peculiar for 2D PCs to obtain a gen-
eration and a fairly large enhancement of radiation field.[22]

It has been proved that the small group velocity in all crys-
tal directions leads to the enhancement of light amplification
more efficiently than that at the band gap. So the flat band can
also make sense in the case of low-threshold photonic crystal
lasers.[23,24] The 2D PCs can serve as an ideal structure be-
cause of the strong vertical confinement within the 2D plane,
and the fabrication of 2D PC with band gap is much easier than
that of 3D PC, especially in the visible or infrared region.[25,26]

Thus, it is necessary to find more 2D PCs with certain PBG or
flat band.

The EM waves in PCs can be classified into transverse
electric (TE) and transverse magnetic (TM) modes, for which
the electric and magnetic field are parallel to the hole or pole
direction in the 2D PC respectively.[27] Unlike the dielectric
constant for dielectric medium in D/D PC, the dielectric func-
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tion of metallic medium in M/D PCs is frequency dependent,
are approximately defined by the Drude formula,[22,28] and
used in this work. In this model the dielectric function is
ε (ω) = ε∞−ω2

p/(ω(ω+ iΓ )), where ε∞ is the high-frequency
dielectric constant, Γ is the damping coefficient and ωp is the
plasmon frequency.[28,29] For the sake of simplicity, we con-
sider the lossless case in which the imaginary part in the di-
electric function is omitted. The frequency dependence of the
metallic medium’s dielectric function caused difficulties in the
numerical calculation.

The plane-wave expansion (PWE) method is straightfor-
ward for the numerical simulation of band structures of di-
electric PCs.[30–32] However, when it is applied to the M/D
PCs, the eigenvalue equation is nonlinear and hard to solve.
In our previous work, we have proposed an improved PWE
method and applied it to the photonic band structure of 2D
M/D PCs.[33,34] It is shown that our improved PWE method is
suitable to the numerical simulation of one-dimensional (1D),
2D, and three-dimensional (3D) M/D PCs. To the best of our
knowledge, most of the numerical and experimental investiga-
tions for photonic crystals are restricted to D/D PCs and a lot
of 2D D/D PCs-based devices have been developed.[35–41] So
it is necessary to explore the photonic band structures for the
2D M/D PCs.

We begin this work with a simple introduction of the im-
proved PWE method on the photonic band diagram of the 2D
M/D PCs. Then we numerically simulate the relation between
the PBGs and flat bands with the dielectric constant and filling
factor. At last we compare the PBG and neff of the 2D D/D
and M/D PCs.

2. Theoretical model of the PWE method to the
2D M/D PCs[33,34]

We choose two types of rectangular 2D M/D PCs struc-
tures to study in this work. One is the hole-type PCs with
cylindrical dielectric-rods embedded in the metal background
and the other is the cylinder-type PCs with cylindrical metal-
rods embedded in the dielectric background. εa is the dielec-
tric constant for the dielectric medium and εm(ω) is the di-
electric function of the Drude type for the metallic medium,

εm (ω) = ε∞−
ω2

p

ω2 . (1)

2.1. TE modes

The electric field is along the hole or cylinder direction,
which can be expanded as

𝐸 = ∑
𝐺

C𝐺ei(𝑘+𝐺)·𝜌𝑖y, (2)

where,
𝑘+𝐺= (kx +F)𝑖x +(k+G)𝑖z,

𝜌 is the spatial vector in the x−z plane (𝜌= x𝑖x+z𝑖z), 𝑘 is the
wave vector in the first Brillouin zone (𝑘 = kx𝑖x + k𝑖z) and 𝐺

is the reciprocal lattice vector (𝐺 = F𝑖x +G𝑖z, G = 2πm/d,
F = 2πn/b with m = 0,±1,±2, . . .; n = 0,±1,±2, . . .). Ac-
cording to the Maxwell equations, the magnetic field is

𝐻 =
1
µ0

1
iω

∇×𝐸

=
1

µ0ω
∑
𝐺

C𝐺ei(𝑘+𝐺)·𝜌(𝑘+𝐺)× 𝑖y. (3)

From Eqs. (2) and (3) we can obtain the secular equation

(𝑘+𝐺)2C𝐺 =
ω2

c2 ∑
𝐺′

ε(𝐺−𝐺′)C𝐺′ , (4)

where ε(𝐺) is the 2D Fourier component of ε(𝜌). For the hole
and cylinder PCs we have

ε(𝐺) =
1

db

∫ d/2

−d/2

∫ b/2

−b/2
d𝜌ε(𝜌)e−i𝐺·𝜌

=


ε1 f + ε2(1− f ), G = 0,

(ε1− ε2)
2π

db

∫ R

0
ρdρJ0(𝐺 ·𝜌), G 6= 0,

(5)

with ε1 = εa and ε2 = εm(ω) for the hole PCs and ε2 = εa and
ε1 = εm(ω) for the cylinder PCs. Where b and d are the edge
length of the unit cell along the x and z directions, respectively,
with the shape ratio d/b = 0.9, f = (πr2/db) is the filling fac-
tor, r denotes the radius of the rod.

2.2. TM modes

To obtain the eigenvalue equation for the TM modes, we
first expand the magnetic field as

𝐻(𝑟) = ∑
G

CGei(𝑘+𝐺)·𝜌𝑖y. (6)

From the Maxwell equations, we have

∇×𝐻 =−iωε0ε(𝜌)𝐸. (7)

Take the curl on Eq. (6), we gain

𝐸 = ∑
𝐺

D𝐺ei(𝑘+𝐺)·𝜌(𝑘+𝐺)× iy, (8)

and its curl

∇×𝐸 = −i∑
𝐺

D𝐺ei[kxx+(k+G)z] [k2
x +(k+G)2] iy

= iωµ0∑
𝐺

C𝐺ei(𝑘+𝐺)·𝜌(𝑘+𝐺)2iy. (9)

The curl of ∇×𝐻 can also be obtained as

∇× (∇×𝐻) = ∑
𝐺

C𝐺ei(𝑘+𝐺)·𝜌(𝑘+𝐺)2iy. (10)

From Eqs. (7)–(10), we obtain

D𝐺 =− ωµ0

(𝑘+𝐺)2 C𝐺, (11)
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and the secular equation

(𝑘+𝐺)2C𝐺 =
(

ω

c

)2
∑
𝐺′

Bkgε(𝐺−𝐺′)C𝐺′ , (12)

where

Bkg =
(𝑘+𝐺) · (𝑘+𝐺′)

(𝑘+𝐺′)2 . (13)

The expression of ε(𝐺) is given in Eq. (5).
Unlike the traditional PWE method, this improved

method enables us to obtain the secular equations of 2D M/D
PCs without solving the nonlinear equation. The resulting sec-
ular equations can be solved by using the LAPACK package
and the band structures of M/D PCs can be obtained.[42]

3. Photonic band structure of 2D M/D PCs
Based on the above theoretical model, in this section we

will first investigate the photonic band structures of both polar-
ization modes for 2D M/D PCs. And then we will analyze the
dependence of flat bands and PBGs on the dielectric constant
(εa) and filling factor ( f ).

3.1. The flat band of 2D M/D PCs

Firstly, we choose the hole-type PCs to study the char-
acteristics of flat band in terms of two parameters men-
tioned above. Throughout this paper the normalized fre-
quency Ω = ωd/2πc and the normalized plasmon frequency
Ωp = ωpd/2πc are used.
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Fig. 1. The photonic band structure of the M/D hole PCs with Ωp = 1 and f = 0.113. (a) TM modes, εa = 1.0; (b) TM modes, εa = 5.0; (c) TE modes,
εa = 1.0; (d) TE modes, εa = 5.0.

Figure 1 shows the band structures of the 2D M/D hole
PCs with Ωp = 1, f = 0.113 and the two different dielectric
constant (εa = 1,5). The band structure is drawn in direc-
tions through four symmetry points: Γ , Z, L, and X . These
four points represent the special (kx,kz) points (0,0), (0,0.5),
(0.5,0.5), and (0.5,0) in the first Brillouin zone with the unit
2π/b and 2π/d in the x and z directions, respectively. We
find that band-3 in Fig. 1(b) and band-1, 2, 3 in Fig. 1(d) are
relatively flat in all directions. Therefore the flat bands for
both TE and TM modes can be obtained by increasing the di-
electric constant, which meets the needs of low-threshold pho-
tonic crystal lasers for small group velocity to gain more field
enhancement.[23] For the TE modes shown in Fig. 1(d) the first
PBG is in the range of 0.525–0.886, while for the TM modes
in Fig. 1(b) it is in the range of 0.897–1.065, which is narrower
than that of TE modes. We find from Fig. 1 that more PBGs

arise and band-edge frequency decreases when the dielectric
constant increases. The cut-off frequency, which is the min-
imum frequency of the lowest band, is relatively large corre-
sponding to the width of PBGs, there is no EM wave propa-
gating below this frequency. In this work the cut-off frequency
is separated from other PBGs and will be presented in Subsec-
tion 3.2.

The band structures with two different filling factors are
shown in Fig. 2 for the case of Ωp = 1. When the filling factor
increases from 0.11 to 0.36, for TM modes, the band-2 be-
comes flat and the flat band-3 becomes steep, and the FBG be-
tween the band-3 and band-4 closes; for TE modes, the band-3
and band-4 become flat and a FBG between the band-3 and
band-4 opens. Meanwhile, the cut-off frequencies together
with other bands for both TM and TE modes decrease.

According to the photonic band structures shown in
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Figs. 1 and 2, the interaction of the radiation field with the 2D
M/D PCs depends strongly on the geometry and material pa-
rameters. The flat band and wide PBG can be easily achieved
in 2D PCs containing metallic mediums. We also note that for

the same set of parameters the PBG of the TE modes is wider
than that of the TM modes. The numerical results provide a
theoretical guidance for band structure engineering by tailor-
ing certain parameters.
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Fig. 2. The photonic band structure of the M/D hole PCs with Ωp = 1. (a) TM modes, εa = 4.0, f = 0.11; (b) TM modes, εa = 4.0, f = 0.36; (c) TE modes,
εa = 2.0, f = 0.11; (d) TE modes, εa = 2.0, f = 0.36.

3.2. The PBG of 2D M/D PCs

In this subsection, we will discuss in detail the depen-
dence of the cut-off frequency and the PBG on εa and f . We
will mainly discuss the PBG among the lowest five modes in
2D hole and cylinder PCs.

3.2.1. Effect of dielectric constant on PBG

Firstly, we study the dependence of PBG on the dielectric
constant of the dielectric medium in the hole- and cylinder-
type PCs with the normalized plasmon frequency Ωp = 1, the
filling factor f = 0.113. The εa is taken in a range of 1–20.

Figure 3 shows the PBG maps of the TM modes as εa is
varied. For the hole-type PCs in Fig. 3(a), with the increase
of εa, one PBG opens at εa = 2.8, i.e., the TM3−4 band gap.
The width of TM3−4 band gap reaches to the maximum of
∆Ω = 0.169 at εa = 10, and then decreases slowly. That is to
say, when εa increases, the EM wave will be scattered more
strongly, and the PGBs are more likely to appear. The cut-
off and gap-edge frequencies for the hole-type PC decreases
monotonously when εa increases. However, for the cylinder-
type PCs as shown in Fig. 3(b), there is no PBG present in this
εa range and the cut-off frequency decreases with εa.
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Fig. 3. (color online) The dependence of PBGs and band-edges on the di-
electric constant for TM modes with Ωp = 1 and f = 0.113. (a) The hole-
type PC; (b) The cylinder-type PC.

044208-4



Chin. Phys. B Vol. 26, No. 4 (2017) 044208

The PBG maps of the TE modes is shown in Fig. 4. There
is a persistent open PBG for TE modes of the hole-type PCs,
namely the TE1−2 band gap. The TE3−4 band gap does not
open until εa = 3.0. With the increase of εa, both the widths
of TE1−2 and TE3−4 band gaps increase to maximum and then
decrease slowly. These two band gaps reach to their maximum
width at εa = 4 and εa = 9, with a normalized width of 0.375
and 0.309 respectively. Comparing Fig. 4(a) with Fig. 3(a),
we find the TE modes of the hole-type PCs show one more
band gap than the TM modes. Besides, the overlap between
the cut-off frequency and the lower 1–2 band-edge in Fig. 4(a)
indicates that the first band is a flat band for the TE mode of
the hole-type PC. The group velocity of flat bands is rather
slow, which facilitates the laser action.[23] The case of the TE
cylinder-type PCs is similar to that of the TM cylinder-type
PCs in Fig. 3, there exists only the cut-off frequency, but no
PBG.
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Fig. 4. (color online) The dependence of PBGs and band-edges on the di-
electric constant for TE modes with Ωp = 1 and f = 0.113. (a) The hole-type
PC; (b) The cylinder-type PC.

3.2.2. Effect of filling factor on PBG

In this subsubsection we investigate the PBG maps as a
function of the filling factor f = πr2/db. The variation scope
of r/d is chosen within a range of 0.02–0.5, so that f varies

from 0.001 to 0.706. The dependence of band PBGs and their
gap-edges for the TM and TE modes on the filling factor are
displayed in Figs. 5 and 6 respectively, with the normalized
plasmon frequency Ωp = 1.

            .          .          .     

f

            .          .           .     
f



.

.

.

.

.

.



.

.

.

.
ω
d
/

π

c
ω
d
/

π

c

cut–off frequency

cut–off frequency

3-4 band edge

3-4 band gap

1-2 band edge

1-2 band gap

(a)

(b)

TM hole

TM cylinder

Fig. 5. (color online) The dependence of PBGs and band-edges on the filling
factor for TM modes with Ωp = 1, εa = 4. (a) The hole-type PC; (b) The
cylinder-type PC.

Figure 5 shows the PBG map of the TM modes with
εa = 4. For the case of 2D M/D hole PCs in Fig. 5(a), we
can find that the cut-off frequency is relatively large but de-
creases fast when f increases. The TM3−4 band gap opens at
f = 0.073 and reaches to the maximum at f = 0.15. How-
ever, this PBG only exists when f is in the range of 0.073–
0.29, and its maximum normalized width is 0.109, which is
much smaller than the corresponding cut-off frequency. For
the case of the cylinder-type PCs as shown in Fig. 5(b), a nar-
row TM1−2 band gap opens at f = 0.177 and reaches to the
maximum of 0.03, which is much smaller than the cut-off fre-
quency and varies smoothly with f . Contrary to the hole case,
the cut-off frequency of the cylinder-type PCs increases with
the filling factor f and the maximum width of the PBG is much
smaller.
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Comparing the PBG map of the TE modes in Fig. 6 with
that of the TM modes in Fig. 5, we observed a similar trend of
the cut-off frequency. In the case of the hole-type PCs, only
one band gap shows up for the TM modes, and there are two
band gaps for the TE modes, the TE1−2 and TE3−4 band gaps
with the maximum normalized value of 0.390 and 0.267 re-
spectively. As for the cylinder-type PCs, one band gap exists
for the TM modes, and there is none for the TE modes.
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Fig. 6. (color online) The dependence of PBGs and band-edges on the fill-
ing factor for TE modes with Ωp = 1, εa = 4. (a) The hole-type PC; (b) The
cylinder-type PC.

4. Comparison with the 2D D/D PCs

Owing to the frequency dependence on the dielectric
function of metallic medium, unlike the D/D PCs, the M/D
PCs exhibit particular properties. Sakoda calculated the pho-
tonic bands of the 2D D/D square air-rod lattice by the PWE
method for the TE and TM modes.[43] and the transmission
spectra (interference patterns) of the finite layers of the 2D
square photonic lattice. He found that the effective refractive

index estimated from the dispersion curves coincides with that
from the interference patterns.

Since the wave vector of the incident plane-wave is par-
allel to the Γ –X direction, Sakoda concentrated on the band
structure on the Γ –X direction. The calculated band gaps for
the TE and TM modes are listed in Table 1 with the filling
factor f = 0.25. With the same f and square dielectric-rod
M/D lattice, we calculated the photonic bands in the Γ –X di-
rection with εa = 1,5, and obtained the band gaps also listed
in Table 1.

Table 1. Comparisons of the band gaps of the D/D and M/D PCs for
the TE and TM modes.

D/D[43] M/D (εa = 1) M/D (εa = 5)

Band gap Band gap Band gap

0–0.399 0–0.185
TE 0.353–0.387 0.561–0.727 0.255–0.346

0.702–0.728 1.027–1.081 0.468–0.500
1.155–1.183 0.527–0.570

0–0.439 0–0.208
TM 0.354–0.401 0.567–0.780 0.259–0.393

0.702–0.728 1.080–1.102 0.501–0.534

Sakoda et al. also found that the group-velocity anomaly
and decrease bring about the enhancement of light amplifi-
cation[44] and a large reduction of lasing threshold.[45] They
calculated the effective refractive index neff from the photonic
bands

dω

dk
=

c
neff

. (14)

With the same parameters we also calculated the effective
refractive index of the M/D PCs from the photonic bands, the
effective band segments are used and the calculated results are
listed in Table 2.

Table 2. Comparison of the neff of the D/D and M/D PCs for the TE
and TM modes.

D/D M/D (εa = 1) M/D (εa = 5)

Band neff neff neff

1st 1.36 2.47 5.67
TE 2nd 1.43 1.41 3.50

3rd 7.13 6.58 24.4

1st 1.35 3.10 7.70
TM 2nd 1.38 1.47 3.80

3rd 5.60 4.57 15.0

From Tables 1 and 2 we see that the M/D 2D PCs have
more modulations, e.g., PBG, flat band, large band gap, small
group velocity, and large effective refractive index, etc., than
the D/D PCs, which are all beneficial to the photonic devices.

5. Conclusion
In this article we use our improved PWE method to simu-

late the flat band and the PBG properties of the 2D M/D PCs.
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Based on the simulation results, we found that for the 2D PCs
with metallic mediums, the cut-off frequency, flat band, and
PBG can be tailored easily by adjusting the dielectric constant
and filling factor. It is found that all the cut-off frequencies for
both polarization modes are relatively large and always exist
regardless of the material or geometry parameters. It is worth
noting that the hole-type PCs show more PBGs than the cor-
responding cylinder-type ones, and the width of PBGs depend
strongly on these two parameters. Meanwhile, from the simu-
lation results, we found that contrary to the cylinder-type PCs
cases, the PBGs for the hole-type PCs always exhibit a max-
imum width when the dielectric constant or the filling factor
varies. At last, we compared the PBG and neff of the 2D D/D
and M/D PCs. The M/D PCs have more modulations of pho-
tonic bands, flat band, large band gap, and large effective re-
fractive index, etc., than the D/D PCs, which are all beneficial
to the photonic devices. In conclusion, if suitable parameters,
such as the dielectric constant and filling factor, are selected,
desirable flat band and PBG structure can be realized or opti-
mized to meet the needs of many optical devices made of the
2D M/D PCs.
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