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An Autler-Townes (AT) spectroscopy based on phase conjugate six-wave mixing (SWM) is proposed to detect AT
doublet of high-lying state in a Doppler-broadened cascade four-level system. It is found that the SWM spectrum is
dependent strongly on the ratios between the magnitudes of the wave vectors. We discuss how the Doppler broadening
affects the SWM spectrum from a time-domain viewpoint and find that, due the atomic motion, the atomic polarizations
acquire different phases for atoms with different velocities as time evolves. The Doppler free SWM spectrum can be
obtained only when the atomic polarization can be rephasing again at certain time after the interactions of all the incident

fields.
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1. Introduction

When a two-level system is driven by a strong coupling
field of a resonant frequency, the populations of the states un-
dergo coherent Rabi oscillations, as a result, there appears
sidebands known as Autler—Townes (AT) doublet.[!] The AT
doublet has been demonstrated in both atomic!?! and molec-

351 a5 well in quantum dots'®®! and in super-

ular systems,
conducting qubits.[>!%1 One important application of the AT
effect is to use it to measure the absolute value of the molec-
ular transition dipole moment!! and its internuclear distance
dependence.!!"! On the other hand, the effects of inhomoge-
neous Doppler line broadening on the AT splitting have been
investigated.[!>13]

Traditionally, AT doublet was observed in three-level sys-
tem, where the states are probed through a transition to or from
a third level by probe absorption or fluorescence excitation
spectroscopies. In this paper, we shall study the AT effect of
high-lying state in a cascade four-level system. Our method is
based on the generalized n-photon resonant 2n-wave mixing
with phase conjugation geometry, which is a general method
to study the highly energy-state through monitoring the tran-
sition between the first excited state |1) and the ground state
|0).[14] Since the transition | 1) — | 0) is usually very strong, this
spectroscopy can be very efficient. Previous, we have used
six-wave mixing (SWM) to study the doubly excited autoion-
izing Rydberg states of Ba. Here, we shall used phase con-
jugate SWM to probe the AT doublet of high-lying state in
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a Doppler-broadened cascade four-level system. The critical
role of Doppler broadening on the observation of AT splitting
is investigated.

2. Basic theory

Let us consider a cascade four-level system (Fig. 1),
where the states between |0) and |1), |1) and |2), and |2)
and |3) are coupled by dipolar transitions with resonant fre-
quencies 21, £, and 23, and dipole moment matrix elements
Ui, Up, and us3, respectively. In the phase conjugate SWM,
beams 3 and 3’ have the same frequency @; and a small angle
exists between them. Beam 1 with frequency ®; propagates
along the opposite direction of beam 3, while beam 2 with fre-
quency @, can propagate either along the direction of beam 3
or along the opposite direction.
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Fig. 1. Energy-level diagram for resonant SWM in a cascade four-level sys-
tem.
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Assuming that w; ~ €; so that @; drives the transition
from |i— 1) to | i), the simultaneous interactions of atoms with
beams 1, 2 to 3 will induce atomic coherence between |0)
and |3) through resonant three-photon transition. This three-
photon coherence is then probed by beams 3’ and 2, and as
a result an SWM signal of frequency @; is generated almost
opposite to the direction of beam 3’.

Let the detunings be represented by A; = Q; — @, so af-
ter a canonical transformation the effective Hamiltonian is the
following

H = hAi| 1) (1] +h(A1 +4)|2) (2|
+h(A1 + A2+ A43)|3) (3]
— [ E [ 1){(0] + poEa | 2)(1 |
+H3E33) (2] +Hec], (1)

where E; is the complex incident laser fields with frequency
®; (i =1,2,3). The density matrix equations with relaxation
terms included is given by

dp i dp
£ - __H = .
dr h[ ’p]+ ( dr )relax

The nonlinear polarization responsible for the SWM signal is

(@)

proportional to the off-diagonal density matrix element pig.

—[i(A1 + A2) +T30]p2o +1G3p30 = —iGapy,

and obtain

-GGyl

= ; ®)
Lo(yT50 +1G3 1?)

P20

where I1§ = Io + 141, I} = I+ i (A1 + A), and I3 =
I3p+i (Al + Ay +A3). Finally, from pjo = iG;pzo/l—i%, we ob-
tain the density matrix element pyo responsible for the SWM

—iGi|G, 'T3

: (6)
T (5 +1 G )

p10:(

Now, we consider the special case of SWM with phase
conjugation geometry. Equation (6) contains the contribution
from FWM, i.e.,

pio ™ =pio(|G3| =0) = —iGi| G2 [*/(I35)° 5. (7)
By subtracting this term, we obtain
pio = pro(|Gs ) —plp*™
__ i[Gi]|GP|Gs? ®)

(170)* Lo (LT3 +1G3 )|

We then consider the phase-matching condition. Let the com-
plex incident laser fields be written as E; = ge'ki™ (i = 1,2)
while E3 = g3e'k37 + ¢} e¥3T where k; and K/ are the wave

() = [1(A1 + 42 + As) + To)p3o + iGapag = 0,

‘We shall consider the solution in the first and second order in
E; and E,, respectively, while to all order in E3. This can be

done by solving the following equations through perturbation

% = —(iA1 +Iio) p1o +iG5p20
+iG1 (poo — p11)

dstzo = —[i(A1 +42) + T30} p20 +iG2p10
+1G3p30,

% = —[i(A1 + A2+ A3) + T3] p30

+1G3p20, 3

where G; = W;E; /I denote the coupling coefficients. The per-
turbation chain for SWM is

0 1 2 3 4 5
Po(o) = P§0> - Pz(o) - P3<0) - Pz(o) - Pf0>~
First, we have pf(1)> =1iG;/(iA; +Iip). On the other hand,

since beam 3 is a strong field, which couple the states |2) and

|3), we have to solve the following equations

“

vectors of beams i and 3/, respectively, then G;(r) = g;e
(i=1,2) and G3(r) = gze'*" 4 gLel*s™ with g; = we;/h
(i=1,2,3) and g5 = u3€}/h. In the following discussions we

ik;r

assume that g3 > g4, then the corresponding off-diagonal den-
sity matrix element for SWM is given by

SWM iS(T)
pro  (T) = ,
0 (09) D (T + |23 [?)

©))

where
S(r) = g1]g2l g3 (gh) " e ki tha k),
and the SWM signal propagates along the direction k; + k3 —
K,
Let us now consider the Doppler effect. The nonlinear
polarization PNY(r) responsible for the SWM signal is given

by averaging over the velocity distribution function W (v), i.e.,

PNL(r):N;,Ll/ dv W)pS¥M(rv).  (10)
SWM : . :
Here p;y*" (r,v) is obtained from Eq. (9) by using the

Doppler-shift frequency detunings, i.e., Aid =A+ki-v(i=
1,2,3) and Aéd = Az + k:'3 -v, N is the density of the atoms,
while

W(w) = —

exp[—(v/u)?], (11)
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where u = \/2KT /m with m being the mass of an atom, K

is Boltzmann’s constant, and 7 the absolute temperature. The

SWM signal intensity is proportional to |PN|2.

3. Autler-Townes splitting in six-wave mixing
spectrum

In this section, we shall study how the AT effect affects
the SWM spectrum in a Doppler-broadened system. For com-
parison, we start with the homogeneously broadened system.
The resonant condition can obtain by solving the pole structure
in Eq. (9), i.e.,

[(A1 + A2) — iD30] [(A1 + Ap + A3) — il30] — |g3[> = 0. (12)

When we scan A, with A = A3 =0, the SWM spectrum is
given by

—1
(Ay —il0) (M2 —Ay) (A —A-)’

P M (A;) o (13)

where

1.
as = (i + To) e~ (B 1| 1)

It shows that the resonances occur at A = 0 and A ~ +|g3|
when |g3| > (I30 +I30)/2. On the other hand, if we scan A,
with A, = Az = 0, then the SWM spectrum becomes
1
(A1 —iI30)%(Ay — iI30)
1
A=A (A —AL)

pio’ " (Ar) o

X ( (15)
where again the resonances occur at A} =0 and A} ~ +|g3].
Now, we investigate the AT splitting in the SWM spec-
trum in a Doppler-broadened system. We assume that beam 2
propagates along the direction of beam 3, so k| = —kz,
k) = kyz and k3 = k3 z, while k:’3 is approximated as k5 ~ k32
because the angle between beams 3 and 3’ is typically very

SWM

small. We express pj," " in Eq. (10) as a function of v explic-

itly, then
SWM n
pio (V)= = =
10 (v—A10)*(v—42)
1
X = = — (16)
(v —Ax0)(v—430) — |83/
where

Ao = (A1 — L) /K1,

Ay = (A1 + M —il30) [k (1- &),

Azp = (A1 + My + A3 — iT30) [k (1 - & — &3),
&P =lel? /K01 -&)(1-6—8),
n==S/g(1-&)*(1-6% -8,

with §, = ky/k; and {3 = k3 /k the ratios between the mag-
nitudes of the wave vectors. By solving the pole structure in
Eq. (16), i.e.,

(v—4a0)(v—Az0) — 83> =0, (17)
we obtain
SWM n
V) = — — — — (18)
P00 = R =) =)
where
1 = Ajo,
7 = Ay,

. 1, . .
Vi = E(Azo + Azp)

jE(1/2)\/(520—A~30)2+4|§3|2~ (19)
Therefore, we have

e~ (v/u?

PN o /w dv _ _ _ —. (20)
L TR )
plSSVM(v) in Eq. (18) has four poles, i.e., ¥, V2, and ¥,

and the integral in Eq. (20) consists mainly of the contributions
of atoms with velocities v ~ vi, v~ v;, and v >~ v, which vary
as we scan the incident laser frequencies A;. Here, vy, v», and
vy are the real parts of ¥, ¥, and V., respectively. Consid-
ering the case that vy, vy, v4 < u, then, since 7; is a pole of
second order, the resonance of PN~ appears when v, = v; or
V4 = V1.
We neglect the relaxation rates and define

Ay = Ay [k,
Ayo = (A1 +42) ki (1 = &),
Az = (A1 + A2+ A3) /ki (1 =D — G3).

Then, for the resonant condition vo = v, we have
HA = —As. 2D

On the other hand, for v4- = v{ we have

%1 = % [(Azo +A30) + \/(Azo —Ay)? +418:2|. (22)
Now, we study the spectra of scanning A; and A, separately.
First, let us consider the spectrum of A, with A} = A3 = 0.
According to Egs. (21) and (22), the resonances are given by
Ay = 0 and +|g3|, respectively. This spectrum is the same as
that in the homogeneously broadened system. Next, we con-
sider the spectrum of A; with Ay = Az = 0. Unlike the spec-
trum of A, it is found that the resonance conditions become
Ay =0and Ay = £|g3|/+/ & (& + &3), which depends on the

ratios between the magnitudes of the wave vectors.
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4. Numerical results

In this section we shall present numerical results of
SWM spectra in a cascade four-level system with parameters
Lo /T30 = I20/I30 = 0.2. Let us start with the homogeneously
Figures 2(a) and 2(b) present the SWM
intensity versus A; and Ap, respectively, with Asz/I3 = 0,
g3/T30 = 0.1 (solid curve), 5 (dashed curve), and 10 (dash—
dotted curve), while A, /I39 = 0 for panel (a) and A; /T30 =0
for panel (b). When A is scanned, we observe three peaks
with AT splitting appears at Ay = +|g3| [see Fig. 2(b)]. By
contrast, there is only single peak at A; = 0 when we scan A

broadened case.

[Fig. 2(a)]. To understand these spectra, we consider the limit
lg3| > Lo, T30, 30 for simplicity. For the SWM spectrum of
Ay, we have

1(]31)/1(0) = IioI30/[(To + T30)%| g3 Y],

which is much less than 1. On the other hand, for the spectrum
of Ay, we have

1(1831)/1(0) = I/ [(T30 + I0)*.

Physically, for the spectrum of Aj, the peaks at A; = 0 and at
A; = +|g3]| correspond to the one-photon transition between
states |0) and | 1) and two-photon transition from |0) to the
dressed states, respectively, leading to the fact that the signal
of the former is much larger than that of the latter.
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Fig. 2. (color online) SWM intensity versus (a) Ay and (b) A; in a homo-
geneously broadened system with parameters Az /I39 = 0 and g3/I39 = 0.1
(solid curve), 5 (dashed curve), and 10 (dash—dotted curve), while A, /I39 =
0 for panel (a) and A; /I3p = O for panel (b).

Now, let us consider the SWM spectra in a Doppler-
broadened system with I39/kju = 0.02. Figures 3(a) and 3(b)

present the SWM intensity versus A; and Aj, respectively,
when §, = {3 = 1.2, A3/I3p = 0 and g3/I3 = 0.1 (solid
curve), 5 (dashed curve), and 10 (dash—dotted curve), while
Ay /T3p = 0 for panel (a) and A;/I3p = 0 for panel (b). First
of all, these spectra are Doppler-free. Moreover, the SWM
spectra of scanning A, [Fig. 3(b)] are similar to those in the
homogeneously broadened case [Fig. 2(b)] in which there ex-
ists three peaks with AT splitting appears at A, = +|g3|. By
contrast, unlike the corresponding case in the homogeneously
broadened system the SWM spectra of A; [Fig. 3(a)] exhibits
three peaks also with AT splitting appears at

A= =g/ 6 (8 + G).

Physically, the peak at A; = 0 is derived from the condition
vi = vy, while the AT splitting from the condition v; = vi.
Since there are of the same order, leading to the simultaneous
appearance of three peaks in both the SWM spectra of A; and
Ap.
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Fig. 3. (color online) SWM intensity versus (a) Ay and (b) A, in a Doppler-
broadened system with {, = {3 = 1.2 when A3/I3p = 0 and g3/I3 = 0.1
(solid curve), 5 (dashed curve), and 10 (dash—dotted curve), while A, /I39 =
0 for panel (a) and A; /T39 = O for panel (b).

Now, we consider another Doppler-broadened case with
& = &3 = 0.4. Figures 4(a) and 4(b) present the SWM in-
tensity versus A; and A, respectively, when Az /I3p = 0 and
g3/I30 = 0.1 (solid curve), 50 (dashed curve), and 100 (dash—
dotted curve), while A, /T30 = 0 for panel (a) and A; /T30 =0

for panel (b). Unlike the previous cases, the SWM spectrum
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is extremely broad. Physically, the broadening is due the po-
larization interference between atoms of different velocities,
as we shall discuss in the next section. This can be verified
through artificially ignoring the polarization interference by
calculating

[ av e lpg(rn

The dotted curves in Figs. 4(a) and 4(b) present the results
with g3 /I39 = 0.1, which show again very narrow peaks, indi-
cating that the broadening of the SWM spectrum is due to the
polarization interference.
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Fig. 4. (color online) SWM intensity versus (a) A and (b) A, in a Doppler-
broadened system with § = {3 = 0.4 when A3/I3) = 0 and g3/I3 =
0.1 (solid curve), 50 (dashed curve), and 100 (dash—dotted curve), while
Ay /T3y = 0 for panel (a) and Ay /I39 = 0 for panel (b). The dotted curves
in panels (a) and (b) are the results for g3/I3p = 0.1 when the polarization
interference are ignored.

Finally, let us consider the case with {; = 0.8 and {3 =
0.4. Figures 5(a) and 5(b) presents the SWM intensity versus
A; and A;, respectively, when Az /I3p = 0 and g3/I30 = 0.1
(solid curve), 10 (dashed curve), and 20 (dash—dotted curve),
while A, /T30 = 0 for panel (a) and A; /I39 = 0 for panel (b).
Here, we observe a quite different SWM spectrum with only
two narrow peaks with the central peak disappeared. These

spectra are similar to the conventional AT spectrum in the
three-level system.
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Fig. 5. (color online) SWM intensity versus (a) A; and (b) A, in a
Doppler-broadened system with §; = 0.8 and {3 = 0.4 when A3 /T30 =0 and
g3/I30 = 0.1 (solid curve), 10 (dashed curve), and 20 (dash—dotted curve),
while Az /T30 = 0 for panel (a) and A; /I39 = 0 for panel (b).

5. The polarization interference in Doppler-
broadened system

In this section we shall study how the polarization inter-
ference affects the phase conjugate SWM spectroscopy in a
Doppler-broadened system. Let us compare the polarizations
corresponding to the linear absorption (L), FWM and SWM
in a Doppler-broadened system, which, from the perturbation
theory, are given by

Pl = N / W (v) / d7Gy (1 — 1) TH7, (23)
—o0 0

PFWM:—iNIJI/ dvW(v)/ / / dridndrs

XGl(l —T1— T — "L'3)G2(t7 T — ‘53)

X Gy(t — t3)e To(nTm) e T (24)

and

PSWMZiNl.Ll/ dvW(v)/ / / dTldTQ---dT5G1(t—T1—TQ—’L’3—T4—T5)
—o0 0 Jo 0

XGot =T —T3— T —T5)G3(t — T3 — T — T5) [G4 (t — T4 — 75)] "G (1 — T5) e To(m+%) o I(m+m) o LT (25)
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respectively. These equations show the time sequence of the
interaction with different fields.

We start with the linear absorption, where atoms with
velocity v interact the field G; at time r — 7. Since r(¢') =
r(t) — (t —')v, we have Gi(r — 1) in Eq. (23) given by
Gi(t—1) o< e kv je., atoms with velocity v will acquire
a relative phase kjv7 in a time interval 7, causing dephasing
between atoms of different velocities. More specifically, after
integrating over the velocity distribution function W (v) we ob-

2.2 . .
(k14/2)°%" In other words, atoms excited during

tain a term e~
the time interval T ~ 2/(kju) will contribute to the linear ab-
sorption, leading to the Doppler broadening of the line shape.

Now, we turn to the FWM with incident beams given by
Gi(r) = g1e'®™ and Ga(r) = gre'*2", where k; = k12
As is well known, FWM is intrinsically
Doppler-free when the incident beams have narrow linewidth,

and k) = krz.

because if beam 1 with frequency @, is within the Doppler
profile of the transition from |0) to |1), then only atoms in
a specific velocity group will contribute to the signal. How-
ever, the polarization interference can cause the FWM spec-
trum extremely broad. Specifically, atoms with velocity v in-
teract with the fields G, G, and G} at times t — Tj — T, — T3,
t— 1) — 13, and ¢ — 13, so the atomic polarizations acquire
phases —kjv(T) + T + 13), &okiv(T + 13), and — Gk v, Te-
spectively, at each interaction. As a result, we have G (¢t —
T — T —173)Ga(t — 7 — 73) G5 (1 — T3) o< etkl(m+n)—(L-1nl
Physically, there is dephasing between atoms of different ve-
locities after the first field G;. However, the subsequent in-
teractions with fields G, and G5 can induce rephasing pro-
cess, and then, cause constructive interference between atoms
of different velocities if {, > 1. In this case, the FWM sig-
nal originates mainly from the moments when the complete
rephasing occurs, i.e., (71 + 1) — ({2 — 1)1 = 0. In other
words, we can obtain a Doppler free FWM spectrum when
& > 1. Otherwise, the randomization of the phases of the
atomic polarizations will cause additional broadening of the
spectrum line. [13-17]

Finally, we turn to the SWM. Atoms with veloc-
ity v interact with the fields Gi, G», Gz, (G%)*, and
(Gz)* at times t — T — T — T3 — T4 — T5, | — Tp — T3 —
T4 —T5, 1 — T3 —T4—T5, t — T4 —T5, and ¢ — T5 SO
the atomic polarizations acquire phases —kjv(T] + T +
T+ T+ 1), HGhkvin + 13+ 1w+ 1), Ghiv(t+ -+
T5), —&3kiv(t4 + 15), and —&kvTs, respectively, at each
interaction. ~ As a result, we have GG,G3(G%)*G) o
eiknl(m+1)+(1-8)(n+w)+(1-5-&)%s] - The complete rephas-
ing occurs when (71 +75)+ (1 - &)+ 1)+ (1 -8 —
§3) 15 =0, which can be satisfied if {; + {3 > 1. In other words,
the SWM spectrum is Doppler free only when & + &3 > 1,
otherwise, the SWM spectrum becomes extremely broad.

Now, we investigate how the polarization interference

affects the phase conjugate SWM spectrum. According to
Eq. (8) the contribution to SWM signal consists of two com-
ponents, i.e., an SWM term shown in Eq. (6) and an FWM
term shown in Eq. (7), corresponding to the AT splitting and
the central peak in the SWM spectrum, respectively. The po-
larization interference can have different effects on these two
terms according to the values of { and {3. Let us first con-
sider the case when {, > 1. In this case the polarizations
of both the FWM term and the SWM term can be rephasing
completely, leading to the appearance of three resonant peaks
with Doppler-free linewidth in the SWM spectrum, as shown
in Fig. 3. Now let consider the case of { < 1. If {, + 83 < 1
simultaneously, then the phases of the polarizations of both the
FWM term and the SWM term are randomized, so we obtain
a extremely broadening of the SWM spectrum [see Fig. 4].
On the other hand, if {, + {3 > 1 then since the SWM term
has narrow linewidth while the FWM term is so broad that its
peak value is greatly reduced, as a result, the SWM spectrum
exhibits only two narrow peaks corresponding to the AT dou-
blet.

6. Conclusion

In this paper, we propose an AT spectroscopy based on
phase conjugate SWM to detect AT doublet of high-lying state
in a Doppler broadened cascade four-level system. This is im-
portant because it can be used to measure the dipole moment
between the transition of highly excited states. It is worth
mentioning that AT splitting have been observed previously
by multi-wave mixing. For example, AT splitting of FWM!'8]
and SWM!'” have been demonstrated in electromagnetically
induced transparency atomic media. However, in most pre-
vious works AT doublet was observed in low-lying state. By
contrast, our work is concentrated on the AT doublet of high-
lying states. The advantages of our method are the following.
Compared to the method of detecting fluorescence from ex-
cited states, our scheme is still realizable even when state |2)
or |3) has long radiative lifetimes so that direct detection of
the fluorescence is difficult. This is because transitions be-
tween these states are driven by lasers, and so long as | 1) to
|0) is a strongly coupled transition, the wave-mixing signal
can be emitted via this strong transition.

We also discussed the effect of Doppler broadening on
the SWM spectrum from a time-domain viewpoint. Although
this subject has been discussed in Refs. [15] and [16], here
we concentrate on the physics underlying. Specifically, due
the atomic motion, the atomic polarizations acquire different
phases for atoms with different velocities as time evolves. The
Doppler free SWM spectrum can be obtained only when the
atomic polarization can be rephasing again at certain time after
the interactions of all the incident fields.
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