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Semiclassical investigation of Coulomb focusing effects in atomic
above-threshold ionization with elliptically polarized laser fields∗
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We investigate atomic above-threshold ionization in elliptically polarized strong laser fields with a semiclassical ap-
proach. With increasing laser intensity, the Coulomb focusing (CF) effects are found to become stronger in both parallel
and perpendicular directions with respect to the polarization plane. The dependence of CF effects on tunnel exit, initial
transverse momentum distribution and laser electric field is analyzed. It was revealed that the effects of tunnel exit are most
prominent with variation of the laser intensity, and the other two factors both play non-negligible roles. Our results provide
a deeper insight to the recent experiments of Coulomb asymmetry [Shafir D, et al., 2013 Phys. Rev. Lett. 111 023005 and
Li M, et al., 2013 Phys. Rev. Lett. 111 023006].
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1. Introduction
When exposed to an ultrashort strong laser pulse, an atom

or a molecule may absorb more photons than necessary for
ionization. This highly nonlinear phenomenon is termed as
above-threshold ionization (ATI), and the related researches
have greatly contributed to our understanding of strong-field
atomic and molecular dynamics.[1–3]

It was commonly accepted that for the high-intensity and
long-wavelength limit, ATI process can be understood within
the simpleman’s model,[4] in which the motion of the liberated
electron is governed by the laser electric field. This model has
successfully explained the general structure of photoelectron
spectra, i.e., an exponential dropoff in ionization yield up to
an energy of ∼ 2Up (Up = E2/4ω2, is the ponderomotive en-
ergy of the laser field), and a plateau extending to around 10Up,
followed by a cutoff.[5–7]

Recently, further investigations reveal that the Coulomb
potential of the parent ion must be taken into account for the
peculiar structures. The semiclassical analysis indicates that
the dip at zero momentum of photoelectron distribution along
the laser polarization direction is attributed to the Coulomb
potential of the parent ion.[8,9] Later, more detailed investiga-
tions on the low-energy-structure in photoelectron spectra of
atoms and molecules subjected to the mid-inferred lasers clar-
ify the Coulomb focusing of the parent ion.[10–12] Then, the
very-low-energy-structure is also found to be connected with
the Coulomb potential.[13] And recently, further experiments
show that the CF effects can even be more easily identified for
elliptical polarization.[14,15]

Notice that in the aforementioned two experiments,[14,15]

atomic strong field ionization is investigated in full three di-
mensions using the COLd Target Recoil Ion Momentum Spec-
trometer (COLTRIMS) and elliptically polarized laser fields.
The CF effects are distinguished in both parallel and perpen-
dicular directions with respect to the polarization plane. The
investigations reveal the dependence of CF on the initial trans-
verse momentum distribution, electron orbits and tunnel exit.
We find that all these factors are related to laser intensity,
which can be easily controlled manually.

In this paper, the atomic above-threshold ionization in el-
liptically polarized laser field is investigated with a semiclas-
sical method. With increasing laser intensity, the CF effects
are found to be stronger both in the polarization plane and in
the perpendicular direction. The contributions of tunnel exit,
transverse momentum distribution and laser electric field are
explored.

2. Theoretical methods
In this paper, a semiclassical model is adopted to cal-

culate the photoelectron spectra of atomic hydrogen. The
semiclassical method retains the advantages of both quan-
tum tunneling and classical trajectory. It requires moderate
computational resources and can be easily implemented with
various physical effects (such as Coulomb potential, tunnel
exit, . . . ).[9,11–13,15–19] However, in this approach the effects of
quantum interference and atomic structure are excluded. For-
tunately, theses effects are expected to be insignificant in our
study.
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In the semiclassical method, the bounded electron is as-
sumed to ionize via tunneling through the barrier formed by
the Coulomb potential and the quasi-static electric field.[20]

Thereafter, the motion of the freed electron is completely de-
termined by the classical Newtonian equation (The atomic unit
a.u. is used throughout unless otherwise indicated.)

d2𝑟

dt2 =−𝐸(t)−∇
1
r
, (1)

where 𝐸(t) = E0 f (t)(cosωt ·𝑒z + ε · sinωt ·𝑒x) is the ellipti-
cally polarized laser field, with the envelope

f (t) =


1, t 6 10T,

cos2 (t−10T )π
6T

, 10T < t 6 13T,

0, t > 13T,

(2)

where T is the optical period, ω is the laser frequency (here
ω = 0.057, corresponding to a wavelength of 800 nm).

The initial conditions, i.e., positions and momentums, of
the ionized electrons are obtained from the tunneling ioniza-
tion theory. For a hydrogen-like atom with ionization energy
Ip, the Schrödinger equation in a uniform field E and parabolic
coordinates can be reformulated as[16]

d2Φ

dη2 +

(
Ip

2
+

1
2η

+
1

4η2 +
Eη

4

)
Φ = 0. (3)

Physically, equation (3) describes an electron tunneling
through a one-dimensional effective potential

U(η) =− 1
4η
− 1

8η2 −
1
8

E ·η

with the binding energy K = −Ip/4. The outer turning point
of the potential, i.e., the tunnel exit point) can be determined

by U(η0) = K. Then the initial position (obtained in the
parabolic coordinates) can be projected into the instantaneous
electric coordinates (x′ = 0, y′ = 0, z′ = −1/2η0) and finally
into the laboratory coordinates. For the initial momentum
of the tunneled electron in the instantaneous electric coordi-
nates, the longitudinal component at is assumed to be zero,
while a non-zero component perpendicular to the instanta-
neous electric field is introduced according to ADK theory.[21]

The weight of each trajectory is evaluated by ω(t0, p0) =

ω(0)ω(1), where[22]

ω(0) =
4(2Ip)

2

|E(t)|
exp

[
−

2(2Ip)
3/2

3|E(t)|

]
, (4)
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(2Ip)

1/2

|E(t)|π
exp

(
−

p2
0(2Ip)

1/2

|E(t)|

)
. (5)

In our calculations, 4× 107 initial samples are randomly
distributed in the parameter space. The evolution of the ion-
ized electron is traced until the end of the laser field and the
electron momentum is obtained then.

3. Results and discussions

In Figs. 1(a)–1(e), we present the photoelectron momen-
tum spectra of atomic hydrogen at laser intensities between
1.0× 1014 W/cm2 and 2.0× 1014 W/cm2 for ellipticity ε =

0.3. The semiclassical results are in reasonable agreement
with the recent experiments.[14,15] The electrons are concen-
trated in two lobes, which get larger with increasing laser in-
tensity as expected.
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Fig. 1. (color online) Photoelectron momentum distributions of hydrogen atom for different intensities of (a) 1.0× 1014 W/cm2, (b) 1.25× 1014 W/cm2, (c)
1.5×1014 W/cm2, and (d) 1.75×1014 W/cm2, and (e) 2.0×1014 W/cm2. The ellipticity ε = 0.3. All the data are normalized to unity. Panels (f)–(j) are the

ratios between
√
〈p2

y f〉 and
√
〈p2

y i〉 for each bin in panels (a)–(e). For details, see the text.
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We analyze the momentum distribution in direction per-
pendicular to the polarization plane (y axis, which is free of
electric field) as Ref. [14]. We work out the ratios between
the root-mean-square (RMS) of the final momentum

√
〈p2

y f〉

and the RMS of the initial momentum
√
〈p2

y i〉 for each point
in the polarization plane. According to ADK theory, the ini-
tial transverse momentum distribution is gaussian, with RMS√
|E(t)|/(8IP)

1/2.[21] Considering that ionization mainly oc-
curs around the field maximum, the initial RMS

√
〈p2

y i〉 is
approximated by

√
E0/(8IP)1/2. After the evolution in the

combined field of strong laser pulse and Coulomb potential,
the electron distribution should be narrower. As we can see
in Figs. 1(f)–1(j), the calculated ratios are generally smaller
than unity, and well reproduce the experimental features.[14,15]

Regions of smaller ratios and larger ratios in each lobes can
clearly be distinguished, which are mainly from the contribu-

tion of rescattered electrons and direct electrons respectively.
In order to visualize the effects of laser intensity, we ex-

hibit in Fig. 2(a) the ratios between
√
〈p2

y f〉 and
√
〈p2

y i〉 for all
ionized electrons. As we can see, the ratios decrease almost
linearly with increasing intensity. This feature indicates that
CF effects play a more important role for higher laser intensity.
If this is the case, the angular distribution in the polarization
plane would also show the same tendency. As we can see in
Fig. 2(b), the angular distribution lacks the fourfold symme-
try predicted by the simpleman’s model (named as Coulomb
asymmetry)[23] and the electron emission peaks at about 30◦

and 210◦. With increasing laser intensity, the angular distribu-
tion gets narrower, which indicates stronger Coulomb asym-
metry. This intensity-dependence is less pronounced as the
case in the y axis, probably due to the influence of the laser
electric field.
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Fig. 2. (color online) (a) The ratios between
√
〈p2

y f〉 and
√
〈p2

y i〉 for all ionized electrons. (b) The angular distribution of ionized electrons in the polarization

plane. The laser intensities range from 1.0×1014 W/cm2 to 2.0×1014 W/cm2 and the ellipticity ε = 0.3.

Our further investigations show that the Coulomb focus-
ing effects get stronger with increasing laser intensity for el-
lipticity ε < 0.5. For larger ellipticity, the recollision plays
little role in the atomic ionization, and therefore the effect of
the Coulomb potential is reduced and almost independent of
the laser intensity.

Then, the question is why the Coulomb focusing effects
become stronger for higher laser intensity? According to the
tunnelling ionization theory, the tunnel exit and the trans-
verse momentum distribution will change with the electric
field strength.[16,21] For a higher laser intensity, the tunnel exit
point is closer to the parent ion, and the transverse momen-
tum distribution becomes wider. A shorter distance from the
tunnel exit point to the parent ion will undoubtedly lead to a
stronger Coulomb focusing. For the initial momentum distri-

bution, Shafir et al. argued that the wider transverse distribu-
tion would result in a larger probability that an electron returns
to the vicinity of its parent ion, and therefore may enhance the
Coulomb focusing effects.[14] However, on the other hand, a
larger initial momentum distribution also means that electrons
leave the parent ion faster, which translates to less influence
of the Coulomb potential. Thus, the effect of the initial mo-
mentum distribution may be intricate as the case in the high-
order above-threshold ionization.[17] Thanks to the semiclas-
sical method, we can examine each factor separately.[18,19]

In the following investigation, we will explore the effect
of the tunneling exit point by changing its position. For a
laser intensity of 1.5× 1014 W/cm2, we shift the tunneling
exit point η0 by up to 30% (the plus sign ‘+’ means mov-
ing away from the parent ion, and the minus sign ‘–’ means
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drawing closer). As we can see in Figs. 3(a) and 3(b), as the
tunneling exit point draws away from the parent ion, the ra-
tios increase dramatically and the angular distribution in the
polarization plane exhibits much less Coulomb asymmetry.

Both of these cases indicate stronger Coulomb focusing ef-
fects for a smaller tunneling exit point. This intuitive picture
has been addressed in the previous investigations[15] and atto-
clock experiments.[24]

-0.3        -0.1           0.1           0.3 

Tunnel exit offset

-0.3        -0.1           0.1           0.3 

Initial momentum offset

-0.5                  0                  +0.5

Initial parameter offset/1014 W⋅cm-2

0.4

0.5

0.6

0.7

0.8

0.6

0.7

0.8

0.5

0.6

0.7

0.8

1.0

0.5

0

0.5

1.0

1.0

0.5

0

0.5

1.0

1.0

0.5

0

0.5

1.0

120

180

240

120

180

240

240

180

120

300

0

60

300

0

60

300

0

60

-30%

-10%

0

+10%

+30%

-30%

-10%

0

+10%

+30%

−0.5×1014 W⋅cm-2

1.5×1014 W⋅cm-2

+0.5×1014 W⋅cm-2

1.0×1014 W⋅cm-2

2.0×1014 W⋅cm-2

(a) (b)

(c) (d)

(e) (f)

Angular distribution

Angular distribution

Angular distribution

R
a
ti
o

R
a
ti
o

R
a
ti
o

Fig. 3. (color online) (a) The ratios between
√
〈p2

y,f〉 and
√
〈p2

y i〉 and (b) the angular distribution in the polarization plane for different tunnel exit point
offsets. (c) The ratios and (d) the angular distribution for different initial momentum distribution offsets. (e) The ratios and (f) the angular distribution for
different initial parameter offsets. The laser intensity is 1.5×1014 W/cm2 and the ellipticity ε = 0.3. The blue diamond and the red star in panel (e) are the
ratios for laser intensity 1.0×1014 W/cm2 and 2.0×1014 W/cm2, respectively.
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We further investigate electron emission with the altered
initial momentum distribution. For the laser intensity of
1.5×1014 W/cm2, we also change the transverse momentum
distribution by up to 30%. As we can see in Fig. 3(c), the ratios
increase with enlarging the width of the transverse momentum
distribution, which suggests less CF effects for wider trans-
verse momentum distribution. This feature is contradict with
the predication of Shafir et al.[14] Also, the change of the an-
gular distribution with the transverse momentum distribution
offset [in Fig. 3(d)] shows the same tendency. Note that the ef-
fect of the initial transverse momentum distribution is far less
than that of the tunnel exit point. Meanwhile, the CF effect
is insensitive to the errors of the initial transverse momentum
distribution. Even if the initial transverse momentum distribu-
tion has a deviation of 15%,[25] the error of the ratios between√
〈p2

y f〉 and
√
〈p2

y i〉 is estimated to be less than 3%, and the
main result in the article remains unchanged.

Furthermore, for an intensity of 1.5 × 1014 W/cm2,
we adopt the initial parameters, i.e., both tunnel exit point
and transverse momentum distribution, for an intensity of
1.0× 1014 W/cm2 (named as initial parameter offset −0.5×
1014 W/cm2) and 2.0×1014 W/cm2 (named as initial param-
eter offset +0.5×1014 W/cm2), respectively. For the former,
the tunnel exit point is about 0.25 times farther from the parent
ion, and the width of the initial transverse momentum reduces
by approximately 10%; for the latter, the tunnel exit point re-
duces to about 0.85 times of the original one, and the width of
the transverse momentum enlarges by approximately 7%. As
we can see in Figs. 3(e) and 3(f), for the positive initial param-
eter offset, the ratio gets smaller and the angular distribution
gets narrower. On the contrary, the ratio becomes larger and

the angular distribution gets wider for the negative initial pa-
rameter offset. This indicates that the effect of the tunnel exit
surpasses that of the transverse distribution when increasing
laser intensity.

Moreover, we find that for the initial parameter offset
−0.5× 1014 W/cm2, the ratio between

√
〈p2

y f〉 and
√
〈p2

y i〉
is larger than that for the intensity of 1.0× 1014 W/cm2

[the blue diamond in Fig. 3(e)], and the main emission an-
gle in the polarization plane shifts anticlockwise compared
with the case for 1.0× 1014 W/cm2 [the dashed blue line
in Fig. 3(f)]. On the contrary, for the initial parameter
offset +0.5 × 1014 W/cm2, the ratio is smaller than that
for 2.0× 1014 W/cm2 [the red star in Fig. 3(e)], and the
main emission angle shifts clockwise compared with that for
2.0× 1014 W/cm2 [the dashed red line in Fig. 3(f)]. These
facts indicate that besides the initial parameters, the driv-
ing laser field also plays significant role in Coulomb focus-
ing effects. For an ionized electron, its motion is governed
by the combined forces of the laser field and the Coulomb
field, which virtually compete with each other.[26] A larger
momentum, i.e., kinetic energy, obtained from the laser field
means relatively smaller distortion by the Coulomb poten-
tial, and vice versa. Therefore, for the initial parameter off-
set −0.5×1014 W/cm2, the ionized electrons evolving in the
laser field of 1.5× 1014 W/cm2 will obtain more momentum
comparing with the case of 1.0× 1014 W/cm2, and will be
less focused by the Coulomb potential. For the initial param-
eter offset +0.5× 1014 W/cm2, the ionized electrons acquire
less momentum than that for 2.0× 1014 W/cm2, and will be
more strongly focused by the parent ion.
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Fig. 4. (color online) (a) The ratios between
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〈p2

y f〉 and
√
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y i〉, and (b) the angular distribution in the polarization plane for wavelength ranging from

800 nm to 3200 nm. The laser intensity is 1.5×1014 W/cm2 and the ellipticity ε = 0.3.
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The effect of electric field can be more explicitly ver-
ified by changing the wavelength of the driving laser field.
According to the quasi-static tunneling picture,[16,21] the ini-
tial conditions (the tunnel exit point and the transverse mo-
mentum distribution) are invariant to the wavelength. On the
other hand, the electron’s drift momentum is proportional to
E0/ω .[3] With increase of the wavelength, the electric field
would show more pronounced impact on the ionization dy-
namics, whereas the Coulomb potential would show relatively
less influences. As we can see in Figs. 4(a) and 4(b), with the
increasing wavelength, the ratio between

√
〈p2

y f〉 and
√
〈p2

y i〉
increases dramatically, and the angular distribution becomes
wider and shifts anticlockwise distinctly. Both features indi-
cate smaller CF effects for longer wavelength. Considering the
great importance of the electron recollision in the Coulomb
focusing, the effect of the laser wavelength would be more
pronounced for the case of the linear polarization.[27] Paren-
thetically, our results indicate that the laser-induced electron
diffraction or the self-imaging of an atom or a molecule by its
own rescattered electrons would suffer less deviation from the
Coulomb potential for longer wavelength.[28,29]

4. Conclusion

In conclusion, we have investigated the above-threshold
ionization of the hydrogen atom in elliptically polarized laser
fields with the semiclassical method. With the increasing in-
tensity, the ratios between the RMS of the final momentum√
〈p2

y f〉 and that of the initial momentum
√
〈p2

y i〉 decrease, and
the angular distribution gets narrower. These both indicate that
the Coulomb focusing effect gets stronger with the increas-
ing laser intensity. The influences of the tunnel exit point, the
initial transverse momentum distribution, and the laser elec-
tric field are analyzed separately. The tunnel exit point closer
to the parent ion will lead to stronger CF effects, while the
larger transverse distribution will result in smaller CF effects.
As for the stronger laser electric field, the CF effects are rel-
atively less significant than that for the weaker laser electric
field. Our investigation indicates that the effects of the tunnel
exit are most prominent with variation of the laser intensity,
and the other two factors both play non-negligible roles.
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