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Noise analysis of grating-based x-ray differential phase-contrast
imaging with angular signal radiography∗
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X-ray phase-contrast imaging is one of the novel techniques, and has potential to enhance image quality and provide
the details of inner structures nondestructively. In this work, we investigate quantitatively signal-to-noise ratio (SNR) of
grating-based x-ray phase contrast imaging (GBPCI) system by employing angular signal radiography (ASR). Moreover,
photon statistics and mechanical error that is a major source of noise are investigated in detail. Results show the depen-
dence of SNR on the system parameters and the effects on the extracted absorption, refraction and scattering images. Our
conclusions can be used to optimize the system design for upcoming practical applications in the areas such as material
science and biomedical imaging.
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1. Introduction
X-rays have been utilized to probe inner structures non-

destructively since its discovery by Wilhelm Röntgen in 1895.
Attenuation-contrast x-ray imaging, based on absorption of x-
rays in the sample has been extensively used in nondestructive
testing, biomedical imaging and security screening. However,
the contrast produced due to difference in attenuation of x-
rays is limited when weak-absorbing materials are imaged. In
other words, low Z (proton number) elements, organic mate-
rials and body soft tissues are hard to image by attenuation-
contrast x-ray imaging. Fortunately, this difficulty of low ab-
sorption contrast of soft tissue can be overcome with phase-
contrast imaging.[1,2]

During the past two decades, the x-ray phase contrast
imaging has received attention because x-ray phase shift cross
section is much larger than the cross section of absorption.[1]

X-ray phase contrast imaging attained extremely high sen-
sitivity to weakly absorbing objects.[2] There are several x-
ray phase sensitive imaging methods including: interfero-
metric imaging,[3,4] analyzer-based imaging (ABI),[5–8] and
propagation-based imaging (PBI).[9,10] Compared with other
methods mentioned above, the grating interferometry has
gained much attention as it is compatible with both syn-
chrotron source and laboratory x-ray source.[11] Grating in-
terferometer has good absorption and phase sensitivity, and its

resolution is on the order of tens of microns.[12] Therefore,
grating-based phase contrast imaging (GBPCI) has the poten-
tial to have medical applications as well as other image pro-
cessing applications.

Since the demonstration of x-ray grating interferome-
try,[13,14] GBPCI has received much attention in medical imag-
ing field.[15–19] In 2005, Weitkamp et al.[20] used the grating
interferometry as a phase contrast imaging technique. After
that, a breakthrough came into being in the field of x-ray phase
contrast imaging so called Talbot-Lau interferometry.[11,21] In
2008, dark-field image concept was added to x-ray grating
interferometery.[12] In order to limit radiation dose, the ex-
traction methods are very important. In x-ray phase-contrast
imaging, several extraction methods have been established in
order to separate absorption, refraction and scattering signals
from the projection image. Phase-stepping (PS) is the most
widely used technique to extract information; however, its dis-
continuous image acquisition mode impairs wide clinical ap-
plications. In 2010, Zhu et al.[22] proposed a reverse pro-
jection (RP) method, which is fast, simple and low dose. In
2011–2012, Zanette et al.[23] introduced interlaced and slid-
ing window phase-stepping[24] extraction techniques in order
to lessen dose in phase contrast tomography. Recently, Li et
al.[25] proposed an extraction method for grating interferome-
try, so-called angular signal radiography (ASR) which reduces
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over all radiation doses and improves image acquisition speed.
Noise property is one of the important characteristics of

the imaging system. Hence, many research groups[26–28] ana-
lyzed the noise for PS method. In 2014, Wu et al.[29] proposed
the quantitative analysis of signal-to-noise ratios (SNRs) for
RP method. However, RP method can extract absorption
and refraction information only. ASR can extract absorption,
refraction, and scattering as well. In this regard, we pro-
pose SNRs quantitative analysis of images acquired by ASR
method for GBPCI. Two main causes of noise photon fluctua-
tions and mechanical error are investigated by using the error
propagation formula.[30] Theoretical expressions of SNRs of
absorption, refraction and scattering images of ASR method
are obtained. The results show how several parameters of the
imaging system affect the noise of GBPCI and how the image
quality can be improved.

2. Principle of angular signal radiography

The schematic setup of Talbot interferometer is shown in
Fig. 1(a). It is comprised of an x-ray source, a rotary sample
station, a phase grating G1 (period p1), an analyzer grating
G2 (period p2), and a detector. G1 and G2 are positioned in
a straight line in front of the detector. The G1 functions as
a splitter or an angular collimator while G2 acts as an angu-
lar filter. In the case of grating interferometer, G2 is set at
self-image distance (D) behind G1. The photon number at the
detector changes when G2 is moved by small displacement
xg with respect to G1 in the orthogonal direction of the x-ray
beam and the grating line. Generally, we refer to the curve
of intensity vs. grating relative position as shifting curve (SC),
and the normalized SC of x-ray grating interferometer (XGI) is
shown in Fig. 1(b). In XGI setup, the displacement xg between
G1 and G2 is equivalent to angular deviation (xg/D) induced
by the sample. Different points on SC corresponding to valley-
SC, upslope-SC, peak-SC, and downslope-SC are marked as
V, U, P, and D respectively (shown in Fig. 1(b)). Hence, angu-
lar signal response function (ASRF) is given as[25]

S(ψ) = S(xg/D) = S
[

1−V0 cos
(

2πD
p2

(ψ +ψ0)+η
π

2

)]
, (1)

where S = (Smax + Smin)/2, the average value; V0 = (Smax−
Smin)/(Smax + Smin), visibility; Smax and Smin are maximum
and minimum value of normalized SC respectively; ψ0 and ψ

are the initial x-ray deviation angle and x-ray deviation angle
respectively; η = 0, 1, 2, 3 are the modulation parameters to
obtain four SCs.

By considering the absorption, refraction and scattering
interaction of x-rays with object, the angle modulated func-

tion (AMF) can be depicted as[31]

f (ψ;x,y) = I0
exp(−M(x,y))√

2πϑ(x,y)
exp

[
−1

2
(ψ−θ(x,y))2

ϑ 2(x,y)

]
, (2)

where I0 is the incident total photon number of x-ray beam,
M(x,y) =

∫
∞

−∞
µ(x,y,z)dz the absorption of sample, µ(x,y,z)

the absorption coefficient,

θ(x,y) =−
∫

∞

−∞

∂δ (x,y,z)
∂x

dz

the refraction angle induced by sample, δ (x,y,z) the decre-
ment of real part of refractive index, and υ2(x,y) =∫

∞

−∞
ω(x,y,z)dz the scattering variance, and ω(x,y,z) being

scattering coefficient. The intensity detected by the detec-
tor is deformed by the absorption, refraction and scattering
produced by sample placed in the x-ray beam before or after
G1. Hence, by ASR[25] in XGI, the detected image function
I(ψ;x,y) can be obtained by taking the convolution of AMF
and ASRF.

I(ψ;x,y) = f (ψ;x,y)⊗S(ψ), (3)

where
⊗

represents convolution.
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Fig. 1. (color online) Schematic setup of GBPCI. (a) Periodic interference
pattern of G1 is formed in the plane of G2 through Talbot self-imaging; (b)
plot of shifting curve as a function of the grating position for detector pixel
over one period of G2.
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By substituting Eqs. (1) and (2) into Eq. (3) we ob-
tain the expressions of valley-image (IV), upslope-image (IU),
peak-image (IP), and downslope-image (ID) in the following
expressions:[25]

IV(x,y) = I0Se−M(x,y) [1−V (x,y)cosϕ(x,y)] , (4)

IU(x,y) = I0Se−M(x,y) [1+V (x,y)sinϕ(x,y)] , (5)

IP(x,y) = I0Se−M(x,y) [1+V (x,y)cosϕ(x,y)] , (6)

ID(x,y) = I0Se−M(x,y) [1−V (x,y)sin(ϕ(x,y))] , (7)

where

V (x,y) =V0 e−2π2D2ϑ 2(x,y)/p2
2 ,

ϕ(x,y) =
2πD

p2
(θ(x,y)+ψ0) .

Now by combining Eq. (4) to Eq. (7) the absorption, refraction
and scattering information can be deduced and simplified as

M(x,y) =− ln
[

IU(x,y)+ ID(x,y)
2I0S

]
, (8)

θ (x,y) =− p2

2πD
arctan

[
IU (x,y)− ID (x,y)

IU (x,y)+ ID (x,y)−2IP (x,y)

]
−ψ0,

(9)

ϑ
2(x,y) =− p2

2
2π2D2 ln


√
(IU (x,y)− ID (x,y))2 +(IU (x,y)+ ID (x,y)−2IP (x,y))

2

V0 (IU(x,y)+ ID(x,y))

 , (10)

where IV(x,y) = IU (x,y)+ ID (x,y)− IP (x,y) .

3. Noise analysis
Photon statistical noise and mechanical error are the

two major factors affecting extraction information and im-
age quality. SNRs analyses of GBPCI with reverse projection
(RP) method of absorption and refraction images have been
performed.[29] Here, the effects of photon statistics and me-
chanical error on the noise properties of absorption, refraction
and scattering signals retrieved by ASR are discussed.

3.1. Photon statistical noise

The absorption coefficient, refraction angle and scattering
variance fluctuate about a mean value (a = a+∆a) because of
the statistical fluctuations of the photon number. We suppose
that the photon number follows Poisson statistics (σ2

Ii = Ii), by
using the error propagation formula,[30] the noise variances of
absorption, refraction and scattering images are calculated by
the noise variance of the measurement taken at each pixel po-
sition of the x-ray grating interferometer. After mathematical
calculations (the detailed derivation is presented in Appendix
A), the simplified expressions of SNRs due to photon statis-
tics of absorption, refraction and scattering images are given
as follows (for simplicity we drop (x,y)):

SNRM,st =
√

2I0S̄e−MM̄, (11)

SNRθ ,st =
2
√

2πD
p2

√
I0S̄e−M θ̄V√

1+2(1+2V cosϕ)sin2
ϕ

, (12)

SNRϑ 2,st =
2
√

2π2D2

p2
2

×
√

I0S̄e−Mϑ̄ 2V√
1−V 2 +4V cos3 ϕ +2cos2 ϕ(1+V 2)

, (13)

where SNRM,st,SNRθ ,st, and SNRϑ 2,st are SNRs due to pho-
ton statistics of absorption, refraction, and scattering images
respectively. Here, we point out that the SNRs of absorption,
refraction, and scattering images are directly proportional to
the square root of the incident photon number and also de-
pends on sample absorption property. The SNRs of all the
three images are proportional to square root of the mean value
of background SC. Moreover, the SNR of absorption image is
independent of reduced visibility (V ) of SC, while the SNRs
of refraction and scattering images depend on V . In addition,
the SNRs of refraction and scattering images depend on phase
shift (ϕ). Further, the SNR of absorption image is independent
of system parameters, while SNRs of refraction and scattering
images depend on system parameters like p2 and D.

3.2. Mechanical error

The phase stepping is generally performed by translating
G2 (or G1). But due to mechanical error the actual position
(xg) about the ideal position can be depicted by a normal dis-
tribution with standard deviation σxg . In XGI, considering the
mechanical error the photon number detected by the detector
can be expressed as[25];

I(x,y) = I0Se−M
[

1−V cos
(

ϕ +
2π

p2
xg

)]
, (14)

using error propagation formula,[30] and after mathemati-
cal calculations (the detailed derivation is presented in Ap-
pendix B), the simplified expressions of SNRs due to mechan-
ical error of absorption, refraction and scattering images are
given as follows:

SNRM,me =
1√
2π

p2

V cosϕ

M̄
σxg

, (15)
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SNRθ ,me =

√
2Dθ̄√

cos2 ϕ +2sin4
ϕ

1
σxg

, (16)

SNRϑ 2
s ,me =

√
2πD2ϑ̄ 2

p2 cosϕ
√

3+V 2 +2cosϕ(V − cosϕ)

1
σxg

, (17)

where SNRM,me, SNRθ ,me, and SNRϑ 2,me are the SNRs for
absorption, refraction, and scattering images due to mechani-
cal error, in which, we highlight that the SNRs of absorption,
refraction, and scattering images are inversely proportional to
σxg and independent of I0. Furthermore, the SNRs of absorp-
tion and scattering images depend upon p2 but in different
ways, while SNRs of refraction and scattering images depend
on D. We also point out that due to mechanical error, the SNR
of refraction image does not depend on V while those of ab-
sorption and scattering images depend on V .

4. Simulation and discussion
The predictions of the theoretical derivations of noise

analysis for GBPCI are verified by performing simulation us-
ing Matlab. In simulations, Talbot interferometer is operated
with plane-wave x-ray beam of 25 keV (λ = 0.049 nm). Tal-
bot interferometer is comprised of G1 (π/2 phase shift) and
G2 having periods p1 = p2 = 4 µm. A CCD detector of
10 µm×10 µm pixel size is used. The distance from G1 to
G2 is set to be 16.13 cm. A cylindrical polymethyl methacry-
late (PMMA) having 4-mm diameter is selected as a sample.
The size of spherical scattering particles is 0.5 µm. The com-
plex refractive index is n = 1− 4.26× 10−7 + i1.53× 10−10

at 25 keV. To verify the expressions in Eqs. (11)–(13), , the
SNRs due to photon noise are simulated for different incident
x-ray intensities and repeated 104 times to compute variances.
That is why the results are statistically significant. Similarly,
the expressions in Eqs. (15)–(17), the SNRs due to mechani-
cal error are simulated for different values of relative standard
deviation (σxg/p2) of different stepping motors having preci-
sion of 0.0012, 0.0014, 0.0016, 0.0018, 0.0020, 0.0022, and
0.0024 while incident photon number is fixed at 5000 photon
per pixel.

Figure 2 shows simulated SNRs as a function of incident
photon number as well as theoretical predictions of SNRs due
to photon statistics. Good agreement is observed between sim-
ulation and theoretical model. According to theoretical model,
the SNRs due to photon statistics of absorption, refraction and
scattering images are directly proportional to square root of I0.
Furthermore, the SNR of absorption image is independent of
refraction angle while SNRs of scattering and refraction im-
ages depend on refraction angle. Here, we point out that SNR
of refraction image is higher than those of absorption and scat-
tering image, the reason is that SNRs are calculated near the

edge of the sample. The simulated SNRs due to mechanical
error and theoretical predictions are shown in Fig. 3. It is
observed that simulated and theoretical predictions are well
matched. Figure 3 shows that the SNRs of all the three images
are inversely proportional to standard deviation.
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Fig. 2. (color online) The SNRs due to photon statistics versus incident
photon number: absorption (a), refraction (b), and scattering (c) images.

Other noise sources, like electronic noise of CCD detec-
tor and fixed pattern noise, though have negligible effect, but
reduce image quality. Electronic noise of CCD detector called
dark current can be measured by obtaining an image while
x-ray source is switched off. Fixed pattern noise caused by
spatial non-uniformities of grating and/or detector and by me-
chanical drift of one grating with respect to other can produce
artifacts in the image. In order to minimize these noises, tem-
perature control, optimized mechanical design and gain cor-
rection can be implemented.
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Fig. 3. (color online) The SNRs due to mechanical error versus relative
standard deviation for absorption (a), refraction (b), and scattering (c)
images.

5. Conclusions

In this work, we develop and analyze quantitatively SNRs
of absorption, refraction, and scattering images of GBPCI
by using Talbot interferometer employing ASR. Two main
sources of noise, photon statistics and mechanical error are
investigated in detail. The theoretical predictions developed in
Section 3 are verified by performing simulations. All simu-
lation and theoretical results show good agreement and hence
validates our theoretical model. In the case of photon statisti-
cal noise, SNRs of all three images are directly proportional to
square root of I0, while due to mechanical noise, SNRs of all
three images are inversely proportional to relative standard de-
viation. In addition, the dependence of other factors on SNRs

of all three images is also discussed. Two approaches may be
considered to improve the quality of extracted images: by in-
creasing incident photon number and by using high-precision
control system to reduce mechanical error. Finally, the im-
age quality of refraction and scattering information can be en-
hanced by using the optimized inter-grating distance. How-
ever, x-ray tubes are power limited, so trade-off must be con-
sidered between image quality and measurement time. Fi-
nally, our results can be used to find optimized configuration
to achieve better image quality.
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Appendix A: Derivation of σM,stσM,stσM,st, σθ ,stσθ ,stσθ ,st, and συ2,stσυ2,stσυ2,st

The standard deviations of absorption, refraction, and
scattering due to photon statistics are derived as

σ
2
M,st = ∑

i=U,D

(
∂M
∂ Ii

)2

Ii=Ii

σ
2
Ii =

1
IU + ID

.

Using Eqs. (5) and (7), we obtain

σ
2
M,st =

1
2I0Se−M

,

σ
2
θ ,st = ∑

i=U,P,D

(
∂θ

∂ Ii

)2

Ii=Ii

σ
2
Ii . (A1)

Using Eq. (9), we have

σ
2
θ ,st =

(
p2

2
π2D2

) (
ID− IP

)2 IU +
(
IU− ID

)2 IP +
(
IP− IU

)2 ID[(
IU + ID−2IP

)2
+
(
IU− ID

)2
]2 .

Substituting Eqs. (5)–(7) into the above equation, we have

σ
2
θ ,st =

(
p2

2
π2D2

)
1+2(1+2V cosϕ)sin2

ϕ

8I0V 2Se−M
,

σ
2
υ2,st = ∑

i=U,P,D

(
∂υ2

∂ Ii

)2

Ii=Ii

σ
2
Ii . (A2)

Using Eq. (10), we have

σ
2
υ2,st =

(
p2

2
π2D2

)2 1[(
IU + ID−2IP

)2
+
(
IU− ID

)2
]2

×
[(IUID + IUIP + IPID− I2

D−2I2
P

)2

(
IU + ID

)2 IU

+
(
IU + ID−2IP

)2 IP

+

(
IUID + IUIP + IPID− I2

U−2I2
P

)2

(
IU + ID

)2 ID

]
.
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Substituting Eqs. (5)–(7) into the above equation, we have

σ
2
υ2,st =

(
p2

2
π2D2

)2 1−V 2 +4V cos3 ϕ +2cos2 ϕ(1+V 2)

8I0V 2S̄e−M .

(A3)

Appendix B: Derivation of σM,meσM,meσM,me, σθ ,meσθ ,meσθ ,me, and
σϑ 2,meσϑ 2,meσϑ 2,me

The standard deviations due to mechanical error are de-
rived as

σ
2
M,me =

[(
∂M
∂ IU

∂ IU

∂xg

)2

xg=xg=p2/2
+

(
∂M
∂ ID

∂ ID

∂xg

)2

xg=xg=p2

]
σ

2
xg .

Using Eqs. (5), (7) , and (14), we obtain

σ
2
M,me =

2π2V 2 cos2 ϕ

p2
2

σ
2
xg ,

σ
2
θ ,me =

[(
∂θ

∂ IU

∂ IU

∂xg

)2

xg=xg=p2/2
+

(
∂θ

∂ IP

∂ IP

∂xg

)2

xg=xg=3p2/4

+

(
∂θ

∂ ID

∂ ID

∂xg

)2

xg=xg=p2

]
σ

2
xg . (B1)

Using Eqs. (5)–(7), and (14), we have

σ
2
θ ,me =

[cos2 ϕ +2sin4
ϕ]

2D2 σ
2
xg ,

σ
2
υ2,me =

[(
∂υ2

∂ IU

∂ IU

∂xg

)2

xg=xg=p2/2
+

(
∂υ2

∂ IP

∂ IP

∂xg

)2

xg=xg=3p2/4

+

(
∂υ2

∂ ID

∂ ID

∂xg

)2

xg=xg=p2

]
σ

2
xg . (B2)

Using Eqs. (5)–(7), and (14), we obtain

σ
2
υ2,me =

p2
2

2π2D4 cos2
ϕ
[
3+V 2 +2(V − cosϕ)cosϕ

]
σ

2
xg .

(B3)
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