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Correction of cosine oscillation to the improved correlation method of
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In the measurement of G with the angular acceleration method, the improved correlation method developed by Wu et
al. (Wu W H, Tian Y, Luo J, Shao C G, Xu J H and Wang D H 2016 Rev. Sci. Instrum. 87 094501) is used to accurately
estimate the amplitudes of the prominent harmonic components of the gravitational background signal with time-varying
frequency. Except the quadratic slow drift, the angular frequency of the gravitational background signal also includes
a cosine oscillation coming from the useful angular acceleration signal, which leads to a deviation from the estimated
amplitude. We calculate the correction of the cosine oscillation to the amplitude estimation. The result shows that the
corrections of the cosine oscillation to the amplitudes of the fundamental frequency and second harmonic components
obtained by the improved correlation method are within respective errors.
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1. Introduction

The accurate amplitude estimation of the useful gravita-
tional angular acceleration signal that is a sinusoidal signal is
of great importance for measuring the gravitational constant
G with angular acceleration method.!'=> The amplitude of the
sinusoidal signal is determined with high precision by the cor-
relation method,!® which is highly efficient for subtle signal
analysis,”~'% but only on condition that the frequency of the
sinusoidal signal is constant and known exactly. Since the
gravitational force cannot be shielded in the experiment,!!!]
the room fixed background mass causes a spurious gravita-
tional angular acceleration signal on torsion pendulum in-
evitably. That is to say, the angular acceleration signal of the
torsion balance turntable equals the sum of the useful angular
acceleration signal and the spurious gravitational background
signal. Besides, the useful angular acceleration signal obvi-
ously consists of the fundamental frequency and second har-
monic components, and the spurious gravitational background
signal mainly contains the prominent fundamental frequency
and second harmonic components.!!'?l The coupling effect of
the spurious gravitational background signal and the linear
slow drift of torsion balance’s equilibrium position!!3-1%! leads
to the fact that the angular frequency of the spurious gravita-

tional background signal undergoes a quadratic slow drift.[!”]
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Then, the accurate amplitude determination of the useful an-
gular acceleration signal depends on the effective subtraction
of the spurious gravitational background signal.!'®!

In order to subtract the gravitational background signal
from the angular acceleration signal of the torsion balance
turntable effectively, we need to determine the amplitudes of
the fundamental frequency and second harmonic components
of the gravitational background signal accurately. Based on
the basic principle of the measurement of G by the angular
acceleration method with PID feedback control unit,>-' the
useful angular acceleration signal that equals the useful grav-
itational signal generated by the four source masses is a stan-
dard sinusoidal function. Since the angular velocity of the tor-
sion balance turntable, which is also the angular frequency of
the gravitational background signal, is the integral of its angu-
lar acceleration over time, besides the quadratic slow drift, the
time-varying frequency of the gravitational background sig-
nal also contains a cosine oscillation coming from the use-
ful angular acceleration signal.['”] The improved correlation
method!'8! with stretch processing of time is used to accu-
rately determine the amplitudes of the prominent fundamental
frequency and second harmonic components of the gravita-
tional background signal with time-varying frequency in the
meantime, and the cosine oscillation term is considered to be
negligible with respect to the quadratic slow drift term. To
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judge whether the influence of the cosine oscillation is negli-
gible compared with the error of the estimated amplitude, one
needs to calculate the correction caused by the cosine oscilla-
tion.

In this paper, the cosine oscillation of the angular accel-
eration signal of the torsion balance turntable is analyzed, and
the influence of the cosine oscillation is isolated alone by Tay-
lor expansion. The gravitational background signal is divided
into some small parts. In each part, the amplitudes of the
prominent fundamental frequency and second harmonic com-
ponents of the gravitational background signal without cor-
recting the influence of the cosine oscillation is calculated by
the improved correlation method with high precision, and the
estimated amplitudes with the cosine oscillation influence cor-
rected are also given by the same way. The bias of the cosine
oscillation is obtained as the difference between the corrected
amplitude and the uncorrected amplitude. Finally, we process
a typical experimental data set to give the correction of the co-
sine oscillation to the estimated amplitude, then lay the foun-
dation of the effective subtraction of the gravitational back-
ground signal, and further make contribution to estimating the
amplitude of the useful gravitational signal.

2. Cosine oscillation of the gravitational back-
ground signal

In the measurement of the gravitational constant G with
the angular acceleration method, the angular acceleration of
the torsion balance turntable can be expressed as!!”-1!

(1) = 6y(1)

= 0 (t) + 0 (¢) ZA sin(nwgt + ¢y,)
n=1

2
+ Z { 0ty sin[m®(1) + @, }

m=1

S8}

Z a, cos(nwst) + b, sin(nwgt )]

=1
2

+ Z {abm cos[mO(t)] + by, sin[m®(¢)]}, (1)
m=1

B

where 04(t) and ©(¢) denote the angular acceleration signal
and rotation angle of the torsion balance turntable, respec-
tively; 0, (f) and o (¢) represent the useful angular accelera-
tion signals generated by the four source masses and the grav-
itational background signal caused by the room fixed back-
ground masses respectively; @ is the angular frequency of the
l(bn/an) and ¢, = tan_l(bbm/abm)
denote the initial phases of the n-th order harmonic compo-

useful signal; ¢, = tan™

nent of the useful signal and the m-th order harmonic com-
ponent of the gravitational background signal, respectively;

Ay =+/d2+Db2 and o4, = \/aZ, + b2, are the amplitudes of

the n-th order harmonic component of the useful signal ot ()
and the m-th order harmonic component of the gravitational
background signal oy (1), respectively; @() is the rotation an-
gle and equals the integral of the angular velocity with time-
varying frequency, and it is expressed as

o) = /tl@(t)dt

0

13
= / [p3+ pat + pit* — pecos(wgt)] dt,  (2)
to

where 1y is the initial time, @(¢) is the time-varying angular
frequency of the gravitational background signal @ (t), p3 is
the initial angular velocity of the turntable, p> and p; are the
coefficients of the quadratic slow drift, and p. is the amplitude
of the cosine oscillation.

When the cosine oscillation term is not considered at first,
based on the stretch and non-dimensionalized processing of
time, after each small part is shifted forward 7y to start from
t = 0, the rotation angle ©(r) is approximated as

dla)Tp L + d2(1)Tp i 2 3)
2 \71, 3 \15,) )

= w(tp) denotes the initial angular velocity of each

6,(r) = O(r) —wlt[1+

where w;
small part and the constants 7, d1oTp, and drTp are the same
as those in Ref. [18]. Then equations (1) is rewritten as

2

Z an cos(nwst) + by, sin(nwgt)]

n=1

2
Z p €OS[MO ()] + b sin[m® ()]} (4)

Supposing that the drive signal is 0, the homogeneous solu-
tion of Eq. (4) is Eq. (3). To obtain the particular solution
of Eq. (4), we perform twice successive integral on the right
drive signal. After the uniform processing of Ref. [18], the
high order term of 7 in Eq. (3) is negligible, and then © () is
approximated as w;t, so equation (4) is further expressed as

2

Z an cos(nogt) + by, sin(nagt)]

n=1

2
+ Z Qo €OS(M1 1) + by sin(mwyt)]. (5)

Then the particular solution is given approximately by

2
a b, .
—A6 =-Y [nzgz cos(nwt) + n22;2 sm(nwt)}

n=1

. bom .
_ Z [ B 5 cos(mayt) + mzb:)f sm(ma)lt)]. (6)

Therefore, the complete solution of Eq. (1) is approximated as

O(1) = 0(r) - A8y, ©)

040401-2



Chin. Phys. B Vol. 26, No. 4 (2017) 040401

where O (z) is the main term caused by the quadratic slow drift
and A@ is the cosine oscillation coming from the useful sig-
nal. Substitution of Eq. (7) into Eq. (4) yields

2
Z ay cos(nwst) + by, sin(nwgt )]
=1

3

2

+ Zl {apmcos[m(O(1) — AGY)]
+ bom sin[m(O (1) — AG,)] }. ®)

Based on the Taylor expansion as

{ cos[m(0O(r)
sin[m(O(r)

—AB,)| = cos[mO ()] +msin[mO(t)]|AGy,
— A®,)] = sin[mO(t)] — mcos[mO(1)]AG,

the angular acceleration signal o (7) is further expressed as

2
Z a, cos(nwst) + by, sin(nwgt )|

n=1

+ Zl {apmcos[m(O(1))]
+ Do sin[m(O(1))]} + Sau(t), )

where the term

oou(t) = dag(t)+ Son(t)

22: {may,, sin[m® (1)|AG; — mby,, cos[O (¢)|AB }
m=1

is the influence of the cosine oscillation on the o4(¢). The
00 (1) and Sy () denote the cosine oscillation influences of
the useful signal o, (f) and the gravitational background sig-
nal (), respectively. Combined with Eq. (6), the oscillation
term S oy (¢) is rewritten as

2
Z {may,, sin[m® (t)] — mby,, cos[O(t)]}

ay cos(mwt) + by, sin(maot)
m* >

XZ

N Qo COS (M1 1) + by, sin(maoy t)

10
s (10)

Hence, the oscillation term da,(¢) can be further divided into
6 parts,i.e.,

6(Xb(t) = 51(Xb(l) +52(Zb(l) +630£b(t)

+ 840 (1) 4 Os5 0 (1) + S 0t (1), (1)
|

sin(20(¢)) —sin(20(r +T)) ~ [1 — cos(2A0)]sin[O(2)] + sin(2A0) sin[O(7)],
{ [1 —cos(2A0)]cos[O ()] + sin(2AO) cos[O(7)].

cos(20(t)) —cos(20(t+T)) ~
Substitution of Eq. (13) into Eq. (12) yields

aj cos(wt) + by sin(wt)
a)z

010 (t) =

where

Sop(t) = alcos(wr)ﬁ;bmin(wt)

X {2apysin[20(t)] — 2byy cos[20(1)]},

azcos(2 by sin(2
San(t) = = ( wti;z (20t)

x {2ap sin[20(t)] — 2byy cos[20(¢)]},
Sy (f) = abzcos(Zwlti;%bbz sin(20;7)

X {2ap sin[20(1)] — 2bpy cos[20(1)] },
8401 (t) = aj cos(or) a‘;blsln(a)t)

X {ap) sin[@O(1)] — by cos[O(t)]},
8s0(1) = azcos(Zwti(—L—sz sin(2or)

x {ap) sin[@O(1)] — by cos[O(t)]},
Ss0(1) = ab1C0s(a)1t)—f—2bb151n(a)lz)

o
x {2ap; sin[20 ()] — 2bp; cos[20(1)] }
N apy cos(2mt) + byy sin(2m; 1)
40?
x {apy sin[O(1)] — by cos[O(1)] }.

3. Correction of cosine oscillation to the am-
plitude estimation of the gravitational back-
ground signal

3.1. Corrections of 80 (t), 6,04(t), and 8304 (1) to ampli-

tude estimation

Based on Ref. [18], the experimental data {c(¢)} are di-
vided into some small parts, each of which contains 20 periods
of the useful signal o (7) with frequency exactly known, and

0, (¢) is removed by subtracting the pairs of the data points

{a(¢)} separated by 27 phase in the useful signal frequency

;. For 8104 (1), it yields the filtered gravitational background

signal:
_ O10(1) — S1o(t +T
81 (r) = A0 =G T)
aj cos(wt) + by sin(wr)

x {ap2 [sin(20 (1)) —sin(20 (1 +T))]
— by [c0s(20(1)) —cos(20(t +T))] } (12)

On the basis of Taylor expansion, suppose AO =0 (1) — O (¢ +

T), and then we will obtain

(13)

x {[—ap2 $in2A0 — by (1 — cos2A0)] cos[20(1)]

040401-3



Chin. Phys. B Vol. 26, No. 4 (2017) 040401

+ [ap2 (1 — c0s2A0) — by sin2A0]sin[20(1)] }. (14)

After each small part is shifted forward fy to start from # = 0, according to Eq. (3) and the same processing of Ref. [18], we make
the first-order approximation by performing Taylor expansion, and have the following expressions:

2
t—1 t—1 .
oo} () <152< ) msin(mdy),
T, Ty

cos(mA®) = cos(mdPy) —

(15)
l‘o t—1y 2
sin(mA®) =~ sin(mdy) + | P, + @) | —— | | mcos(mdy),
Tp Ty
\

with m = 1,2, where @y, ®,, and P; are the same as those in X {[fabz sin2¢p — byo (1 — cos2¢y)] cos(2w; 7)

Ref. [18]. We need only to analyze the dominant term, namely + [ama (1 — cos 200 ) — byy sin2¢p] sin(2; 7) } (17)
cos(mA®) = cos(m@y) and sin(mA®) ~ sin(m®y), and thus

equation (14) is converted into According to the correlation method of estimating the ampli-
51(1) — aj cos(wt) + by sin(wt) tude of a standard cosine signal,[®! the amplitude component
1 ? corrections caused by the cosine oscillation to the amplitudes
X {[*abZ sin2¢y — bz (1 — cos2¢p)] cos[20(7)] of the prominent fundamental frequency and second harmonic

+ [apz2 (1 — cos2¢p) — bya sin2¢p] sin[20(¢)] }. (16)  components of the filtered gravitational background signal in
the i-th small part are separately given by

Suppose
2
Fog|1q Geme (1 domp (1 81mi = / S04 (r)cos(mani)di,  (18)
2 T, 3 T, T
that denotes the stretched time after the above Taylor expan- S1byi = = 81 0ty (¢) sin(mae, 7) dF, (19)

sion and non-dimensionalized processing with respect to the T Ji-nr

time 7, then equation (3) will be rewritten as O (r) = 7. Then where T = 20T is the length of the ith small part, and the sub-

we can also obtain the derivative relation between ¢ and 7, ex- . .
script m denotes the m-th order harmonic component of the

d o . oo
pressec as filtered gravitational background signal. Substituting Eq. (17)

L+ diom, ( > T dsory < t )2 dr. intf) Eq. (18_), then .the cosine. amplitude component correction
T, b 81dy; of 8104 (¢) will be obtained as

df =

After the above processing, the higher order term is negligible

with respect to ¢, and then the ¢ in Eq. (16) can be replaced 1a1; = [—sin2¢o x c11 + (1 = cos290) X ca1]any
with 7, and then equation (16) is further converted into —[(1—cos2¢p) x c11 +sin2¢p X c21]bp2,  (20)
_ aj cos(ot) + by sin(or)
0104, (1) = where

a)2

|
2 0’ - 507 2(i— 7w . [2itw 2(i—)mw 2in®
11 =—= 5 7 X4 —ap|sin{ ———— ) —sin| —— | | +by[cos (| ———— | —cos ;
oT o*— 100’ 0f +90; o o o o

2 -0’ +307 20 2(i—1)mw 2inw . (2(i—-Drw . [ 2inw
0 = — 5 71— Xqar|cos| —————— ) —cos +by|sin| ———— | —sin .
oT o*—100’0f +90] o o o o o]

Substituting Eq. (17) into Eq. (19), the sine amplitude component correction 8,by; of 8; &, (t) is obtained as

511_7” = [7 sin2¢y X ¢31 + (1 — COSZ(P()) X C41]ab2 - [(1 — COSZ(P()) X ¢31 +sin2¢g X C41]bb2, 21)

where

2 (0 +30?) o 2(i— 17w 2inw . (2(i-Drw . (2itw
c3] = = Xq —ap|cos| ———— ) —cos —by[sin | —————— ) —sin
0’T o* - 100’07 + 90} o ) o o

2 40? . (2(i—Drw . (2itw 2(i— 17w 2inw
4= —= 5 7 Xqai|sin| ————— | —sin —by|cos| ————— ] —cos .
oT 0* - 100?07 + 90} o o o o1
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Similarly, the cosine amplitude component correction &;dy; of 8104 (¢) is given as
61@2,' = [— Sin2¢0 X ¢51+ (1 — C082¢()) X c61]0b2 — [(1 — COSZ(PU) X €51 +sin2¢0 X C61]bb2, (22)

where

2 1 o’ — 80} . (217w . [2itw 2(i— 1w 2w
c51 = = X<qap|sin| ————— | —sin —by|cos| ————— | —cos ,
0’T —0*+160? © o o)) o o

2 20 2(i— rw 2in® . (2(i—-rw . [2inw
cel = = X qap|cos| —————— | —cos +by|sin| ————— | —sin .
0T —@? + 16w? o o) ) )

The sine amplitude component correction 8;by;of 8; 04, (¢) is given as

31132,' = [— sin2¢0 X c71+ (1 — COSZ(PQ) X Cgl]abz — [(1 —COS2¢0) X c71 +sin2¢0 X Cg]]bbz, (23)

where

2 20, 2i—rw 2irw . (2(-Dro . (2irw
c71 = = 5 X qai|cos| ————— ] —cos +by|sin| ————— | —sin ,
0T —@? + 167 o o o o
2

2 1 8w? . (2(i-)rw . (2itw 2(i— 17w
oy > 35— X —ap|sin| ————— | —sin +by|cos | ————— | —cos
0T —o*+160; ® ) o)) (o))

By performing the same processing as the above process- y { —a {sin (4(i - 1)750’) _ sin 417170))}
ing of 81, (), 8204 (¢) and 8304,(¢) can be respectively con- o o
verted into b [cos (4(1’— 1)7rw> ~ cos (41’7[(1) } }7
(207) + by sin(207) @ @1
_ a; cos
8 (1) = = 107 . 1 o (—40* +307)
2= 27 4_ 22 4
X { [—app sin2¢y — by (1 — cos2¢y)] cos(2w;7) @°T 160" — 400 0f + 9]
_ 4i—-1)rw 4itw
+ [ap2 (1 — cos2¢y) — bpy sin 2¢y] sin(2a)1t)}, (24) X {az[cos <(lw)n) _ cos (’07:)}
I I
_ 1 2 2 .
(t) = —= — b, )(—sin4 4i—1)rw 4itw
830 (1) szz{[(abz p2)(—sin4go) by {sin( (i w)ﬁ )—sin( Z)t )}}7
1 1
—2apbpy (1 — cos4p)| cos(4w; ¢
b22 bz(2 o)) cos(4y1) o (40 +30%) o,
+ [(apy — b) (1 — cos4¢n) 2T 20T 160 — 400?07 + 9w}
— 2apy by sind o] sin(4w;1) }. (25) { { (4(1’ — l)na)) <4i7m) )]
X q ay|cos | ———— | —cos | —
. . _ 1 1
T.hen, the amplitude component corrections of 8,04 (f) are /4(i— Drw  sine
given by —by|sin| ——————— ] —sin ,
(0] (0]}
. 2
62(71,- = [— s1n2¢0 X1+ (1 —COSZ¢0) X c22]ab2 cp = 1_ . 40‘); 5 .
—[(1—cos2¢y) X c12+sin2d0 X cxlbyy, (26) OT 160° — 400" w7 + 90,
- . . (4(i—-Drw . [4itw
Oab1; = [—sin2¢p X c3p 4 (1 —cos2¢p) X caz]am X ¢ az|sin o ) sin “or
—[(1 = cos2¢p) X c3p+sin2¢g X caz]br2, (27) . { (4(1’ 1)7ra))
—by|cos | ————
Odp; = [—sin2¢p X c5p + (1 — cos2¢y) X cep]am 2 )]
—[(1 = cos2@p) X cs52 +sin2¢o X cealby, (28) ~ cos (41'”@)] }
7 0]
Obyi = [— sin2¢p x ¢72 4 (1 —cos2¢p) x ng]abz !
. 1 1 0? —20}
—[(1—cos2¢g) x c72+sin2¢p x cgalbp2, (29) €2 = 30°T —o? T4’ ©
where the coefficient ¢z, 22, €32, a2, €52, C62, €72, and cgp % {a2 [Sin (4(i— 1)””) _sin <4i717(0>}
(0] (0]

respectively denote

b | cos 4(i—1)mw ~cos ditw
! 40’ 507 ? o o ’

oT 160* —40020? + 90?

C12 =
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o — 1 wq
02 7 42T —0? +40}
{ { <4(i—1)7m)> <4i7ra))]
X<qap|cos| ————— | —cos
(0]} g
4(i—1 4i
—|—b2[sin((l )ﬂw>—sin( mw)]},
(0]} (0]}
1 1
cp = =
27 40T —0? +40}
{ { (4(i1)7ra)> <4i7ra))]
X<qap|cos| ————— | —cos
(0]} wq
4(i—1 4i
—|—b2[sin<(l )nw>—sin< mw)]},
(0]} (0]}
1 1 o?
cgy =

20°T —0? +407 »

ol (8502) (82
o (S22 22

Likewise, the amplitude component corrections of 830, () are

given by

83a1; = 83b1; = 83a0i = 83b2 = 0. (30)

It means that the term 03, (#)has no correction to the ampli-
tude estimation of the gravitational signal.

3.2. Corrections of 5404 (7) and 5504 () to the amplitude
estimation

By performing the same processing as the above process-
ing of 8;04(¢), 8404 (¢) and d50,(¢) are converted into

840(1) = 35 { [~avr gy — byr (1 coso)]

X [a) cos(@f) cos(@;7) + by sin(F) cos(m;7)]

+ [ap1 (1 — cos @) — by sin @]

X [a) cos(@f) sin( @, F)

+ by sin(f) sin(w )] }, 31)
O (t) = % { [—ap1 sin o — bp1 (1 — cos ¢p)]

X [ag cos(20f) cos(@;7) + by sin(207) cos( ;7))
+ [ab1 (1 —COs (P()) — bp1 sin ¢0]
X [az cos(20f) sin(@;7)

+ by sin(207) sin(o;7)] }. (32)

Then, the amplitude component corrections of 6404 () are

given by
54&11- = [— Sin(P() X dj + (1 —COS(])()) X dz]]abl
—[(1=cos o) x di1 +singy X da1]bp1, (33)
541_?” = [— sin¢g X d31 + (1 —COS(])()) X d41]ab1
—[(1 —cos o) x d31 +sindy x da )by, (34)

where

di

de1

040401-6

Ody; = [—singy x ds; + (1 —cosdy) X dei]ap
—[(1 —cos @) x ds; +sin@g X de1 by,

8by; = [—singy x d71 + (1 —cos Py) x dgi]ap;
—[(1 —cos @) x d71 +singy x dsi1]bp1,

1 1 0’ - 20}
0’T —0?+40? ©

oo (502) o (22)
o () o (2]

oo (572 o (25°)]
o (R~ Dm0 )

()]
0’T —@? +40]

Ao () e (%00
by [sin (2(i_wll)”“’) _sin (2’;:1“’)} }

1 (0] 20
0’T —@?*+407 ©

X { —ap [sin (2(1_(011)7"0) —sin (210)7:@)}
oo (22) (2]

1 0’ — 50}
oT o* — 10020} + 90}

el ()
+by {cos (2(’@11)7"”) —cos (2’;“’” }

1 o (0* +30?)
0’T o* - 100207 + 90}

(ol 0m) )
[ (22) (2]

1 20 (-0*+307)
0’T o* - 100207 + 90}

oo (57) e ()]
+by [Sin <2(i—w11)7ra)> —sin <21(§1w>} },

1 ra)l2
oT o*— 10020} + 90}

(35)

(36)
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e (5 - (52) e ()~ (57

W [COS(Z(i—l)nw> _COS(Zinw)]} Jr — 1 o (—40* +307)
! o o ' 77 20°T 160* — 4002 0? + 90}
The amplitude component corrections of 8504 (¢) are given by % {asfcos (4(i fwl)ir w) "~ cos (41;:60)]
I I
Osdy; = [—singp x dijp+ (1 —cos@y) X daa]ap b |:sin (4(i—1)ﬂ:(1)) sin <4i7'50)>:|}
— [(1 — COS (P()) X dip + sin ¢0 X d22]bbl s (37) 2 [0]] [0]] ’
Ssby; = [—singy x dzn + (1 —cos Pp) X daz]ap; gy = 1 20}
T oT 4 _ 2 ;2 4
—[(1—cos@p) X ds> +sindo x dilby1, (38) oT 160" — 400" 07 +90;
43i—1 4i
5552,' = [— sin ¢0 X d52 + (1 —COS(])O) X dsz]am X {a2 |:sin <(lw)71'(0) —sin ( Z:w>:|
| 1
—[(1 —cos@p) X dsy +sin@o X dga]bv1, (39) oo Ali— Do o dinw
55b2,' = [— sin ¢0 X d72 + (1 — COS (P()) X dgz]abl 2 [0)] (0] ’
—[(1— d i ds>|b 40
[(1 —cos o) x d72+sin@o X dya]bv1,  (40) 3.3. Correction of 805 (t) to the amplitude estimation
where Performing the same processing as the above processing
J 1 1 20% — w? of 8104(), 860 (2) is converted into
2= =
16T —(1.)2+ 6012 0] 2am1 b arnb
. ; S0 (t) = [— SChITha  Tha bl] cos(2wi 1) cos(gt)
43i—1 4 > ;)
x {az {sin ((1@)76(») —sin( wa)] ) o) 4oy
1 1 2bp1 by ablabz] .
i ; + |-+ cos(2wi 1) sin( ;1)
—bz[cos <4(zwl)na)> —cos <4Zw>}}, L of 4o}
1 1 [2 bp1b
I oy I el - ;’2} sin(2a;) cos(y?)
dy = _ On 4oy
160°T — 02+ of oaobet ik
4(i— 1w 4inw + bzzbl + 2 ;2} sin(2e;1) sin(w;1). (41)
X {az {cos (a)> —cos ( ® )} L @ 4o
I i
Ai— 7o 4inw Based on the tripling-angle formula, namely
—|—b2[sin(>—sin< )]}, 1
. @1 o1 cos(2at) cos(w 1) = E[cos(wlt) +cos(3w;1)],
(]
dy = = 1
160°T —”+ of sin(2wt) sin(w 1) = E[cos(a)lt) —cos(3myt)],
4(i—)rw 4inw 1
2 T, ) % T cos(2an1)sin(an) = 5 [sin(3011) —sin(ei1)),
+b [sin (4(i_1)ﬂw>sin (41’7‘6&))]} in(2 L 3 i
2 o o ) sin(2;7) cos(@; 1) = E[sm( it) +sin(it)],
dip = 1 01 Wy equation (41) is further rewritten as

dsy =

160°T —0? + v? 0

« { —a [Sin <4(z—1)m> in <4i7ra))] 060y (1) = ;{ <(j? - 4;12) (—ap1ben + apabpy ) cos(my1)

(O] (O}

2 1
4i—-1)rw 4itw +{ — — — | (a@v1av2 +bp1 by ) sin(wy ¢
+b2[cos< (i—)m >COS< in ﬂ}’ <w12 4(012)( b1ab2 + bo1bp2) sin(@; 1)
(] (O] ) |
1 4% — 5(1)12 + <(D2 + 4@2) (—apb1bvr — avabp1 ) cos(3myt)
20T 160* — 400207 + 9w} 2‘ 1‘
{ [ . (4(i—l)7ra)> . (41'7'[60)] + <2+2)(amabz—bb1bb2)Sin(30)1t)}~(42)
X4 —ap|sin| ———— | —sin o7 4o;
(0]} (0]
Ai—1)7mo 4iT® By performing the same shift-phase and approximation pro-
+ b | cos o TN T ’ cessing as those of 8104 (¢), equation (42) is turned into
1 o) (40* +307) _ 1
= 0600 (1) = =< |(—ap1b bpy)(1 —
402T 16a)4—40a)2a)]2+9a)f 60l () 4 (—ap1bv2 + avabp ) (1 —cos o)
4(i—)rw 4dinw . 2 1 _
x {—ay[cos <w1> —cos <(D1>} — (ap1am +bb1bb2)sm¢o} (wlz - 4—(012 cos(;7)
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+ [(—ap1bva + avabpr ) sin@o + (avi avz + bo1brv2)
2 o
X (1 —cos¢y)] <a’12 - 4(012) sin( i)
+ [(—ap1bv2 — av2bp1 ) (1 —cos3¢y)
— (apiawy — by byy) sin 36|
2 1 ) )
— +— | cos(3wi7)
(cof 407
+ [(—ap1bv2 — avabp1 ) sin 3o + (ap1avz — by1by2)

x (1 —cos3¢p)] (52 + 4]w2> sin(3wlt_)}. (43)

1 1

X

Like Egs. (18) and (19), the amplitude component corrections
of 80 (1) are given by:
1/ 2 1
Sdi=-———
ol =g (wf 407
X (1 —cos@o) — (ab1avz +bp1bpz) sino], (44)
_ 1/ 2 1
Ob1i = — (

) [(—ap1bv2 + ap2byi)

) [(—ap1bv2 + apaby1 ) sin @

4\ 0 40?7
+ (apiapz + by1bp2) (1 — cos )], (45)
56672,' = 562721' =0. (46)

3.4. Total correction of the cosine oscillation 80y (t) to the
amplitude estimation

In Ref. [18], the cosine oscillation is considered to be neg-
ligible, and besides, the relation between the amplitude com-
ponents (ap1;, bv1i, avoi, bpo;) of the gravitational background
signal 04 (¢) and the amplitude components (@1, b1;,d2;,ba;)
of the filtered gravitational background signal &,(¢) for the i-
th small part is expressed by the matrix form:

ai Apli

by; by

_ = Ass-

;i api

by; byoi
Ay A Az Ap apli
Ay Axp Az Ap byii

A3z Az Azz Az api “7)

Ay A Ay Ay byai

where all symbols and parameters are the same as those in
Ref. [18].

After taking the influence of the cosine oscillation into
consideration, the amplitude component corrections of the
parts 01 (1), 6204 (1), S40ts(t), and d504,(¢) are the coupling
terms of the gravitational background signal o, (¢) and the fil-
tered gravitational background signal &, (), and hence the bi-
ases of 8104 (t), 020 (t), Oa0ty(7) and O504(¢) should be cor-
rected in the coefficient matrix A44 of Eq. (47). The biases
of 8104(t) and J204 () correct the coefficients of the 3rd and
4th columns in Ayy4, and the biases of 8404,(¢) and J5 (1)
correct the coefficients of 1st and 2nd columns in A4y4. The
parts 0304 (¢) has no correction to the amplitude estimation.

The correction of d¢04 () is not a coupling term but an in-
dependent term, and thus the bias of d¢0t,(¢) should be cor-
rected directly in the amplitude components (d;, by;, @i, ba;)
of Eq. (47). Then, with the cosine oscillation considered, the
relation matrix of Eq. (47) is corrected into

-1

Apli Ay A, Al Ay aii — 8a;
by _ A/Zl A/22 A/23 A/24 b1i — G6b1i (48)
api A:31 A:32 A:33 Ai34 c_iz,' ’
b Ay Ay A Ay bai
where

Alp = Ay —singy X dyj + (1 —cos o) X day

—singy X dip+ (1 —cos@y) X daa,
1o = Az — (1 —cos@g) x dy —singy x da

— (1 —COS(P()) X d12 —Sin¢() X dzz7

A/21 = Ay —singy X d3; + (1 —COS¢0) X dy1
—sin@g x d3z + (1 —cos ¢o) x dy2,

Ady = Ay — (1 —cos o) X d31 —sin@o X da
— (1 —cos@y) x dsp —sing X dyp,

Ay = Az —singy X ds; + (1 —cos o) X de;
—singp X dsp + (1 —cos o) X de»,

A/32 = A32 — (1 —COS(P()) ><d51 —Sin¢0 Xd61
— (1 —cos¢o) x dsz —sin@p x de2,

Aiu = Ayg; —singo X d71 + (1 —cos @) x ds;
—singy X d72 + (1 —cos @) X dsa,

AZQ = A42 — (1 7COS¢0) X d71 7Sin¢0 X dg[
— (1 —COS(P()) X d72 —Sin¢0 X dgz7

A/13 = A3 —sin2¢g X ¢y + (1 —COSZ(P()) X €21
—sin2¢p x c12 + (1 —cos2¢p) x 22,

A/l4 = A]4 — (1 —COSZ(])Q) X C11 —Sin2¢0 X €21
— (1 7COS2¢0) X C12 7Sin2¢0 X €22,

A/23 = Ap3 —sin2¢g X c31 + (1 7COS2¢0) X 41
—sin2¢g X c3p + (l —COSZ(P()) X €42,

A/24 = A24 — (1 — 0082¢0) X 31 — sin2¢0 X C41
— (1 — COSZ(P()) X C32 — sin2(])0 X C42,

Ag3 = A33 —sin2¢@y X c51 + (1 —C082¢0) X C61
—sin2@p X 55 + (1 —cos2¢p) X ce2,

A%y = Aszg— (1 —cos2¢p) X c51 —sin2¢g X ce
— (1 —cos2¢p) x c5p —sin2¢p X cep,

A£13 = A4z —sin2¢@p X ¢71 + (1 —cos2¢y) X cg1
—sin2¢p x c72 + (1 —cos2¢p) X cs2,

Aim = A44 — (1 —COSZ(])()) X €71 —Sin2¢0 X €81
— (1 — COSZ(P()) X 72 — Sin2¢0 X Cg2.

According to Eq. (48), for the i-th small part, we can ob-
tain the amplitude components (api;, bbiis db2is bpo;) of the
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prominent fundamental frequency and second harmonic com-
ponents of the gravitational background signal with the bias
of the cosine oscillation corrected. Then, the amplitudes of
the o4 (t) and ogy (¢) for the i-th part are respectively obtained
by 01 (i) = Vai,;+bt,; and o2 (i) = Vai,; + bk, The am-
plitudes o4, 1 and o, 5 of the gravitational background signal
o (1), with the cosine oscillation influence corrected, are given
as the average values of the sequences {a, 1 (i)} and {2 (i) },
and their respective uncertainties are given in the same way as
that in Ref. [18]. The amplitudes with the cosine oscillation
influence uncorrected are also obtained by the improved cor-
relation method in Ref. [18]. Finally, The bias of the cosine
oscillation is obtained as the difference between the corrected
amplitude and the uncorrected amplitude.

4. Experiment results

For a typical data set!!8! of the measurement of the
gravitational constant G with angular acceleration method by
Huazhong University of Science and Technology group, it has
a valid time of about 47 hours. The frequency of the useful sig-
nal is set to be 2.5 mHz, the natural angular frequency @y of
the torsion pendulum is about 0.015 rad/s, and the initial angu-
lar velocity of the torsion balance turntable is 3.032 mrad/s. As
figure 1 shows, besides the whole quadratic slow drift, the an-
gular velocity of the torsion balance turntable, which is the an-
gular frequency of the gravitational background signal o4 (7),
also undergoes the cosine oscillation fluctuation. After per-
forming the quadratic fit to the angular velocity of the torsion
balance turntable, the parameters p3, py, and p; in Eq. (2) are
obtained to be —2.176 x 1077, —8.584 x 107°, and 3.032 x
103 in the time unit of hour, respectively. Obtained by the
improved correlation method, the amplitudes without and with
the cosine oscillation influence corrected in each small part
are shown in Fig. 2. The amplitude of the fundamental fre-
quency component of the o4 (¢) without considering the co-
sine oscillation influence is given as 1.439(11) nrad/s?, while
the corresponding amplitude with the cosine oscillation influ-
ence corrected is given as 1.444(11) nrad/s. The correction of
the cosine oscillation is the difference between the uncorrected
and corrected amplitudes, which is obtained as 0.005 nrad/s?
within its uncertainty of 0.011 nrad/s>. Likewise, the ampli-
tude of the second harmonic of the o, (¢) without considering
the cosine oscillation influence is given as 45.253(11) nrad/s2,
while the corresponding amplitude with the cosine oscilla-
tion influence corrected is given as 45.255(11) nrad/s?, and
hence the correction of the cosine oscillation is 0.002 nrad/s>
within its uncertainty of 0.011 nrad/s>. These results prove
that the corrections of the cosine oscillation to the estimated

amplitudes of the prominent fundamental frequency and sec-

ond harmonic components of the spurious gravitational back-
ground signal are within respective uncertainties, which are
small enough to be negligible.

g angular velocity of the turntable at 10th hour
g —3.05 T T T T T T T T T
7 (a)
= -3.10 _
?
S —3.15¢
=
= —3.20 : : : .
& 9.0 9.2 9.4 9.6 9.8 10.0
< Time/h
angular velocity of the turntable
-3.0 " " T . .

20
Time/h
Fig. 1. (color online) (a) The angular velocity of the torsion balance
turntable at the 10th hour (black line). (b) The angular velocity of the torsion
balance turntable versus time during the whole experiment. The green line
is the fitting line of the angular velocity. It is clear that the angular velocity
of the torsion balance turntable undergoes not only the whole quadratic slow
drift but also the cosine oscillation fluctuation.

Angular velocity/10* (rad/s)

aplitude of fundamental frequency component

o~ 1.48 :
g 2 . (a)
2 % 146F .. : N 1
3 e Lt ee .
g e l44f . # R
<: o ° e 4 8 . .
Z 1.42 1 1 v et . 1
70 10 20 30 40 50
Time/h
aplitude of 2nd harmonic component
° &; 4.54 T T T T T T T
32 O
hl 4.53¢ LI} ° o ’ ° 1
i = . . LA 2 . L
g7 4.52} ' L *
< o
Al
~ 4.51 - - - -
0 10 20 30 40 50
Time/h

Fig. 2. (color online) (a) The amplitude of the fundamental frequency com-
ponent of the gravitational background signal o4 () in small parts versus
time, and (b) the amplitude of second harmonic components of the o4 ()
in small parts versus time. Each blue point denotes the obtained amplitude
with the cosine oscillation influence corrected in a small part by the im-
proved correlation method, and each black point denotes the obtained am-
plitude without correcting the cosine oscillation influence in a small part in
the same way. The asterisks and their error bars denote the final values and
uncertainties of the amplitudes. Some blue points overlap with correspond-
ing black points, since their differences are too small to distinguish.

5. Conclusions

In the measurement of the gravitational constant G by an-
gular acceleration method with feedback control unit, in or-
der to determine the amplitude of the useful angular accel-
eration signal accurately, we need to subtract the spurious
gravitational background signal effectively. Due to the lin-

ear slow drift of equilibrium position of torsion balance and
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under the function of the feedback control unit, there is not
only the whole quadratic slow drift but also the cosine oscilla-
tion fluctuation in the angular velocity of the torsion balance
turntable, namely the angular frequency of the spurious grav-
itational background signal. The amplitudes of the prominent
fundamental frequency and second harmonic components of
the gravitational background signal with time-varying angu-
lar frequency can be estimated by the improved correlation
method with high precision in the same time, when the time-
varying angular frequency is approximated as the quadratic
slow drift. In this paper, we analyze the influence of the cosine
oscillation coming from the useful angular acceleration signal
on the spurious gravitational background signal, and obtain the
corrections of the cosine oscillation influence to the estimated
amplitudes of the prominent components of the gravitational
background signal. The corrections of the cosine oscillation to
the estimated amplitudes have respective uncertainties, which
are small enough to be negligible, but the consideration of
the cosine oscillation is advisable and important for judging
the correctness and completeness of the improved correlation
method of estimating the amplitude of the time-varying angu-
lar frequency signal subjected to a quadratic slow drift and a

cosine oscillation fluctuation.
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