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Correction of cosine oscillation to the improved correlation method of
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In the measurement of G with the angular acceleration method, the improved correlation method developed by Wu et
al. (Wu W H, Tian Y, Luo J, Shao C G, Xu J H and Wang D H 2016 Rev. Sci. Instrum. 87 094501) is used to accurately
estimate the amplitudes of the prominent harmonic components of the gravitational background signal with time-varying
frequency. Except the quadratic slow drift, the angular frequency of the gravitational background signal also includes
a cosine oscillation coming from the useful angular acceleration signal, which leads to a deviation from the estimated
amplitude. We calculate the correction of the cosine oscillation to the amplitude estimation. The result shows that the
corrections of the cosine oscillation to the amplitudes of the fundamental frequency and second harmonic components
obtained by the improved correlation method are within respective errors.
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1. Introduction

The accurate amplitude estimation of the useful gravita-
tional angular acceleration signal that is a sinusoidal signal is
of great importance for measuring the gravitational constant
G with angular acceleration method.[1–5] The amplitude of the
sinusoidal signal is determined with high precision by the cor-
relation method,[6] which is highly efficient for subtle signal
analysis,[7–10] but only on condition that the frequency of the
sinusoidal signal is constant and known exactly. Since the
gravitational force cannot be shielded in the experiment,[11]

the room fixed background mass causes a spurious gravita-
tional angular acceleration signal on torsion pendulum in-
evitably. That is to say, the angular acceleration signal of the
torsion balance turntable equals the sum of the useful angular
acceleration signal and the spurious gravitational background
signal. Besides, the useful angular acceleration signal obvi-
ously consists of the fundamental frequency and second har-
monic components, and the spurious gravitational background
signal mainly contains the prominent fundamental frequency
and second harmonic components.[12] The coupling effect of
the spurious gravitational background signal and the linear
slow drift of torsion balance’s equilibrium position[13–16] leads
to the fact that the angular frequency of the spurious gravita-
tional background signal undergoes a quadratic slow drift.[17]

Then, the accurate amplitude determination of the useful an-
gular acceleration signal depends on the effective subtraction
of the spurious gravitational background signal.[18]

In order to subtract the gravitational background signal
from the angular acceleration signal of the torsion balance
turntable effectively, we need to determine the amplitudes of
the fundamental frequency and second harmonic components
of the gravitational background signal accurately. Based on
the basic principle of the measurement of G by the angular
acceleration method with PID feedback control unit,[5,12] the
useful angular acceleration signal that equals the useful grav-
itational signal generated by the four source masses is a stan-
dard sinusoidal function. Since the angular velocity of the tor-
sion balance turntable, which is also the angular frequency of
the gravitational background signal, is the integral of its angu-
lar acceleration over time, besides the quadratic slow drift, the
time-varying frequency of the gravitational background sig-
nal also contains a cosine oscillation coming from the use-
ful angular acceleration signal.[17] The improved correlation
method[18] with stretch processing of time is used to accu-
rately determine the amplitudes of the prominent fundamental
frequency and second harmonic components of the gravita-
tional background signal with time-varying frequency in the
meantime, and the cosine oscillation term is considered to be
negligible with respect to the quadratic slow drift term. To
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judge whether the influence of the cosine oscillation is negli-
gible compared with the error of the estimated amplitude, one
needs to calculate the correction caused by the cosine oscilla-
tion.

In this paper, the cosine oscillation of the angular accel-
eration signal of the torsion balance turntable is analyzed, and
the influence of the cosine oscillation is isolated alone by Tay-
lor expansion. The gravitational background signal is divided
into some small parts. In each part, the amplitudes of the
prominent fundamental frequency and second harmonic com-
ponents of the gravitational background signal without cor-
recting the influence of the cosine oscillation is calculated by
the improved correlation method with high precision, and the
estimated amplitudes with the cosine oscillation influence cor-
rected are also given by the same way. The bias of the cosine
oscillation is obtained as the difference between the corrected
amplitude and the uncorrected amplitude. Finally, we process
a typical experimental data set to give the correction of the co-
sine oscillation to the estimated amplitude, then lay the foun-
dation of the effective subtraction of the gravitational back-
ground signal, and further make contribution to estimating the
amplitude of the useful gravitational signal.

2. Cosine oscillation of the gravitational back-
ground signal
In the measurement of the gravitational constant G with

the angular acceleration method, the angular acceleration of
the torsion balance turntable can be expressed as[17,18]

αt(t) = Θ̈t(t)

= αg(t)+αb(t) =
2

∑
n=1

An sin(nωst +φn)

+
2

∑
m=1

{
αb,m sin[mΘt(t)+ϕn]

}
=

2

∑
n=1

[an cos(nωst)+bn sin(nωst)]

+
2

∑
m=1

{abm cos[mΘt(t)]+bbm sin[mΘt(t)]}, (1)

where αt(t) and Θt(t) denote the angular acceleration signal
and rotation angle of the torsion balance turntable, respec-
tively; αg(t) and αb(t) represent the useful angular accelera-
tion signals generated by the four source masses and the grav-
itational background signal caused by the room fixed back-
ground masses respectively; ωs is the angular frequency of the
useful signal; ϕn = tan−1(bn/an) and φm = tan−1(bbm/abm)

denote the initial phases of the n-th order harmonic compo-
nent of the useful signal and the m-th order harmonic com-
ponent of the gravitational background signal, respectively;

An =
√

a2
n +b2

n and αb,m =
√

a2
bm +b2

bm are the amplitudes of

the n-th order harmonic component of the useful signal αg(t)
and the m-th order harmonic component of the gravitational
background signal αb(t), respectively; Θt(t) is the rotation an-
gle and equals the integral of the angular velocity with time-
varying frequency, and it is expressed as

Θt(t) =
∫ t

t0
ωt(t)dt

=
∫ t

t0

[
p3 + p2t + p1t2 − pc cos(ωst)

]
dt, (2)

where t0 is the initial time, ω t(t) is the time-varying angular
frequency of the gravitational background signal αb(t), p3 is
the initial angular velocity of the turntable, p2 and p1 are the
coefficients of the quadratic slow drift, and pc is the amplitude
of the cosine oscillation.

When the cosine oscillation term is not considered at first,
based on the stretch and non-dimensionalized processing of
time, after each small part is shifted forward t0 to start from
t = 0, the rotation angle Θt(t) is approximated as

Θt(t)≈Θ(t) = ω1t
[

1+
d1ωTp

2

(
t

Tp

)
+

d2ωTp

3

(
t

Tp

)2]
, (3)

where ω1 = ωt(t0) denotes the initial angular velocity of each
small part and the constants Tp, d1ωTp, and d2ωTp are the same
as those in Ref. [18]. Then equations (1) is rewritten as

Θ̈t(t) =
2

∑
n=1

[an cos(nωst)+bn sin(nωst)]

+
2

∑
m=1

{abm cos[mΘ(t)]+bbm sin[mΘ(t)]}. (4)

Supposing that the drive signal is 0, the homogeneous solu-
tion of Eq. (4) is Eq. (3). To obtain the particular solution
of Eq. (4), we perform twice successive integral on the right
drive signal. After the uniform processing of Ref. [18], the
high order term of t in Eq. (3) is negligible, and then Θ(t) is
approximated as ω1t, so equation (4) is further expressed as

Θ̈t(t) =
2

∑
n=1

[an cos(nωst)+bn sin(nωst)]

+
2

∑
m=1

[abm cos(mω1t)+bbm sin(mω1t)]. (5)

Then the particular solution is given approximately by

−∆Θt = −
2

∑
n=1

[
an

n2ω2 cos(nωt)+
bn

n2ω2 sin(nωt)
]

−
2

∑
m=1

[
abm

m2ω2
1

cos(mω1t)+
bbm

m2ω2
1

sin(mω1t)
]
. (6)

Therefore, the complete solution of Eq. (1) is approximated as

Θt(t) =Θ(t)−∆Θt, (7)
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where Θ(t) is the main term caused by the quadratic slow drift
and ∆Θt is the cosine oscillation coming from the useful sig-
nal. Substitution of Eq. (7) into Eq. (4) yields

αt(t) =
2

∑
n=1

[an cos(nωst)+bn sin(nωst)]

+
2

∑
m=1

{
abm cos[m(Θ(t)−∆Θt)]

+bbm sin[m(Θ(t)−∆Θt)]
}
. (8)

Based on the Taylor expansion as{
cos[m(Θ(t)−∆Θt)]≈ cos[mΘ(t)]+msin[mΘ(t)]∆Θt,

sin[m(Θ(t)−∆Θt)]≈ sin[mΘ(t)]−mcos[mΘ(t)]∆Θt,

the angular acceleration signal αt(t) is further expressed as

αt(t) =
2

∑
n=1

[an cos(nωst)+bn sin(nωst)]

+
2

∑
m=1

{
abm cos[m(Θ(t))]

+bbm sin[m(Θ(t))]
}
+δαt(t), (9)

where the term

δαt(t) = δαg(t)+δαb(t)

=
2

∑
m=1

{mabm sin[mΘ(t)]∆Θt −mbbm cos[Θ(t)]∆Θt}

is the influence of the cosine oscillation on the αt(t). The
δαg(t) and δαb(t) denote the cosine oscillation influences of
the useful signal αg(t) and the gravitational background sig-
nal αb(t), respectively. Combined with Eq. (6), the oscillation
term δα t(t) is rewritten as

δαt(t) =
2

∑
m=1

{mabm sin[mΘ(t)]−mbbm cos[Θ(t)]}

×
2

∑
m=1

[
am cos(mωt)+bm sin(mωt)

m2ω2

+
abm cos(mω1t)+bbm sin(mω1t)

m2ω2
1

]
. (10)

Hence, the oscillation term δαb(t) can be further divided into
6 parts,i.e.,

δαb(t) = δ1αb(t)+δ2αb(t)+δ3αb(t)

+δ4αb(t)+δ5αb(t)+δ6αb(t), (11)

where

δ1αb(t) =
a1 cos(ωt)+b1 sin(ωt)

ω2

× {2ab2 sin[2Θ(t)]−2bb2 cos[2Θ(t)]} ,

δ2αb(t) =
a2 cos(2ωt)+b2 sin(2ωt)

4ω2

× {2ab2 sin[2Θ(t)]−2bb2 cos[2Θ(t)]} ,

δ3αb(t) =
ab2 cos(2ω1t)+bb2 sin(2ω1t)

4ω2
1

× {2ab2 sin[2Θ(t)]−2bb2 cos[2Θ(t)]} ,

δ4αb(t) =
a1 cos(ωt)+b1 sin(ωt)

ω2

× {ab1 sin[Θ(t)]−bb1 cos[Θ(t)]} ,

δ5αb(t) =
a2 cos(2ωt)+b2 sin(2ωt)

4ω2

× {ab1 sin[Θ(t)]−bb1 cos[Θ(t)]} ,

δ6αb(t) =
ab1 cos(ω1t)+bb1 sin(ω1t)

ω2
1

×
{

2ab1 sin[2Θ(t)]−2bb1 cos[2Θ(t)]
}

+
ab2 cos(2ω1t)+bb2 sin(2ω1t)

4ω2
1

×
{

ab1 sin[Θ(t)]−bb1 cos[Θ(t)]
}
.

3. Correction of cosine oscillation to the am-
plitude estimation of the gravitational back-
ground signal

3.1. Corrections of δ1αb(t)δ1αb(t)δ1αb(t), δ2αb(t)δ2αb(t)δ2αb(t), and δ3αb(t)δ3αb(t)δ3αb(t) to ampli-
tude estimation

Based on Ref. [18], the experimental data {α t(t)} are di-
vided into some small parts, each of which contains 20 periods
of the useful signal αg(t) with frequency exactly known, and
αg(t) is removed by subtracting the pairs of the data points
{α t(t)} separated by 2π phase in the useful signal frequency
ωs. For δ 1αb(t), it yields the filtered gravitational background
signal:

δ1ᾱb(t) =
δ1αb(t)−δ1αb(t +T )

2

=
a1 cos(ωt)+b1 sin(ωt)

ω2

×
{

ab2 [sin(2Θ(t))− sin(2Θ(t +T ))]

−bb2 [cos(2Θ(t))− cos(2Θ(t +T ))]
}
. (12)

On the basis of Taylor expansion, suppose ∆Θ =Θ(t)−Θ(t+
T ), and then we will obtain

{
sin(2Θ(t))− sin(2Θ(t +T ))≈ [1− cos(2∆Θ)]sin[Θ(t)]+ sin(2∆Θ)sin[Θ(t)],
cos(2Θ(t))− cos(2Θ(t +T ))≈ [1− cos(2∆Θ)]cos[Θ(t)]+ sin(2∆Θ)cos[Θ(t)].

(13)

Substitution of Eq. (13) into Eq. (12) yields

δ1ᾱb(t) =
a1 cos(ωt)+b1 sin(ωt)

ω2 ×
{
[−ab2 sin2∆Θ −bb2(1− cos2∆Θ)]cos[2Θ(t)]
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+[ab2(1− cos2∆Θ)−bb2 sin2∆Θ ]sin[2Θ(t)]
}
. (14)

After each small part is shifted forward t0 to start from t = 0, according to Eq. (3) and the same processing of Ref. [18], we make
the first-order approximation by performing Taylor expansion, and have the following expressions:

cos(m∆Θ)≈ cos(mΦ0)−

[
Φ1

(
t − t0

Tp

)
+Φ2

(
t − t0

Tp

)2
]

msin(mΦ0),

sin(m∆Θ)≈ sin(mΦ0)+

[
Φ1

(
t − t0

Tp

)
+Φ2

(
t − t0

Tp

)2
]

mcos(mΦ0),

(15)

with m = 1,2, where Φ1, Φ2, and Φ3 are the same as those in
Ref. [18]. We need only to analyze the dominant term, namely
cos(m∆Θ) ≈ cos(mΘ0) and sin(m∆Θ) ≈ sin(mΘ0), and thus
equation (14) is converted into

δ1ᾱb(t) =
a1 cos(ωt)+b1 sin(ωt)

ω2

×
{
[−ab2 sin2φ0 −bb2(1− cos2φ0)]cos[2Θ(t)]

+[ab2(1− cos2φ0)−bb2 sin2φ0]sin[2Θ(t)]
}
. (16)

Suppose

t̄ = t

[
1+

d1ωTp

2

(
t

Tp

)
+

d2ωTp

3

(
t

Tp

)2
]

that denotes the stretched time after the above Taylor expan-
sion and non-dimensionalized processing with respect to the
time t, then equation (3) will be rewritten as Θ(t) = ω1t̄. Then
we can also obtain the derivative relation between t and t̄, ex-
pressed as

dt̄ =

[
1+d1ωTp

(
t

Tp

)
+d2ωTp

(
t

Tp

)2
]

dt.

After the above processing, the higher order term is negligible
with respect to t, and then the t in Eq. (16) can be replaced
with t̄, and then equation (16) is further converted into

δ1ᾱb(t) =
a1 cos(ωt)+b1 sin(ωt)

ω2

×
{
[−ab2 sin2φ0 −bb2(1− cos2φ0)]cos(2ω1t̄)

+[ab2(1− cos2φ0)−bb2 sin2φ0]sin(2ω1t̄)
}
. (17)

According to the correlation method of estimating the ampli-
tude of a standard cosine signal,[6] the amplitude component
corrections caused by the cosine oscillation to the amplitudes
of the prominent fundamental frequency and second harmonic
components of the filtered gravitational background signal in
the i-th small part are separately given by

δ1āmi =
2
T̄

∫ iT̄

(i−1)T̄
δ1ᾱb(t)cos(mω1t̄)dt̄, (18)

δ1b̄mi =
2
T̄

∫ iT̄

(i−1)T̄
δ1ᾱb(t)sin(mω1t̄)dt̄, (19)

where T̄ = 20T is the length of the ith small part, and the sub-
script m denotes the m-th order harmonic component of the
filtered gravitational background signal. Substituting Eq. (17)
into Eq. (18), then the cosine amplitude component correction
δ1ā1i of δ1ᾱb(t) will be obtained as

δ1ā1i = [−sin2φ0 × c11 +(1− cos2φ0)× c21]ab2

− [(1− cos2φ0)× c11 + sin2φ0 × c21]bb2, (20)

where


c11 =

2
ωT̄

ω2 −5ω2
1

ω4 −10ω2ω2
1 +9ω4

1
×
{
−a1

[
sin
(

2(i−1)πω

ω1

)
− sin

(
2iπω

ω1

)]
+b1[cos

(
2(i−1)πω

ω1

)
− cos

(
2iπω

ω1

)]}
,

c21 =
2

ωT̄
−ω2 +3ω2

1

ω4 −10ω2ω2
1 +9ω4

1

2ω1

ω
×
{

a1

[
cos
(

2(i−1)πω

ω1

)
− cos

(
2iπω

ω1

)]
+b1

[
sin
(

2(i−1)πω

ω1

)
− sin

(
2iπω

ω1

)]}
.

Substituting Eq. (17) into Eq. (19), the sine amplitude component correction δ1b̄1i of δ1ᾱb(t) is obtained as

δ1b̄1i = [−sin2φ0 × c31 +(1− cos2φ0)× c41]ab2 − [(1− cos2φ0)× c31 + sin2φ0 × c41]bb2, (21)

where
c31 =

2
ω2T̄

(ω2 +3ω2
1 )ω1

ω4 −10ω2ω2
1 +9ω4

1
×
{
−a1

[
cos
(

2(i−1)πω

ω1

)
− cos

(
2iπω

ω1

)]
−b1[sin

(
2(i−1)πω

ω1

)
− sin

(
2iπω

ω1

)]}
c41 =

2
ωT̄

4ω2
1

ω4 −10ω2ω2
1 +9ω4

1
×
{

a1

[
sin
(

2(i−1)πω

ω1

)
− sin

(
2iπω

ω1

)]
−b1

[
cos
(

2(i−1)πω

ω1

)
− cos

(
2iπω

ω1

)]}
.
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Similarly, the cosine amplitude component correction δ1ā2i of δ1ᾱb(t) is given as

δ1ā2i = [−sin2φ0 × c51 +(1− cos2φ0)× c61]ab2 − [(1− cos2φ0)× c51 + sin2φ0 × c61]bb2, (22)

where
c51 =

2
ω2T̄

1
−ω2 +16ω2

1

ω2 −8ω2
1

ω
×
{

a1

[
sin
(

2(i−1)πω

ω1

)
− sin

(
2iπω

ω1

)]
−b1

[
cos
(

2(i−1)πω

ω1

)
− cos

(
2iπω

ω1

)]}
,

c61 =
2

ω2T̄
2ω1

−ω2 +16ω2
1
×
{

a1

[
cos
(

2(i−1)πω

ω1

)
− cos

(
2iπω

ω1

)]
+b1

[
sin
(

2(i−1)πω

ω1

)
− sin

(
2iπω

ω1

)]}
.

The sine amplitude component correction δ1b̄2iof δ1ᾱb(t) is given as

δ1b̄2i = [−sin2φ0 × c71 +(1− cos2φ0)× c81]ab2 − [(1− cos2φ0)× c71 + sin2φ0 × c81]bb2, (23)

where
c71 =

2
ω2T̄

2ω1

−ω2 +16ω2
1
×
{

a1

[
cos
(

2(i−1)πω

ω1

)
− cos

(
2iπω

ω1

)]
+b1

[
sin
(

2(i−1)πω

ω1

)
− sin

(
2iπω

ω1

)]}
,

c81 =
2

ω2T̄
1

−ω2 +16ω2
1

8ω2
1

ω
×
{
−a1

[
sin
(

2(i−1)πω

ω1

)
− sin

(
2iπω

ω1

)]
+b1

[
cos
(

2(i−1)πω

ω1

)
− cos

(
2iπω

ω1

)]}
.

By performing the same processing as the above process-
ing of δ 1αb(t), δ 2αb(t) and δ 3αb(t) can be respectively con-
verted into

δ2ᾱb(t) =
a2 cos(2ω t̄)+b2 sin(2ω t̄)

4ω2

×
{
[−ab2 sin2φ0 −bb2(1− cos2φ0)]cos(2ω1t̄)

+[ab2(1− cos2φ0)−bb2 sin2φ0]sin(2ω1t̄)
}
, (24)

δ3ᾱb(t) =
1

2ω2
2

{
[(a2

b2 −b2
b2)(−sin4φ0)

−2ab2bb2(1− cos4φ0)]cos(4ω1t)

+[(a2
b2 −b2

b2)(1− cos4φ0)

−2ab2bb2 sin4φ0]sin(4ω1t)
}
. (25)

Then, the amplitude component corrections of δ2ᾱb(t) are
given by

δ2ā1i = [−sin2φ0 × c12 +(1− cos2φ0)× c22]ab2

− [(1− cos2φ0)× c12 + sin2φ0 × c22]bb2, (26)

δ2b̄1i = [−sin2φ0 × c32 +(1− cos2φ0)× c42]ab2

− [(1− cos2φ0)× c32 + sin2φ0 × c42]bb2, (27)

δ ā2i = [−sin2φ0 × c52 +(1− cos2φ0)× c62]ab2

− [(1− cos2φ0)× c52 + sin2φ0 × c62]bb2, (28)

δ b̄2i = [−sin2φ0 × c72 +(1− cos2φ0)× c82]ab2

− [(1− cos2φ0)× c72 + sin2φ0 × c82]bb2, (29)

where the coefficient c12, c22, c32, c42, c52, c62, c72, and c82

respectively denote

c12 =
1

ωT̄
4ω2 −5ω2

1

16ω4 −40ω2ω2
1 +9ω4

1

×
{
−a2

[
sin
(

4(i−1)πω

ω1

)
− sin

(
4iπω

ω1

)]
+b2

[
cos
(

4(i−1)πω

ω1

)
− cos

(
4iπω

ω1

)]}
,

c22 =
1

ω2T̄
ω1(−4ω2 +3ω2

1 )

16ω4 −40ω2ω2
1 +9ω4

1

×
{

a2[cos
(

4(i−1)πω

ω1

)
− cos

(
4iπω

ω1

)]
+b2

[
sin
(

4(i−1)πω

ω1

)
− sin

(
4iπω

ω1

)]}
,

c32 =
1

2ω2T̄
(4ω2 +3ω2

1 )ω1

16ω4 −40ω2ω2
1 +9ω4

1

×
{
−a2

[
cos
(

4(i−1)πω

ω1

)
− cos

(
4iπω

ω1

)]
−b2

[
sin
(

4(i−1)πω

ω1

)
− sin

(
4iπω

ω1

)]}
,

c42 =
1

ωT̄
4ω2

1

16ω4 −40ω2ω2
1 +9ω4

1

×
{

a2

[
sin
(

4(i−1)πω

ω1

)
− sin

(
4iπω

ω1

)]
−b2

[
cos
(

4(i−1)πω

ω1

)
− cos

(
4iπω

ω1

)]}
,

c52 =
1

4ω2T̄
1

−ω2 +4ω2
1

ω2 −2ω2
1

ω

×
{

a2

[
sin
(

4(i−1)πω

ω1

)
− sin

(
4iπω

ω1

)]
−b2

[
cos
(

4(i−1)πω

ω1

)
− cos

(
4iπω

ω1

)]}
,
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c62 =
1

4ω2T̄
ω1

−ω2 +4ω2
1

×
{

a2

[
cos
(

4(i−1)πω

ω1

)
− cos

(
4iπω

ω1

)]
+b2

[
sin
(

4(i−1)πω

ω1

)
− sin

(
4iπω

ω1

)]}
,

c72 =
1

4ω2T̄
ω1

−ω2 +4ω2
1

×
{

a2

[
cos
(

4(i−1)πω

ω1

)
− cos

(
4iπω

ω1

)]
+b2

[
sin
(

4(i−1)πω

ω1

)
− sin

(
4iπω

ω1

)]}
,

c82 =
1

2ω2T̄
1

−ω2 +4ω2
1

ω2
1

ω

×
{
−a2

[
sin
(

4(i−1)πω

ω1

)
− sin

(
4iπω

ω1

)]
+b2

[
cos
(

4(i−1)πω

ω1

)
− cos

(
4iπω

ω1

)]}
.

Likewise, the amplitude component corrections of δ3ᾱb(t) are
given by

δ3ā1i = δ3b̄1i = δ3ā2i = δ3b̄2i = 0. (30)

It means that the term δ3ᾱb(t)has no correction to the ampli-
tude estimation of the gravitational signal.

3.2. Corrections of δ 4αb(t) and δ 5αb(t) to the amplitude
estimation

By performing the same processing as the above process-
ing of δ 1αb(t), δ 4αb(t) and δ 5αb(t) are converted into

δ4ᾱb(t) =
1

2ω2

{
[−ab1 sinφ0 −bb1(1− cosφ0)]

× [a1 cos(ω t̄)cos(ω1t̄)+b1 sin(ω t̄)cos(ω1t̄)]

+[ab1(1− cosφ0)−bb1 sinφ0]

× [a1 cos(ω t̄)sin(ω1t̄)

+b1 sin(ω t̄)sin(ω1t̄)]
}
, (31)

δ5ᾱb(t) =
1

8ω2

{
[−ab1 sinφ0 −bb1(1− cosφ0)]

× [a2 cos(2ω t̄)cos(ω1t̄)+b2 sin(2ω t̄)cos(ω1t̄)]

+[ab1(1− cosφ0)−bb1 sinφ0]

× [a2 cos(2ω t̄)sin(ω1t̄)

+b2 sin(2ω t̄)sin(ω1t̄)]
}
. (32)

Then, the amplitude component corrections of δ4ᾱb(t) are
given by

δ4ā1i = [−sinφ0 ×d11 +(1− cosφ0)×d21]ab1

− [(1− cosφ0)×d11 + sinφ0 ×d21]bb1, (33)

δ4b̄1i = [−sinφ0 ×d31 +(1− cosφ0)×d41]ab1

− [(1− cosφ0)×d31 + sinφ0 ×d41]bb1, (34)

δ ā2i = [−sinφ0 ×d51 +(1− cosφ0)×d61]ab1

− [(1− cosφ0)×d51 + sinφ0 ×d61]bb1, (35)

δ b̄2i = [−sinφ0 ×d71 +(1− cosφ0)×d81]ab1

− [(1− cosφ0)×d71 + sinφ0 ×d81]bb1, (36)

where

d11 =
1

ω2T̄
1

−ω2 +4ω2
1

ω2 −2ω2
1

ω

×
{

a1

[
sin
(

2(i−1)πω

ω1

)
− sin

(
2iπω

ω1

)]
−b1

[
cos
(

2(i−1)πω

ω1

)
− cos

(
2iπω

ω1

)]}
,

d21 =
1

ω2T̄
ω1

−ω2 +4ω2
1

×
{

a1

[
cos
(

2(i−1)πω

ω1

)
− cos

(
2iπω

ω1

)]
+b1

[
sin
(

2(i−1)πω

ω1

)
− sin

(
2iπω

ω1

)]}
,

d31 =
1

ω2T̄
ω1

−ω2 +4ω2
1

×
{

a1

[
cos
(

2(i−1)πω

ω1

)
− cos

(
2iπω

ω1

)]
+b1

[
sin
(

2(i−1)πω

ω1

)
− sin

(
2iπω

ω1

)]}
,

d41 =
1

ω2T̄
ω1

−ω2 +4ω2
1

2ω1

ω

×
{
−a1

[
sin
(

2(i−1)πω

ω1

)
− sin

(
2iπω

ω1

)]
+b1

[
cos
(

2(i−1)πω

ω1

)
− cos

(
2iπω

ω1

)]}
,

d51 =
1

ωT̄
ω2 −5ω2

1

ω4 −10ω2ω2
1 +9ω4

1

×
{
−a1

[
sin
(

2(i−1)πω

ω1

)
− sin

(
2iπω

ω1

)]
+b1

[
cos
(

2(i−1)πω

ω1

)
− cos

(
2iπω

ω1

)]}
,

d61 =
1

ω2T̄
ω1(ω

2 +3ω2
1 )

ω4 −10ω2ω2
1 +9ω4

1

×
{
−a1

[
cos
(

2(i−1)πω

ω1

)
− cos

(
2iπω

ω1

)]
−b1

[
sin
(

2(i−1)πω

ω1

)
− sin

(
2iπω

ω1

)]}
,

d71 =
1

ω2T̄
2ω1(−ω2 +3ω2

1 )

ω4 −10ω2ω2
1 +9ω4

1

×
{

a1

[
cos
(

2(i−1)πω

ω1

)
− cos

(
2iπω

ω1

)]
+b1

[
sin
(

2(i−1)πω

ω1

)
− sin

(
2iπω

ω1

)]}
,

d81 =
1

ωT̄
rω2

1

ω4 −10ω2ω2
1 +9ω4

1
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×
{
−a1

[
sin
(

2(i−1)πω

ω1

)
− sin

(
2iπω

ω1

)]
−b1

[
cos
(

2(i−1)πω

ω1

)
− cos

(
2iπω

ω1

)]}
.

The amplitude component corrections of δ5ᾱb(t) are given by

δ5ā1i = [−sinφ0 ×d12 +(1− cosφ0)×d22]ab1

− [(1− cosφ0)×d12 + sinφ0 ×d22]bb1, (37)

δ5b̄1i = [−sinφ0 ×d32 +(1− cosφ0)×d42]ab1

− [(1− cosφ0)×d32 + sinφ0 ×d42]bb1, (38)

δ5ā2i = [−sinφ0 ×d52 +(1− cosφ0)×d62]ab1

− [(1− cosφ0)×d52 + sinφ0 ×d62]bb1, (39)

δ5b̄2i = [−sinφ0 ×d72 +(1− cosφ0)×d82]ab1

− [(1− cosφ0)×d72 + sinφ0 ×d82]bb1, (40)

where

d12 =
1

16ω2T̄
1

−ω2 +ω2
1

2ω2 −ω2
1

ω

×
{

a2

[
sin
(

4(i−1)πω

ω1

)
− sin

(
4iπω

ω1

)]
−b2

[
cos
(

4(i−1)πω

ω1

)
− cos

(
4iπω

ω1

)]}
,

d22 =
1

16ω2T̄
ω1

−ω2 +ω2
1

×
{

a2

[
cos
(

4(i−1)πω

ω1

)
− cos

(
4iπω

ω1
)

]
+b2

[
sin
(

4(i−1)πω

ω1

)
− sin

(
4iπω

ω1

)]}
,

d32 =
1

16ω2T̄
ω1

−ω2 +ω2
1

×
{

a2

[
cos
(

4(i−1)πω

ω1

)
− cos

(
4iπω

ω1

)]
+b2

[
sin
(

4(i−1)πω

ω1

)
− sin

(
4iπω

ω1

)]}
,

d42 =
1

16ω2T̄
ω1

−ω2 +ω2
1

ω1

ω

×
{
−a2

[
sin
(

4(i−1)πω

ω1

)
− sin

(
4iπω

ω1

)]
+b2

[
cos
(

4(i−1)πω

ω1

)
− cos

(
4iπω

ω1

)]}
,

d52 =
1

2ωT̄
4ω2 −5ω2

1

16ω4 −40ω2ω2
1 +9ω4

1

×
{
−a2

[
sin
(

4(i−1)πω

ω1

)
− sin

(
4iπω

ω1

)]
+b2

[
cos
(

4(i−1)πω

ω1

)
− cos

(
4iπω

ω1

)]}
,

d62 =
1

4ω2T̄
ω1(4ω2 +3ω2

1 )

16ω4 −40ω2ω2
1 +9ω4

1

×{−a2[cos
(

4(i−1)πω

ω1

)
− cos

(
4iπω

ω1

)]

−b2

[
sin
(

4(i−1)πω

ω1

)
− sin

(
4iπω

ω1

)]}
,

d72 =
1

2ω2T̄
ω1(−4ω2 +3ω2

1 )

16ω4 −40ω2ω2
1 +9ω4

1

×{a2[cos
(

4(i−1)πω

ω1

)
− cos

(
4iπω

ω1

)]
+b2

[
sin
(

4(i−1)πω

ω1

)
− sin

(
4iπω

ω1

)]}
,

d82 =
1

ωT̄
2ω2

1

16ω4 −40ω2ω2
1 +9ω4

1

×
{

a2

[
sin
(

4(i−1)πω

ω1

)
− sin

(
4iπω

ω1

)]
−b2

[
cos
(

4(i−1)πω

ω1

)
− cos

(
4iπω

ω1

)]}
.

3.3. Correction of δ6αb(t)δ6αb(t)δ6αb(t) to the amplitude estimation

Performing the same processing as the above processing
of δ 1αb(t), δ 6αb(t) is converted into

δ6αb(t) =

[
− 2ab1bb2

ω2
1

− ab2bb1

4ω2
1

]
cos(2ω1t)cos(ω1t)

+

[
− 2bb1bb2

ω2
1

+
ab1ab2

4ω2
1

]
cos(2ω1t)sin(ω1t)

+

[
2ab2ab1

ω2
1

− bb1bb2

4ω2
1

]
sin(2ω1t)cos(ω1t)

+

[
2ab2bb1

ω2
1

+
ab1bb2

4ω2
1

]
sin(2ω1t)sin(ω1t). (41)

Based on the tripling-angle formula, namely

cos(2ω1t)cos(ω1t) =
1
2
[cos(ω1t)+ cos(3ω1t)],

sin(2ω1t)sin(ω1t) =
1
2
[cos(ω1t)− cos(3ω1t)],

cos(2ω1t)sin(ω1t) =
1
2
[sin(3ω1t)− sin(ω1t)],

sin(2ω1t)cos(ω1t) =
1
2
[sin(3ω1t)+ sin(ω1t)],

equation (41) is further rewritten as

δ6ᾱb(t) =
1
2

{(
2

ω2
1
− 1

4ω2
1

)
(−ab1bb2 +ab2bb1)cos(ω1t)

+

(
2

ω2
1
− 1

4ω2
1

)
(ab1ab2 +bb1bb2)sin(ω1t)

+

(
2

ω2
1
+

1
4ω2

1

)
(−ab1bb2 −ab2bb1)cos(3ω1t)

+

(
2

ω2
1
+

1
4ω2

1

)
(ab1ab2 −bb1bb2)sin(3ω1t)

}
.(42)

By performing the same shift-phase and approximation pro-
cessing as those of δ 1αb(t), equation (42) is turned into

δ6ᾱb(t) =
1
4

{[
(−ab1bb2 +ab2bb1)(1− cosφ0)

−(ab1ab2 +bb1bb2)sinφ0

](
2

ω2
1
− 1

4ω2
1

)
cos(ω1t̄)
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+[(−ab1bb2 +ab2bb1)sinφ0 +(ab1ab2 +bb1bb2)

×(1− cosφ0)]

(
2

ω2
1
− 1

4ω2
1

)
sin(ω1t̄)

+[(−ab1bb2 −ab2bb1)(1− cos3φ0)

−(ab1ab2 −bb1bb2)sin3φ0]

×
(

2
ω2

1
+

1
4ω2

1

)
cos(3ω1t̄)

+[(−ab1bb2 −ab2bb1)sin3φ0 +(ab1ab2 −bb1bb2)

×(1− cos3φ0)]

(
2

ω2
1
+

1
4ω2

1

)
sin(3ω1t̄)

}
. (43)

Like Eqs. (18) and (19), the amplitude component corrections
of δ6ᾱb(t) are given by:

δ6ā1i =
1
4

(
2

ω2
1
− 1

4ω2
1
)[(−ab1bb2 +ab2bb1)

×(1− cosφ0)− (ab1ab2 +bb1bb2)sinφ0], (44)

δ6b̄1i =
1
4

(
2

ω2
1
− 1

4ω2
1
)[(−ab1bb2 +ab2bb1)sinφ0

+(ab1ab2 +bb1bb2)(1− cosφ0)], (45)

δ6ā2i = δ6b̄2i = 0. (46)

3.4. Total correction of the cosine oscillation δαb(t)δαb(t)δαb(t) to the
amplitude estimation

In Ref. [18], the cosine oscillation is considered to be neg-
ligible, and besides, the relation between the amplitude com-
ponents (ab1i, bb1i, ab2i, bb2i) of the gravitational background
signal αb(t) and the amplitude components (ā1i, b̄1i, ā2i, b̄2i)

of the filtered gravitational background signal ᾱb(t) for the i-
th small part is expressed by the matrix form:

ā1i
b̄1i
ā2i
b̄2i

 = 𝐴4×4 ·


ab1i
bb1i
ab2i
bb2i



=


A11 A12 A13 A14
A21 A22 A23 A24
A31 A32 A33 A34
A41 A42 A43 A44




ab1i
bb1i
ab2i
bb2i

 , (47)

where all symbols and parameters are the same as those in
Ref. [18].

After taking the influence of the cosine oscillation into
consideration, the amplitude component corrections of the
parts δ 1αb(t), δ 2αb(t), δ 4αb(t), and δ 5αb(t) are the coupling
terms of the gravitational background signal αb(t) and the fil-
tered gravitational background signal ᾱb(t), and hence the bi-
ases of δ 1αb(t), δ 2αb(t), δ 4αb(t) and δ 5αb(t) should be cor-
rected in the coefficient matrix 𝐴4×4 of Eq. (47). The biases
of δ 1αb(t) and δ 2αb(t) correct the coefficients of the 3rd and
4th columns in 𝐴4×4, and the biases of δ 4αb(t) and δ 5αb(t)
correct the coefficients of 1st and 2nd columns in 𝐴4×4. The
parts δ 3αb(t) has no correction to the amplitude estimation.

The correction of δ 6αb(t) is not a coupling term but an in-
dependent term, and thus the bias of δ 6αb(t) should be cor-
rected directly in the amplitude components (ā1i, b̄1i, ā2i, b̄2i)

of Eq. (47). Then, with the cosine oscillation considered, the
relation matrix of Eq. (47) is corrected into

ab1i
bb1i
ab2i
bb2i

=


A′

11 A′
12 A′

13 A′
14

A′
21 A′

22 A′
23 A′

24
A′

31 A′
32 A′

33 A′
34

A′
41 A′

42 A′
43 A′

44


−1

ā1i −δ6ā1i
b̄1i −δ6b̄1i

ā2i
b̄2i

 , (48)

where

A′
11 = A11 − sinφ0 ×d11 +(1− cosφ0)×d21

− sinφ0 ×d12 +(1− cosφ0)×d22,

A′
12 = A12 − (1− cosφ0)×d1 − sinφ0 ×d2

−(1− cosφ0)×d12 − sinφ0 ×d22,

A′
21 = A21 − sinφ0 ×d31 +(1− cosφ0)×d41

− sinφ0 ×d32 +(1− cosφ0)×d42,

A′
22 = A22 − (1− cosφ0)×d31 − sinφ0 ×d41

−(1− cosφ0)×d32 − sinφ0 ×d42,

A′
31 = A31 − sinφ0 ×d51 +(1− cosφ0)×d61

− sinφ0 ×d52 +(1− cosφ0)×d62,

A′
32 = A32 − (1− cosφ0)×d51 − sinφ0 ×d61

−(1− cosφ0)×d52 − sinφ0 ×d62,

A′
41 = A41 − sinφ0 ×d71 +(1− cosφ0)×d81

− sinφ0 ×d72 +(1− cosφ0)×d82,

A′
42 = A42 − (1− cosφ0)×d71 − sinφ0 ×d81

−(1− cosφ0)×d72 − sinφ0 ×d82,

A′
13 = A13 − sin2φ0 × c11 +(1− cos2φ0)× c21

− sin2φ0 × c12 +(1− cos2φ0)× c22,

A′
14 = A14 − (1− cos2φ0)× c11 − sin2φ0 × c21

−(1− cos2φ0)× c12 − sin2φ0 × c22,

A′
23 = A23 − sin2φ0 × c31 +(1− cos2φ0)× c41

− sin2φ0 × c32 +(1− cos2φ0)× c42,

A′
24 = A24 − (1− cos2φ0)× c31 − sin2φ0 × c41

−(1− cos2φ0)× c32 − sin2φ0 × c42,

A′
33 = A33 − sin2φ0 × c51 +(1− cos2φ0)× c61

− sin2φ0 × c52 +(1− cos2φ0)× c62,

A′
34 = A34 − (1− cos2φ0)× c51 − sin2φ0 × c61

−(1− cos2φ0)× c52 − sin2φ0 × c62,

A′
43 = A43 − sin2φ0 × c71 +(1− cos2φ0)× c81

− sin2φ0 × c72 +(1− cos2φ0)× c82,

A′
44 = A44 − (1− cos2φ0)× c71 − sin2φ0 × c81

−(1− cos2φ0)× c72 − sin2φ0 × c82.

According to Eq. (48), for the i-th small part, we can ob-
tain the amplitude components (ab1i, bb1i, ab2i, bb2i) of the
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prominent fundamental frequency and second harmonic com-
ponents of the gravitational background signal with the bias
of the cosine oscillation corrected. Then, the amplitudes of
the αb1(t) and αb2(t) for the i-th part are respectively obtained
by αb,1(i) =

√
a2

b1i +b2
b1i and αb,2(i) =

√
a2

b2i +b2
b2i. The am-

plitudes αb,1 and αb,2 of the gravitational background signal
αb(t), with the cosine oscillation influence corrected, are given
as the average values of the sequences {αb,1(i)} and {αb,2(i)},
and their respective uncertainties are given in the same way as
that in Ref. [18]. The amplitudes with the cosine oscillation
influence uncorrected are also obtained by the improved cor-
relation method in Ref. [18]. Finally, The bias of the cosine
oscillation is obtained as the difference between the corrected
amplitude and the uncorrected amplitude.

4. Experiment results
For a typical data set[18] of the measurement of the

gravitational constant G with angular acceleration method by
Huazhong University of Science and Technology group, it has
a valid time of about 47 hours. The frequency of the useful sig-
nal is set to be 2.5 mHz, the natural angular frequency ω0 of
the torsion pendulum is about 0.015 rad/s, and the initial angu-
lar velocity of the torsion balance turntable is 3.032 mrad/s. As
figure 1 shows, besides the whole quadratic slow drift, the an-
gular velocity of the torsion balance turntable, which is the an-
gular frequency of the gravitational background signal αb(t),
also undergoes the cosine oscillation fluctuation. After per-
forming the quadratic fit to the angular velocity of the torsion
balance turntable, the parameters p3, p2, and p1 in Eq. (2) are
obtained to be −2.176× 10−7, −8.584× 10−6, and 3.032×
10−3 in the time unit of hour, respectively. Obtained by the
improved correlation method, the amplitudes without and with
the cosine oscillation influence corrected in each small part
are shown in Fig. 2. The amplitude of the fundamental fre-
quency component of the αb(t) without considering the co-
sine oscillation influence is given as 1.439(11) nrad/s2, while
the corresponding amplitude with the cosine oscillation influ-
ence corrected is given as 1.444(11) nrad/s2. The correction of
the cosine oscillation is the difference between the uncorrected
and corrected amplitudes, which is obtained as 0.005 nrad/s2

within its uncertainty of 0.011 nrad/s2. Likewise, the ampli-
tude of the second harmonic of the αb(t) without considering
the cosine oscillation influence is given as 45.253(11) nrad/s2,
while the corresponding amplitude with the cosine oscilla-
tion influence corrected is given as 45.255(11) nrad/s2, and
hence the correction of the cosine oscillation is 0.002 nrad/s2

within its uncertainty of 0.011 nrad/s2. These results prove
that the corrections of the cosine oscillation to the estimated
amplitudes of the prominent fundamental frequency and sec-

ond harmonic components of the spurious gravitational back-
ground signal are within respective uncertainties, which are
small enough to be negligible.
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Fig. 1. (color online) (a) The angular velocity of the torsion balance
turntable at the 10th hour (black line). (b) The angular velocity of the torsion
balance turntable versus time during the whole experiment. The green line
is the fitting line of the angular velocity. It is clear that the angular velocity
of the torsion balance turntable undergoes not only the whole quadratic slow
drift but also the cosine oscillation fluctuation.
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Fig. 2. (color online) (a) The amplitude of the fundamental frequency com-
ponent of the gravitational background signal αb(t) in small parts versus
time, and (b) the amplitude of second harmonic components of the αb(t)
in small parts versus time. Each blue point denotes the obtained amplitude
with the cosine oscillation influence corrected in a small part by the im-
proved correlation method, and each black point denotes the obtained am-
plitude without correcting the cosine oscillation influence in a small part in
the same way. The asterisks and their error bars denote the final values and
uncertainties of the amplitudes. Some blue points overlap with correspond-
ing black points, since their differences are too small to distinguish.

5. Conclusions
In the measurement of the gravitational constant G by an-

gular acceleration method with feedback control unit, in or-
der to determine the amplitude of the useful angular accel-
eration signal accurately, we need to subtract the spurious
gravitational background signal effectively. Due to the lin-
ear slow drift of equilibrium position of torsion balance and
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under the function of the feedback control unit, there is not
only the whole quadratic slow drift but also the cosine oscilla-
tion fluctuation in the angular velocity of the torsion balance
turntable, namely the angular frequency of the spurious grav-
itational background signal. The amplitudes of the prominent
fundamental frequency and second harmonic components of
the gravitational background signal with time-varying angu-
lar frequency can be estimated by the improved correlation
method with high precision in the same time, when the time-
varying angular frequency is approximated as the quadratic
slow drift. In this paper, we analyze the influence of the cosine
oscillation coming from the useful angular acceleration signal
on the spurious gravitational background signal, and obtain the
corrections of the cosine oscillation influence to the estimated
amplitudes of the prominent components of the gravitational
background signal. The corrections of the cosine oscillation to
the estimated amplitudes have respective uncertainties, which
are small enough to be negligible, but the consideration of
the cosine oscillation is advisable and important for judging
the correctness and completeness of the improved correlation
method of estimating the amplitude of the time-varying angu-
lar frequency signal subjected to a quadratic slow drift and a
cosine oscillation fluctuation.
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