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In this paper, the control problem of distributed parameter systems is investigated by using wireless sensor and ac-
tuator networks with the observer-based method. Firstly, a centralized observer which makes use of the measurement
information provided by the fixed sensors is designed to estimate the distributed parameter systems. The mobile agents,
each of which is affixed with a controller and an actuator, can provide the observer-based control for the target systems.
By using Lyapunov stability arguments, the stability for the estimation error system and distributed parameter control sys-
tem is proved, meanwhile a guidance scheme for each mobile actuator is provided to improve the control performance. A
numerical example is finally used to demonstrate the effectiveness and the advantages of the proposed approaches.
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1. Introduction

The wireless sensor and actuator networks (WSAN) have
been receiving increased research interest due to their numer-
ous applications in the fields of cyber-physical systems, forest
fire fighting, environmental and industrial monitoring, and so
on.['=3] The actuators which have much stronger power than
sensors can provide the appropriate actuation on the physical
systems with the help of the networked sensors. In many sce-
narios, mobile actuators which can be attached to the mobile
agents (terrain robots, underwater vehicles, UAVs) can im-
prove the performance in different tasks.[*% A series of re-
search results have been reported in applications of static and
mobile sensor and actuator networks for finite dimensional
systems, such as for coverage,[*! localization,! and optimal
control, etc. 0!

On the other hand, most of the practical systems whose
states vary both spatially and temporally are infinite dimen-
sional systems, such as many thermal, chemical processes,
and fluid flow, etc. These systems are commonly termed
the distributed parameter systems (DPS). The past few years
have witnessed increasing interest in the distributed param-
eter systems.”~13] Especially, when the wireless sensor and
actuator networks are used in distributed parameter systems,
the estimation or control performance of the distributed pa-
rameter systems can be effectively improved. To enhance the
system performance, how to navigate the wireless sensor and
actuator networks and how to choose the control architecture
are the main concern to be considered. The focus for these
problems has motivated recent efforts in Refs. [14]-[18] and
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the references therein. For example, in Ref. [15], Chao and
Chen considered the sensing and distributed control of a dis-
tributed parameter system by using Centroidal Voronoi tessel-
lations and consensus strategy in the mobile sensor and actua-
tor networks. The static output feedback control problem and
adaptive control problem for the distributed parameter systems
have been studied by Demetriou in Refs. [16] and [17], respec-
tively, meanwhile the guidance of the mobile collocated sensor
and actuator networks was designed.

In practical applications, it is impossible to have all the
reliable information of system states, because some state vari-
ables cannot be measured or the number of the sensors is usu-
ally finite. Hence, one needs to estimate the physical systems
using the finite measurement outputs in order to provide the
feedback information to controllers. Then the observer-based
control method is provided to obtain certain control objectives,
which is attracting many researchers.!'>-2!) However, to the
best of our knowledge, very little research attention has been
paid to the combination of the guidance design of the mobile
sensor and actuator networks and the control for the distributed
parameter systems using the observer-based control method.
Therefore, the main purpose of this work is to shorten such a
gap by the study of how to navigate the networked actuators
based on the observer-based control for the distributed param-
eter systems.

In this article, we investigate the observer-based control
for the distributed parameter systems and the guidance scheme
of the wireless sensor and actuator networks. Here, it is as-
sumed that each sensor node is fixed and each actuator node
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with a controller can move freely in the spatial domain. Based
on the measurement information provided by the fixed sen-
sors, a centralized observer is designed to estimate the dis-
tributed parameter control system. Then the observer-based
controllers are established to control the distributed parameter
systems, meanwhile a motion strategy of the mobile actuators
is provided to improve the control performance by using Lya-
punov stability arguments.

The rest of this paper is organized as follows. In Sec-
tion 2, a distributed parameter system and a network consist-
ing of fixed sensors and mobile actuators are introduced, and
a centralized observer and the observer-based controllers are
presented. In Section 3, we present a guidance scheme for ev-
ery mobile actuator and prove that the distributed parameter
system controlled by the mobile actuators with the observer-
based controllers is stable by using Lyapunov stability theory.
A numerical example is given to verify the effects and ad-
vantages of our results in Section 4. Finally, conclusions are
drawn in Section 5.

2. Problem formulation

Consider the following distributed parameter system
given by

5 = 3x A5+ L b)), M)

with the Dirichlet boundary condition w(z,0) = w(t,l) = 0
t € [0,40) and
x € Q =0,/] represent the time variable and spatial variable,

and the initial condition w(0,x) = wo(x).

respectively. a(x) > ap > 0 denotes the diffusing coefficient
and w(z,x) denotes the state of the system (1). The function
b(x;6;(t)) denotes the spatial distribution of the i-th moving
actuator and u;(¢) denotes the associated control signal. 6;()
denotes the time varying centroid of the i-th moving actuator.

It is assumed that the spatial distributions of the m actua-
tors are the same and given by

L.
b(x;6;() = { 2€ if x € [6;(r) — &, 6,(t) + €], o

0 otherwise,

withi=1,2,...,m, where € is the spatial support of the actu-
ators. The first-order dynamics for the i-th mobile actuator is
governed by

6,(t) =vi(1), 6:i(0) =6y, 3)
where the velocity v;(¢) is to be designed.

In the wireless sensor and actuator network, n distributed

sensors are used to provide the following measurement outputs

on the distributed parameter system (1)

/lc(x;nl)w(nx)dx
J0

/[c(x;nn)w(t,x)dx
0

where y;(r) is the measurement output by the i-th sensor, and
¢(x; m;) denotes the spatial distribution of the i-th sensor whose
position 7; is fixed. It is also assumed that the spatial distribu-
tions of the n fixed sensors are the same and given by

1 ifxen—v, n ,

0 otherwise,

where V is the spatial support of the sensor.
Based on the above measurement information by the fixed
sensors, we consider the following Luenberger observer:

w - %(a(x)avﬁg(;,x) )+ g";b(x; 81(1))ui (1)
# R0 =50, ©
where

)
$it) = /0 (M) (2,x) dx

and /;(x) is the observer gain. For simplicity, /;(x) is chosen as
Ii(x) = ric(x;m;) with r; > 0.

According to the Luenberger observer (6), then the
observer-based controllers are designed as

)
ui(t):—ki/o b(x; ()Wt x)dx, i=1,2,....m, (7)

where k; > 0 is the controller gain.

Remark 1 Usually, for the distributed parameter system,
the full information of the process at all positions and times
cannot be obtained by distributed sensors. Therefore, the es-
timation for the distributed parameter system from available
measurements is needed before providing a better control. In
this paper, the Luenberger observer (6) is used to make the es-
timation. Based on the estimation information, each actuator
with the observer-based controller (7) gives the correspond-
ing control signals on the target system. Besides the choice
of the controllers, the control performance of the distributed
parameter system also depends on how the actuators positions
are chosen. So another task of this paper is to design the mo-
tion trajectory for each mobile actuator based on the estima-
tion information to enhance the control performance of the dis-
tributed parameter system.

Remark 2 Notice that each distributed controller given
by system (7) will receive the estimated state from the Luen-
berger observer (6) and yield the corresponding control signal.
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Using the first mean value theorem for integration, the control
signal u;(¢) can be computed by

=—k loe —1 dx k 6
u;(t) = —K; w(t,x —kiw(t,6;),
( ) ./9,-({)75 28 ( ) ( )

where 6; € [6;(t) — &, 6;(t) +
mean value of W(z,x) on [6;(t) —

e,i=1,2,...,m.
8,91(l)+8].

Remark 3 Based on the assumption of each collocated

W(t, ;) is the

mobile sensor/actuator pair, the static output feedback control
problem for the distributed parameter system was studied by
Demetriou in Ref. [16].
actuator networks, sensor nodes are usually low-power, low-

However, in the wireless sensor and

cost devices and actuator nodes have more energy and higher
processing capabilities, so it is more practical to assume that
each sensor node is fixed and each actuator node can move
freely in the spatial domain. The problem of this paper, where
n fixed sensors and m mobile actuators are utilized to make
the observer-based control for distributed parameter systems,
is more practically significant.

Now we can state the problem under consideration:
Given the distributed parameter system (1) with the proposed
observer-based controllers (7), implemented by the mobile
agents, each of which has a controller and an actuator, we aim
to derive a guidance scheme for each mobile agent to improve
the control performance based on the state estimation (6).

In order to employ Lyapunov methods for the stability
analysis of distributed parameter control system and the esti-
mation error system, meanwhile to derive the guidance scheme
for each mobile actuator, it is convenient to bring the above
systems (1) into an abstract framework.

Using standard results from abstract theory, let WV be a
Hilbert space with the inner product (-,-) and corresponding
induced norm |-|. V is a reflexive Banach space with norm de-
noted by || - || and V* denotes the conjugate dual of }V with in-
. It follows V — W — V* with both embed-

ding dense and continuously, and as a consequence we have
[16]
c.

duced norm || - ||«

In this paper, W = L;(Q) is the state space, where
w(t,-) = {w(t,x),0 < x < I} denotes the state of the dis-
tributed parameter system (1). The Sobolev space V is given
by V=H} = {y € H(Q)|y(0) = y(I) = 0} and its conju-
gate dual space V* is H~(Q).

The second-order operator .A of the system is given by

do

dx) a(x) >0, ¢ € Dom(A), (8)

A9 = - (al)

where Dom(A) = {y € Ly(2) |y, y’ abs. continuous, y’ €
L,(2) and y(0) = y(I) = 0}. Following Ref. [16], the oper-
ator A is symmetric and satisfies

[(A¢, @)| < k[|¢]lll@]|, for ¢, €V and some positive K,

7||¢||?, for ¢ € V and some positive . (9)

(—A9,0) >
The input operator B(0(¢)) : R™ — V* is defined by

M](l)
Bu(n()] |+ |,
U (1)

B(6(1))u(r) = [Bi(6:(r)) ---

where u(t) € R™ denotes the control signals by the m ac-
tuators and B;(6;(¢))u;(¢t) = b(x;6;(¢))u;(r). From Eq. (7),
the observer-based control input u(¢) can be represented by
u(t) = —KB*(06(t))w(¢) with the feedback gain matrix K =

diag(ky,ky,...,km). The output operator C : ¥V — R" is de-
fined by
!
Ci (1) /0 c(x;m)w(t,x)dx
Cw(t) = ow() = :
!
Calt) / c(x;mp)w(t,x)dx
0

Then the distributed parameter control system (1) can be
rewritten as

Ww(t) = Aw(t) + Bu(t),
u(t) = —KB*(6(1))w(1),
w(0) = wy, (10)

and the state estimation system (6) can be represented as

w(t) = Aw(t) +Bu(t) +C*T'C(w(t) —w(t)),
w(0) # wo, (11)
where I' = diag(ry,r2,...,r,) > 0.

Remark 4 Combining Egs. (10) and (11), we obtain the
dynamics of the extend state (38;

(56)) = (cre acemp cere) (3 ) 02

Letting

as follows:

a_( A —BKB*
~\crc A-BkB -c'TC )

since A is a bounded perturbation of an infinitesimal generator

(%)

A is the infinitesimal generator of a Cy-semigroup.!??! So the
well-posedness of Eq. (12) can be established by using the fact
that the operator A generates a Cp-semigroup.

Setting e(r) = w(t) —
error system can be obtained from Eqgs. (10) and (11)

Ww(t), then the following estimation

é(t) = (A—C*TC)e(t),
e(0) = w(0) —w(0) #0. (13)
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The well-posedness of Eq. (13) can be obtained from the fact
that A —
Throughout this paper, A and p represent the max-

C*I"C generates a Cp-semigroup.

imum eigenvalues of the bounded positive operators
B(6(1))KB*(6(t)) and C*I'C, respectively; p and o rep-
resent the minimum eigenvalues of the positive operators
—A+B(6(t))KB*(6(r)) and —A+ C*I'C, respectively.

3. Stability analysis and guidance of mobile ac-
tuators

In this section, a Lyapunov-based approach will be uti-
lized to design the trajectories of mobile actuators, meanwhile
to prove the stability for distributed parameter control sys-
tem (10) and the estimation error system (13). The idea on
the construction of a Lyapunov functional is inspired from
Refs. [16] and [17].

Consider the following Lyapunov functional candidate
for the systems (10), (11), and (13)

V() =Vi(t)+Va(t) +Va(1),
where

Vi(1) = —pi{w(t), Aw(1)),

Vi(t) = =2p1(Aw(r), Aw(t)) +2p1 (B(6(1)) KB
=2p1Aw(r) >+ p1(B(6(1))K

= —pi|Aw(r)

(1)

—p1|Aw(0) > + p1A%w(r)|?

Va(t) = p2(W(1), (= A+ B(6 (1)) 'B*(6(1)))w(1)),
Va(t) = pale(t), (—A+C*TC)e(t)).

Here, p1, p2, and p3 are positive constants.

Remark 5 Noticing that the operators —A, —A +
B(6(t))KB*(6(t)), and —A+C*I'C are positive, we have the
Lyapunov functional candidate V() as nonnegative. In fact,
Vi(¢) and V3(t) are considered for the stability of distributed
parameter control system (10) and the estimation error sys-
tem (13), respectively, and V;(¢) is incorporated in order to
derive the stable motion velocity for each mobile actuator by
using the estimation information.

Based on the fact that the operator A is self-adjoint, the
derivative of V() satisfies

Vit) = —pr (o). Aw(n)) — pr (w(e), A1)
= 21 ((0), Aw(1))
= ~2p1 (Aw(t) — B(O() KB (1)) (1), Aw(r)).

Using the inequality 2(x,y) < (x,x) + (y,y) and the fact that A
is the maximum eigenvalue of the operator B(6(r))KB*(0(z)),

we obtain

“(0(1)w(1), Aw(1))

B (6(1))w(s

[+ p1|B(6(1)KB*(6(1))(1)]
|~

):B(6(1))KB"(6/(2))(1)) + p1 (Aw(7), Aw(1))
2

(14)

On the other hand, the operator — A+ B(6(¢))KB*(0(t)) is also self-adjoint, since the operators .A and 5(0(¢))KB*(6(1))

are self-adjoint. So the derivative of V,(7) is

Va(t) = p2 (1), (— A+B( (O)TB(6()W (1)) + p2 (W (1), (—A+B(6(1)) T B (8(1)))w(r))

+p2(0(1), < (B(O(1) KB (8(1)))w

).

- 2p2<v*v<r>,(—A+B<e<t>>r8*<e<r>>>wa>>+pz<w<t>,%<B<e<r>>1<8*<e<r>>>vv<t>>.

Noticing that the system (11) can be rewritten as

W(t) = (A—B(O(1))KB* (8(t)))W(t) +C T Ce(r),

we have

Va(r) = 2p2((A = B(O()KB' (8(1)))w(r) +
(B(6(1)KB"(8(1)))(r)).

d

+p2 W(t)va

Based on the inequality 2(x,y) < (x,
eigenvalue of — A+ B(6(1))KB*(6(t)), we obtain

C'I'Ce(t),(—A+B(6(t))'B*(0(t)))w(r))

x) 4 (y,y) and the fact that y is the maximum eigenvalue of C*I"C and p is the minimum

Va(t) = —2pa{(A = B(6(1))KB(6(1)))W(1), (A= B(6(t)) T B (6(1)))w(r))
+2p2(C°TCe(t), (= A+ B(6(1))'B*(6(1))) (1)) +pz<fv(1),%(B(G(I))KB*(G(t)))W(t)>
040201-4
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< —2p2(A=B(6()KB' (0)(0) >+ pa(C'TCelr),C'TCelr)
(- A+ BOW)IB (6(1))0(0), (~A+B(6()IB (8(:)))(0)
(), 5 (BOW)KE (0(1))9())

|2

< —pap?|W(t)? + paui®le(t)[?

+p2(le), 3 (BOW)KB (0(0)# (1),

s)
Taking an examination of the last term in expression (15), we have
(w(0) 3<B<e<r>>l<8*<e<r>>>w<r>> = (1), 0(0) 7y~ (BO)KB(6(1)))
" dt ’ de(t)
P Bi(6:(1)) 5.
=2Y 0:(t)ki{w(t : 0;(1))w(t
80) (00, g B (80)9(0)
m X 1 o]
=2 Z ei(t)kig /0 (8(6;() —€)—6(6;(t) + €))w(t,x)dxB; (6;(¢))w(r)
i=1 -
m. 1
=2) 6:(t)ki5_ (w(t,6,() — &) —W(r, 6i(1) +€)) B7 (6:(1))w (r). (16)
i=1
When the velocity ;(¢) for the i-th actuator is given by
. 1 . . N .
0i(t) = — 5 ki(w(r, 6:(r) — &) =W (1, 6,(1r) +€))B; (6,(1)) (),
expression (15) becomes
. m .
Va(t) < —pap? W (0) + papt®le(r) P = 2p2 Y (6:(1))°. (17
i=1
Noticing that the self-adjoint operator — A+ C*I'C satisfies |(—A+C*I'C)¢| > c|¢|, one has
V3(t) = p3(e(t),(—A+C T Ce(r)) + p3(e(t), (—A+CTC)é(t))
= 2p3(e(t), (=A+CTC)e(t))
=2p3((A—C*T'Ce(t),(—A+C*IT'C)e(r))
= 2p3|(—A+CTC)e(r)
~2p302le(n)]*. (18)
Therefore, combining formulas (14), (17), and (18), we obtain
V(1) < =pil Aw()]? + p1 A2 (@) > — p2p?[w (1) + pat®le(r)
m
—2p> Z(ei(t))z —2p30°le(t)|?
i=1
m
= —pil AW+ (PIA® = p2p?) W (0)]* + (p21® = 2p36°)[e(1)|* = 2p2 ) (6:(1)). (19)
i=1
\
When the positive constants p;, i = 1,2,3 satisfy pjA? — where ¢ > 0 is a function of the coercivity constant 7 in Eq. (9)
pap? <0and pru’ —2p302 <0, we gain and the embedding constant ¢.[16]
From the above analysis, the main result is now summa-
V(r) < —pi| Aw(r) ‘2 2 Z(Qi(l‘))z rized in the following theorem.
i=1 Theorem 1 Consider the distributed parameter sys-
< 5|w(t)|2 2 i( éi(t))z tem (1) with the obser\'/er-b.ased contr'ol ('7) by mobile actPa—
i=1 tors, where the state estimation w(¢, x) is given by Eq. (6) using
< —piélw(r)?, (20)  the measurement outputs (4). If there exist positive constants
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pi, i = 1,2,3 satisfying
PiA% —pyp? <0 and pru’ —2p36% <0,

then the estimation error e(f,x) and the system state w(t,x)

éi(t) - 2¢

L0, 61(6) — €) — (1. 6,(1) + €))BE (B0 (1), i=1,2,....m.

converge to zero. The guidance law for each actuator im-
proves the control performance for the distributed parameter
system (1), where the control laws for the guidance of the mo-
bile actuators are designed by

ey

Remark 6 One may notice that the above control law for the i-th actuator depends on the difference of the estimation
w(t, 0;(t) —€) —w(t,0;(t) + €) and B7(6;(z))w(t). On the other hand,

1
B (8.)0(0) = [ bx:0,())#(r.2)d

that means B (6;(r))w(¢) is the mean value of #(r,x) on
[6:(t) — €, 6;(t) + €]. Letting € — 0 in Eq. (21), the velocity
becomes 6;(t) = kW (t,x)] 0,()W(t, 0i(r)), that means the guid-
ance scheme for each mobile actuator uses the gradient infor-
mation W, (¢,x) and w(,x) at its position 6;(z).

4. Numerical results

The distributed parameter system (1) with a(x) = 0.006 is
considered in the domain [0,/] = [0, 1] and the initial condition
is set to w(0,x) = sin(7x) e =2 The wireless sensor and ac-
tuator network is assumed to have five static sensors and two
mobile actuators. The positions for the five static sensors are

1.0

w(0,z)

0.8 trrrrr w(0,x)
0.6
0.4
0.2
0

0 0.5 10
Spatial variable x

0.10

w(2,x)

0.05 rrrrrn w(2,x)
0
—0.05

—0.10
0 0.5 10

Spatial variable x

1 6;(t)+¢ q 5
= — w(t,x)dx=w(t,0),
o /emfe (t,x)dx = (1, 6)

chosen as 7; = i*0.15, i =1,...,5. The initial positions and
velocities for the two mobile actuators are set to 8; (0) = 0.25,
0,(0) = 0.75, v;(0) = 0, v2(0) = 0, respectively. The spa-
tial distributions of each actuator and each sensor are given by
Egs. (2) and (5) with € = 0.06 and v = 0.08.

It is assumed that the centralized estimator with r; = 50,
i =1,...,5 satisfies the initial condition w(0,x) = 0. The
observer-based controllers (7) are assumed with the controller
gains k| = kp = 2. For comparison, two fixed actuators with
the same spatial distributions (2) and controller gains as the
mobile actuators are considered for the distributed parameter
control system (1). In this case, the two actuators are fixed at
6, =0.25, 6, =0.75.

0.4
w(l,x)
trrrrr w(l,x
0.2 (1,z)
0
—0.2
—0.4
0 0.5 10
Spatial variable x
0.05
w(3,z)
i w(3,e)
0
—0.05 -
0 0.5 10

Spatial variable =

Fig. 1. (color online) System state and its estimate versus spatial variable at four different time instances.
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Figure 1 depicts the space distribution of the actual sys-
tem and its estimates at four different time instances. It is ob-
served that the estimator can provide a better estimation of the
target system.

0.6 \ \ :

E— )

0.4} — uy(t) |

0.2 H ~

0 AAA_

—-0.2 i

Control signal

—0.4 i
—0.6 i

—0.8 : : :
0 5 10 15 20
Time

Fig. 2. (color online) The observer-based control signals.

—— open system
é 0.4 fixed actuator 1
g —— mobile actuator
) |
£ 03}
iy
17
g i
o
7
2 02}
2}
Gy
o] -
g
= 0.1} i
=
o
> F 1
2]
0 . .
0 5 10 15 20
Time
Fig. 3. (color online) Evolution of state L, norm.
1.0
actuator 1
i — . —actuator 2
0.8 1 1
-
o u 4
g !
Z 06 1
Q |
@ -1 i
3 i
=} 0.4r 7
o
= ]
-g 0.2
o .
0 L L L
0 5 10 15 20

Time

Fig. 4. (color online) Actuator trajectory.

Figure 2 depicts the observer-based control signals which
are dispensed to distributed parameter system (1) by the two
mobile actuators. Figure 3 presents the state L(0,/) norm

for the uncontrolled case, the case of the mobile actuators and
fixed actuators. One can observe that when the actuators are
mobile, the state norm converges to zero much faster than the
fixed case. Finally, the trajectory for the two mobile actuators
is depicted in Fig. 4.

5. Conclusions

In this paper, the observer-based control problem for the
distributed parameter system has been considered by using the
wireless sensor and actuator network in which it is assumed
that sensors are fixed and actuators can move freely in the spa-
tial domain. Based on the measurement information provided
by the fixed sensors, a centralized observer has been designed.
Meanwhile the observer-based controllers have been provided
to control the distributed parameter system. Furthermore, the
stability of the estimation error system and the distributed pa-
rameter control system has been analyzed by using Lyapunov
stability arguments, meanwhile, a guidance scheme for each
mobile actuator has been provided to improve the control per-
formance. Simulation results have demonstrated the effec-
tiveness and the advantages of the proposed approaches. It
should be pointed out that our main result can be extended
to other distributed parameter systems such as linear or non-
linear reaction—convection—diffusion systems with or without
time-delays. This will be our next research work.
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