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Vibration-assisted coherent excitation energy transfer
in a detuned dimer∗
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The important role of high-energy intramolecular vibrational modes for excitation energy transfer in the detuned
photosynthetic systems is studied. Based on a basic dimer model which consists of two two-level systems (pigments)
coupled to high-energy vibrational modes, we find that the high-energy intramolecular vibrational modes can enhance the
energy transfer with new coherent transfer channels being opened when the phonon energy matches the detuning between
the two pigments. As a result, the energy can be effectively transferred into the acceptor. The effective Hamiltonian is
obtained to reveal the strong coherent energy exchange among the donor, the acceptor, and the high-energy intramolecular.
A semi-classical explanation of the phonon-assisted mechanism is also shown.
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1. Introduction
The role of coherent vibrational dynamics on the effi-

ciency of energy transfer in natural and artificial light har-
vesting systems is currently of central interest.[1] It is known
that the functionality of a natural multichromophoric com-
plex depends mainly on the strength and structure of inter-
actions among electronic states and is dramatically affected
by the vibrational degrees of freedom associated either with
the complex itself or to its environment.[2–5] Among plenty
of progress[1,6–9] that has been achieved in experimental and
theoretical research on quantum effects in natural light har-
vesting systems, the positive role of the phonon is increas-
ingly solid.[1] The key mechanism of noise-assisted exci-
tation energy transfer (EET) is one progress that has been
identified.[10–13] That is, in the energy-closed EET system,
phonon modes perturb the system to suppress the destructive
interference and broaden its spectral lines by inducing ther-
mal fluctuations of the on-site energy, thus enhancing exci-
tation transfer. The phonon modes related to noise-assisted
EET arise from the low-energy protein vibrations and the sol-
vent, which have a continuous distribution of frequencies that
are below or comparable to the thermal energy scale, kBT ,
and couple to the electronic states weakly comparing with the
coupling strength among electronic states. Another kind of
phonon modes with high energy and well-localized frequen-
cies are revealed by spectroscopy studies,[14–21] the active par-
ticipation during the excitation dynamics. These modes orig-
inate from intramolecular vibration and couple to the elec-
tronic states with strength comparable to that of inter-site elec-

tronic interaction.[22–29] The quantum mechanical features of
the high-energy vibrational modes are significant even at am-
bient temperatures[2] and their influence on energy transport
in a variety of natural molecular systems is currently of cen-
tral interest.[17,21,30–32]

This work focuses on the important role of the high-
energy vibrational modes for EET in a detuned system of
light harvesting, which is similar to that in cryptophyte anten-
nae protein phycoerythrin 545 (PE545).[22,33] Different from
the noise-assisted EET situation, the differences of site en-
ergy |εm− εn| are very large in comparison to inter-site elec-
tronic interaction Vmn. In this situation, the excitation energy
is highly localized to the donor site and hardly transfers to
the next site only with the help of the noise in the surround-
ing environment. For example, the largest coupling of inter-
site electronic interactions in PE545 is V = 92 cm−1 between
the central pigments PEB50C and PEB50D, while their energy
difference is about 1040 cm−1.[24] The localized vibrational
mode at ω = 1111 cm−1 is on near resonance with the tran-
sition between PEB50C and PEB50D. The coupling between
the vibrational mode and the electronic states of the two sites
is g = 267 cm−1 (g = ω

√
s = 1111 cm−1×

√
0.0578 ≈ 267

cm−1, where ω is the frequency of the intro-molecular vi-
brational mode, and s is the relative Huang–Rhys factor),[24]

which is larger than V = 92 cm−1, thus it is possible that the
vibrational mode would effectively participate in and even en-
hance the EET process. Aiming at revealing the fundamental
mechanism of a bridge-like role of quasi-resonant vibrations
for the excitonic transitions in the above situation, which has
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also been mentioned by Kolli previously,[24] based on a basic
detuned dimer model, we will theoretically study the role that
high-energy vibrational modes play in EET.

In our model, the strength of coupling between high-
energy vibrational modes and the dimer’s electronic state is
comparable to that of the dipole–dipole interaction between
the donor and the acceptor, while the phonon bath of the
environment is weakly coupled to the donor and the accep-
tor. We will show, by numerical calculation, that high effi-
ciency of EET could be obtained by phonon-assistance in the
large-detuned conditions. The effective Hamiltonian will be
obtained to reveal a second-order coherent transfer process
among the donor, the acceptor, and the high-energy vibrational
mode, which enhances the EET by opening up a new trans-
fer channel. The semi-classical explanation of the phonon-
assisted mechanism will be shown as well.

The paper is organized as follows. We show our main nu-
merical results of the basic model in Section 2 and the related
analysis in Section 3. Investigation of the further model is
given in Section 4. Conclusions are finally made in Section 5.

2. Vibration enhancing EET in a dimer
We consider that energy is transferred inside a dimer,

which includes pigment 1 (the donor) and pigment 2 (the ac-
ceptor), and both pigments are two-level systems with energy
separations ε1 and ε2, respectively. The Hamiltonian of the
dimer is (h̄ = 1)

HD−A = ε1σ
+
1 σ
−
1 + ε2σ

+
2 σ
−
2 +V12

(
σ
+
1 σ
−
2 +σ

+
2 σ
−
1
)
, (1)

where σ
+
i = |ei〉〈gi| and σ

−
i = |gi〉〈ei| are the transition oper-

ators at site i (i = 1,2) with energy detuning ∆ = ε1− ε2, and
V12 denotes the electronic coupling between sites 1 and 2. The
donor is coupled to a vibrational mode with the free Hamilto-
nian HM = υb†b, where υ is the angular eigenfrequency of the
vibrational mode, and b† (b) is the creation (annihilation) op-
erator of the vibrational mode. The Hamiltonian that describes
this system is

H1 = HD−A +HM +HD−M−A, (2)

where HD−M−A = (gb† + gb)σ+
1 σ
−
1 , and g is the coupling

strength between the vibrational mode and the donor.
We assume that the system is polluted by three incoherent

processes: the two pigments dissipate into the environment at
rates Γ1 and Γ2, respectively; and the acceptor sinks into the
RC (sink) at a rate of κ . The vibrational mode decays into the
thermal environment at a rate of γ with thermal phonon num-
ber nth ' kT/h̄υ , where k is the Boltzmann constant and T is
the temperature.

For brevity, hereafter, we set all the parameters to be
dimensionless when discussing the numerical results of this

theoretical model. As discussed in Ref. [34] (and references
therein), the sink rate into RC is much larger than the energy
dissipation rate into the thermal environment, and therefore we
set Γ1 = Γ2 = 0.1 and κ = 3. Moreover, discrete intramolecu-
lar vibrational modes have a very sharp spectrum shape,[35,36]

indicating that their quality factor can be very high. In our dis-
cussion, we consider the mechanical mode oscillating at fre-
quency υ = 200 with decay γ = 0.4 (i.e., the quality factor is
Q = 500). All of the processes (the non-unitary) can be de-
scribed by Lindblad terms D[A,Ω ]ρ̂ = Ω(Aρ̂A+− 1

2 A+Aρ̂ −
1
2 ρ̂A+A). Thus, we can write the master equation of the whole
system as

dρ̂(t)
dt

= −i [H1I, ρ̂(t)]+D[σ−1 ,Γ1]ρ̂(t)

+D[σ−2 ,Γ2]ρ̂(t)+D[σ−2 ,κ]ρ̂(t)

+nthD[b+,γ]ρ̂(t)+(nth +1)D[b,γ]ρ̂(t), (3)

where ρ̂ is the density matrix operator for the system, and H1I

is the interaction Hamiltonian

H1I = ∆σ
+
1 σ
−
1 +υb†b+V12

(
σ
+
1 σ
−
2 +σ

+
2 σ
−
1
)

+(gb† +gb)σ+
1 σ
−
1 , (4)

which is obtained by performing a unitary transformation
U0(t) = exp(iH0t) to H1 with H0 = ε2(σ

+
1 σ
−
1 +σ

+
2 σ
−
2 ).

We define two probabilities Pi(t) = Tr[|ei〉〈ei|ρ̂(t)] (i =
1,2). If the dissipation rate of the acceptor into the sink is de-
fined as R(t) = κ 〈e2| ρ̂(t)|e2〉, the energy transfer efficiency
at a fixed time t will be calculated by η(t) =

∫ t
0 R(t ′)dt ′.[37]

We assume that the two pigments are initially in |e1,g2〉,
and our numerical simulation is based on the single excita-
tion subspace.[38] To approach the actual environmental con-
ditions, in all of the following numerical calculations, we as-
sume that the vibrational mode has reached the thermal equi-
librium state and the associated density matrix is

µ(0) = ∑
n

nn
th

(nth +1)n+1 |n〉〈n|,

where |n〉 represents the Fock state of the vibrational mode
with phonon number n. Thus, the initial density matrix for
the whole system can be expressed as ρ̂(0) = |e1,g2〉〈e1,g2|⊗
µ(0). We then perform numerical simulations based on master
equation (3).

To capture the fundamental mechanism of high-energy-
phonon-assisted EET, we focus on the situation that only
the donor is coupled to the vibrational mode in this section.
The time-dependent probabilities and efficiency are plotted in
Fig. 1, where the parameters are chosen according to the real
PE545 system (not the exact values, but the ratio of those pa-
rameters mentioned in the introduction). Comparing Figs. 1(a)
and 1(b), we find that the evolutions of the system are signif-
icantly different with and without the donor coupling to the
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vibrational mode. When the donor is decoupled from the vi-
brational mode (Fig. 1(b)), P2(t) ' 0, which means that the
acceptor is hardly excited and the efficiency is very low be-
cause of large detuning. In this case, most of the energy leaks
out from the donor through dissipative processes and cannot
be transferred to the acceptor. However, when the vibrational
mode takes part (Fig. 1(a)), the situation is totally different:
the acceptor has a high probability of being excited, and the
efficiency can reach above 80%.
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Fig. 1. (color online) Numerical results of the change in probabili-
ties P1(t) and P2(t), and the efficiency η(t) with time for ∆ = υ =
200,V12 = 15, Γ1 = Γ2 = 0.1, κ = 3, γ = 0.4, and nth = 1.

The numerical results with different initial thermal states are
shown in Fig. 2. It can be found that, even the thermal phonon
number is extremely low with nth = 0.1, the energy transfer ef-
ficiency is also apparently increased. Compared with the case
of nth = 0.1, both the transfer efficiency η(t) and the prob-
ability P2(t) are higher in the case of nth = 2, and the sys-
tem reaches its steady state faster. When the average phonon
number nth of the initial state increases, the effective coupling
strength increases. As a result, the energy can be transferred
to the acceptor with a higher efficiency in a shorter period
of time. Figure 2(b) shows that the efficiency η(t) increases
with nth under different coupling strength g when the system
reaches its steady state. The effect of increasing nth is appar-
ent when the coupling is relatively weak (g = 5), although the

effect is not so obvious when the coupling is much stronger
(e.g., g = 15).
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Fig. 2. (color online) (a) Evolution of η(t) and P2(t) with nth = 0.1
and nth = 2 and the same parameters as those in Fig. 1(a). (b) η as a
function of nth for coupling strengths g = 5, g = 10, and g = 15 when
t = 10 and the system has reached its steady state.

Here we should stress that, in this theoretical model, the
efficiency of EET will benefit from higher environment tem-
perature. However, in realistic cases, the situation might be
much more complex. For example, at too high or too low tem-
perature, the bioactive light-harvesting molecular might not
behave so well as at a proper temperature. There will be a
trade-off relation when increasing the temperature of the sys-
tem. The energy transfer efficiency is not just a simple thermal
monotone, and the results above only work well under special
environment conditions.

3. Analysis
From the above section, we find that a high-energy-

intramolecular vibrational mode can enhance the EET in the
detuned dimer system. The physical mechanism of such en-
hancement, as well as a semi-classical explanation, are studied
in this section.

To reveal the physical mechanism of such enhancement,
we firstly derive the effective Hamiltonian of the hybrid sys-
tem containing the donor, the acceptor, and the vibrational
mode. Starting from Eq. (4) and assuming that the coupling
is weak (i.e., υ � {g,V12}), we obtain the effective Hamilto-
nian under the condition ∆ = υ (see the detail in Appendix
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A):

H1,eff =

(
V 2

12
∆
− g2

∆

)
|e1〉〈e1|−

V 2
12
∆
|e2〉〈e2|

−V12g
∆

(bσ
+
1 σ
−
2 +b†

σ
−
1 σ

+
2 ). (5)

From Eq. (5), we find that the last term in the effective Hamil-
tonian describes a coherent transfer among the donor, the ac-
ceptor, and the vibrational mode with rate V12g/∆ . Moreover,
because the effective spin–boson coupling strength is propor-
tional to

√
n+1,[39] when the initial phonon number n is very

large, i.e.,

√
n+1

V12g
∆
�
{

V 2
12
∆
− g2

∆
,
V 2

12
∆

}
,

we can ignore the energy shift terms in H1,eff and obtain the
simpler form of the effective Hamiltonian

H ′1,eff =−
V12g

∆
(bσ

+
1 σ
−
2 +b†

σ
−
1 σ

+
2 ). (6)

The new form of the effective Hamiltonian H ′1,eff includes only
coherent transfer terms inside the system. To understand this
process more clearly based on the effective Hamiltonian, we
show the energy level configuration in Fig. 3. We find that the
energy can be transferred from the donor to the acceptor (the
solid blue lines) with the phonon number increasing from n
to n+ 1. That is, the detuned energy ∆ (the excess energy)
between the donor and the acceptor leaks into the vibrational
mode during the transition process.
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Fig. 3. (color online) Configurations of the energy levels and transitions are
shown when the donor is coupled to a vibrational mode. The red (dashed)
arrow lines represent the original detuned energy transfer process, which
hardly succeed due to the mismatched energy levels. The blue (solid) arrow
lines show the phonon-assisted energy transfer process.

For the incoherent initial thermal state

µ(0) = ∑
n

nn
th

(nth +1)n+1 |n〉〈n|,

we can first obtain P2,n(t) =Tr[|e2〉〈e2|ρ̂n(t)] by individually
solving master equation (3) with the initial state ρ̂n(0) =
|e1,g2,n〉〈e1,g2,n| (n = 1,2,3, . . .) for different n. Because
µ(0) is only an incoherent mixed state with different Fock

states, there is no coherence between ρn(t), and we then obtain
the weighted average

P2(t) = ∑
n

nn
th

(nth +1)n+1 P2,n(t).

For each n, when the vibrational mode is coupled with the
EET system, there will be coherent transfer between states
|e1,g2,n〉 and |g1,e2,n+1〉. It means that the energy can be
transferred to the acceptor, and as a result, the phonon number
of the vibrational mode increases from n to n+ 1, as shown
in Fig. 3. Direct energy transfer from the donor to the accep-
tor without assistance of the vibrational mode is not an energy
conservation process. However, the transfer between states
|e1,g2,n〉 and |g1,e2,n+1〉 with the assistance of the vibra-
tional mode satisfies energy conservation (ε1 = ε2 +υ). Thus,
it has a high probability of occurring.

To show the validations of the effective Hamiltonian, we
compare the results determined by H1I, H1,eff, and H1,eff′ by
plotting the probabilities P2(t) in Figs. 4(a)–4(c), where we
assume that the initial state of the system is |e1,g2,n〉 and do
not consider decoherent effects, and |n〉 represents the Fock
state of the vibrational mode with phonon number n.

In Fig. 4(a), excitation of the acceptor occurs with a very
low probability when there is no assistance of the vibrational
mode. When the vibrational mode takes effect, as shown in
Fig. 4(b), coherent transfer in this hybrid system emerges and
the acceptor has a high probability of being excited. Since the
detuning energy will leak into the vibration mode, rather than
absorbing a phonon from the mechanical oscillator, our model
also works well when the initial phonon number is zero or
extremely low (see Figs. 2(a) and 4(b)). The consistency be-
tween H1,eff and H1I under the weak coupling approximation
is determined by comparing Figs. 4(b) and 4(c). In Fig. 4(b),
as the coupling strength g is much weaker than the detuning
∆ , the approximation for obtaining the effective Hamiltonian
H1,eff from H1I is valid. However, when the coupling strength
increases, differences in the figures can be observed, as shown
in Fig. 4(c), and the dynamics of probabilities P2(t) deter-
mined by H1,eff does not match well with that determined by
H1I. As shown in Fig. 4(d), when n = 6, the effects of energy
shift terms in H1,eff are suppressed, the evolutions described
by H1,eff′ and H1I match well, and P2(t) can reach nearly 1.
We should mention here that increasing the phonon number at
a certain range will enhance P2(t).

The mechanism of the coherent energy transfer of our
system can also be described semi-classically. The vibration–
donor coupling term HD−M = g(b† + b)σ+

1 σ
−
1 can be rewrit-

ten as HD−M = F(t)x, where F(t) = gP1(t)/a0, x= a0(b†+b),
and a0 is the zero-point fluctuation of position amplitude for
the vibrational mode.[40] The new form of HD−M indicates
that injection of an exciton of the donor creates an instan-
taneous force on the vibrational mode.[35] The Rabi oscilla-
tion between the donor and the acceptor can be expressed as
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Ωr =
√

∆ 2 +4V 2
12, which will produce a time-oscillating force

on the vibration mode.
If the interaction between the donor and the acceptor is of

large detuning, the Rabi oscillation with small amplitude for
P1(t) at the central frequency around Ωr'∆ must exist.[39] By
setting other parameters the same as those in Fig. 1, the dis-
tribution of the amplitude A1(ω) (ω is the angular frequency
at the frequency domain) of the Fourier transform of P1(t) is
shown in Fig. 5, in which there is a peak around the eigen-
frequency of the vibrational mode, i.e., ω ' 200. Moreover,

in Fig. 5(b), we show that the efficiency η changes with the
frequency of the vibration mode. It can be found that, at
ν = Ωr ' 202 (i.e., the force F(t) is on resonance with the vi-
bration mode), the efficiency η reaches its maximum. With the
detuning increasing, η will decrease rapidly. It is similar to the
following scene: when someone pushes a swing on its intrinsic
frequency, although it is only a very weak force, the swing will
oscillate with high amplitude after a relatively long time.[36,41]

For this hybrid system, the excess energy ε1−ε2 = ∆ will leak
into the vibrational mode resonantly.
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Fig. 4. (color online) Probabilities P2(t) versus time for different cases determined by Hamiltonian H1I (blue solid lines in panels
(a)–(d)), H1,eff (red dashed line in panels (b) and (c)), and H ′1,eff (red dashed line in panel (d)). Here, we set ∆ = υ = 200.
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Fig. 5. (a) Amplitude A1(ω) of the Fourier transform of P1(t) at the fre-
quency domain. (b) The EET efficiency η changes with the frequency
of the mechanical oscillator. The parameters used are the same as those
in Fig. 1(a).

Lastly, we want to discuss the case that the dipole cou-
pling between the donor and the acceptor is comparable (or
stronger) to the detuning between the donor and the accep-
tor. In this case, the large detuning assumption adopted to
derive the effective Hamiltonian (in the Appendix) is not valid
again. Therefore, we cannot use H1,eff to describe the evolu-
tion of the systems. However, we can still use the semiclassi-
cal analysis to confirm what frequency of the vibration mode
should be adopted to increase the EET efficiency. Consider-
ing that the coupling strength is much stronger than the de-

tuning, i.e., V12 = 2∆ = 400, the Rabi oscillation frequency is

Ωr =
√

∆ 2 +4V 2
12 = 824. Here we should shift the vibration

mode to ν =Ωr, and plot the evolution for the system with and
without coupling to the mechanical mode, which is shown in
Fig. 6. It can be found that, for the case that the system couples
with the vibrations, the energy transfer needs less time and is
of higher efficiency than that when the donor decouples from
the vibration mode, indicating that our model still works even
when the coupling is very strong. The mechanical mode can
also assist the energy transfer under the condition that its fre-
quency is resonant with the donor-acceptor Rabi oscillation.
Moreover, the evolutions of P2 in the two cases are totally dif-
ferent: when the vibration mode takes effect, P2 does not os-
cillate rapidly and maintains a relatively high value due to the
resonance with the mechanical mode. However, the effect is
not so apparent as it is in the weak coupling case (Figs. 1(a)
and 1(b)). In conclusion, our model can increase the EET ef-
ficiency in both weak and strong dipole coupling cases, and
behaves better when the coupling is much weaker than the de-
tuning.
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Fig. 6. (color online) The case when the coupling strength between the
donor and the acceptor is stronger than the detuning, i.e., V12 = 2∆ =
400. To induce a resonant drive strength for the mechanical mode, we

set Ωr =
√

∆ 2 +4V 2
12 = 824. We plot the cases with and without assis-

tance of the vibration mode (i.e., g = 15 and g = 0). It is clearly shown
that, even in the strong coupling case, our model can still increase the
efficiency of EET to some extent. The other parameters used here are
the same as those in Fig. 1(a).

4. Further investigation

In the above two sections, we have investigated the nu-
merical results, the physical mechanism, and the semiclassi-
cal explanation of the EET in a detuned dimer system when
the donor is coupled to a vibrational mode. Based on the
above investigation, which has revealed the foundation of the
vibration-enhanced EET, further results will be obtained in the
more complex and realistic models in this section.

The first more complex model is that both the donor and
acceptor are coupled to an identical vibrational mode. The
Hamiltonian describing the system is

H2 = HD−A +HM +H
′
D−M−A, (7)

where H
′
D−M−A = (g1b† + g∗1b)σ+

1 σ
−
1 +(g2b† + g∗2b)σ+

2 σ
−
2 ,

and g1 and g2 are the coupling strengths of the vibrational
mode for the donor and the acceptor, respectively. Without
loss of generality, we assume that g1 is real and g2 = |g2|e iθ ,
where θ is the relative phase of g1 and g2. It is obvious that
the relative phase plays roles on EET in the system. P2(t) and
η(t) are plotted in Fig. 7 for this model.

In Fig. 7(a), the three cases with θ = 0, θ = π/3, and
θ = π are shown. The relative coupling phase of g1 and g2

significantly affects the dynamics of the system. Compared
with the case of θ = π/3, for the case of θ = π , the efficiency
η(t) increases faster and the peak of P2(t) is much higher and
comes earlier. Correspondingly, the steady η of the case with
θ = π is higher than that of the case with θ = π/3. In contrast,
the situation with θ = 0 is quite similar to the case with no as-
sistance of the vibrational mode. The dependency of steady
η on θ is shown in Fig. 7(b). The steady η greatly changes
depending on the relative coupling phase.
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Fig. 7. (color online) (a) η(t) and P2(t) versus time for θ = 0,θ = π/3,
and θ = π , and (b) η as a function of θ when t = 10. The parameters
are the same as those in Fig. 1(a) except g1 = |g2|= 15.

For this model, we obtain an effective Hamiltonian H2,eff

by assuming that ∆ = υ �{g1,g2,V12},

H2,eff =

(
V 2

12
∆
− g2

1
∆

)
|e1〉〈e1|−

(
V 2

12
∆

+
|g2|2

∆

)
|e2〉〈e2|

− 2g1|g2|
∆

cosθ |e1〉〈e1|⊗ |e2〉〈e2|

+
V12(g∗2−g1)

∆
bσ

+
1 σ
−
2

+
V12(g2−g1)

∆
b†

σ
−
1 σ

+
2 . (8)

The first three terms in H2,eff are the energy shifts caused by
the coupling among the three sub-systems. The last two terms
in H2,eff represent coherent transfer with rate V12(g2−g1)/∆ ,
which shows that the difference of the two coupling strengths
has a significant effect on the coherent transfer process. As
shown in Fig. 8, there are two transition channels interfering
with each other through coupling with the identical vibrational
mode; excess energy ∆ leaks into the vibrational mode via
coupling with the donor or the acceptor at rates of −V12g1/∆

(red curve) or V12g2/∆ (blue curve), respectively. The cou-
pling phase θ will determine whether the quantum interfer-
ence between the two channels is destructive or constructive.
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Because V12(g2 e iθ −g1)/∆ = 0 when θ = 0 and |g2|= g1, the
energy can hardly be transferred from the donor to the acceptor
under these conditions. However, when θ = π , the quantum
interference between the two channels becomes constructive
and the coherent transfer rate is 2V12g1/∆ , which means that
there is a high probability of energy transferring into the ac-
ceptor.
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Fig. 8. (color online) Configurations of the energy levels and transitions
when both donor and acceptor are coupled to an identical vibrational
mode. The red (dashed) arrow lines represent the original detuned en-
ergy transfer process, which hardly succeeds due to the mismatched
energy levels. The blue (solid) arrow lines show the phonon-assisted
energy transfer process.

We also give the semiclassical explanation of the second

case from HD−M−A when θ = 0 and θ = π . The Hamilto-
nian can be rewritten as HD−M−A = (F1(t) +F2(t))x, where
Fi(t) = giPi(t)/a0 (i = 1,2). Different from that in the basic
model in Section 2, these two forces F1(t) and F2(t) are in-
duced by the donor and the acceptor, respectively. In Fig. 9,
we plot the amplitude image Ai(ω) and phase image Θi(ω) of
the Fourier transform of Pi(t) (i = 1,2) and calculate the phase
difference Θ(ω) = Θ1(ω)−Θ2(ω) in the frequency domain,
where the parameters used are the same as those in Fig. 1(a)
except g1 = |g2|= 15.

In Figs. 9(a) and 9(b), the peaks of A1(ω) and A2(ω) are
located at ω =υ = 200 irrespective of whether θ = 0 or θ = π .
However, the phase differences Θ(ω) always equal π (shown
in Figs. 9(c) and 9(d)), which means that P1(t) and P2(t) al-
ways have opposite signs. When θ = 0, the forces induced by
the donor and the acceptor are opposite. As a result, the en-
ergy can hardly leak into the vibrational mode. For the case
of θ = π , the total relative phase of F1(t) and F2(t) equals 0,
which indicates that the directions of the forces induced by
the donor and the acceptor are the same, and thus the excess
energy can effectively leak into the vibrational mode.
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Fig. 9. (color online) (a) and (b) Amplitude images A1(ω) (black line) and A2(ω) (red dashed line) when θ = 0 and θ = π respectively.
(c) and (d) Phase image Θ1(ω) (blue line), Θ2(ω) (yellow line), and Θ(ω) (red line) when θ = 0 and θ = π respectively.

We now discuss the second more complex model, where
the donor and the acceptor are coupled with different vibra-
tional modes. The Hamiltonian can be expressed as

H3 = HD−A +H ′M +HD−M12−A, (9)

where H ′M = υ1b†
1b1 + υ2b†

2b2, HD−M12−A = (g1b†
1 +

g∗1b1)σ
+
1 σ
−
1 +(g2b†

2 + g∗2b2)σ
+
2 σ
−
2 , υ1 and υ2 are the angu-

lar eigenfrequencies of mode 1 and mode 2, respectively; b†
i

(bi) is the creation (annihilation) operator of vibrational mode
i, and gi represents the coupling strength of pigment i to the

associated vibrational modes. We assume that g1 is real and
g2 = |g2|e iθ , where θ is the relative coupling phase. Under
∆ = υ1 = υ2�{g1,g2,V12}, we obtain the effective Hamilto-
nian for H3 as

H3,eff =

(
V 2

12
∆
− g2

1
∆

)
|e1〉〈e1|−

(
V 2

12
∆

+
|g2|2

∆

)
|e2〉〈e2|

−V12g1

∆
(b1σ

+
1 σ
−
2 +b†

1σ
−
1 σ

+
2 )

+
V12

∆
(g∗2b2σ

+
1 σ
−
2 +gb†

2σ
−
1 σ

+
2 ). (10)
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There are also two transition channels for energy trans-
fer from the donor to the acceptor: energy can be transferred
from the donor to the acceptor with creation of a phonon in
mode 1 (being coupled with pigment 1) or in mode 2 (being
coupled to pigment 2). That is, the excess energy ∆ leaks
into vibrational mode 1 or mode 2, which is similar to case
2. However, these two channels are independent because the
two modes are independent. Thus, there is no coherent can-
cellation and the relative coupling phase θ does not affect the
evolution of the whole system, which is shown by the numer-
ical results in Fig. 10 with θ = 0 and θ = π . When the initial
state is ρ̂(0) = |e1,g2〉〈e1,g2| ⊗ µ1(0)⊗ µ2(0), where µ1(0)
and µ2(0) are the thermal states for vibrational modes 1 and
2 with nth = 1, the evolutions of P2(t) and η(t) for θ = 0 and
θ = π coincide (blue lines marked with triangles in Fig. 10).
Moreover, because both channels take effect, the efficiency
η(t) increases more quickly and the steady value is slightly
higher than those of the case with g2 = 0 (red lines marked
with squares in Fig. 10), which corresponds to the model in
which only the donor is coupled to the vibrational mode.
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Fig. 10. (color online) Evolution of the second more complex model.
The parameters used here are the same as those in Fig. 1(a) except
g1 = |g2|= 15 (blue curve) or g1 = 15 and g2 = 0 (red curve).

5. Conclusion
In summary, we have investigated the energy transfer pro-

cess between two pigments (simulated by two two-level de-
tuned systems) assisted by the vibrational modes. By ana-
lyzing the effective Hamiltonian of the system, we found that
there are second-order coherent transfer channels in these hy-
brid systems. The excess energy (detuning between two two-
level systems) can leak into the vibrational modes via these
channels, and thus both coherence and EET efficiency can
be significantly improved. By assuming that the vibrational
modes are initially in incoherent thermal states, we found that
the EET efficiency is higher in a relatively high temperature
environment. We also found that the quantum interference
between two transfer channels plays an important role in the
evolution of the system and greatly affects the final EET effi-
ciency. Our results may open up experimental possibilities to

investigate and explore detuned coherent transfer phenomena
in artificial and natural excitation energy transfer systems.

Appendix A: Steps for obtaining the effective
Hamiltonian H1,eff

We start from H1I. Performing a unitary transformation
UA1(t) = exp(iHA1t) to H1I with HA1 = ∆σ

+
1 σ
−
1 +υb†b, we

then obtain

HAI(t) =V12

(
σ
+
1 σ
−
2 e i∆ t +σ

+
2 σ
−
1 e−i∆ t

)
+g(b† e iυt +be−iυt)σ+

1 σ
−
1 . (A1)

By assuming ∆ = υ , HAI(t) can be rewritten as

HAI(t) = Be i∆ t +B† e−i∆ t , (A2)

where B = (V12σ
+
1 σ
−
2 +gb†σ

+
1 σ
−
1 ).

Assuming that the detuning ∆ is much larger than the cou-
pling strength {g,V12}, and focusing on the evolution over a
period much longer than the period of any of the oscillations
of the system, we can express the effective Hamiltonian as[42]

HA1,eff =
1
∆
(BB†−B†B)

=
V 2

12
∆

(|e1g2〉〈e1g2|− |e2g1〉〈e2g1|)

− g2

∆
|e1〉〈e1|−

V12g
∆

(bσ
+
1 σ
−
2 +σ

−
1 σ

+
2 ). (A3)

The first term in HA1,eff represents the energy shift caused by
the coupling between the donor and the acceptor, and the sec-
ond term represents the energy shift caused by the interaction
between the vibrational mode and the donor. Using the rela-
tionship |ei〉〈ei|+ |gi〉〈gi| = I (i = 1,2), we can then rewrite
HA1,eff as

HA1,eff =

(
V 2

12
∆
− g2

∆

)
|e1〉〈e1|−

V 2
12
∆
|e2〉〈e2|

− V12g
∆

(bσ
+
1 σ
−
2 +b†

σ
−
1 σ

+
2 ). (A4)
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