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Lattice vibration and thermodynamical properties of a single-layer
graphene in the presence of vacancy defects∗
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The phonon density of states (PDOS) and the thermodynamical properties including the heat capacity, the free energy,
and the entropy of a single-layer graphene with vacancy defects have been studied theoretically. We first analytically
derive the general formula of the lattice vibration frequency, and then numerically discuss the effect of the defects on the
PDOS. Our results suggest that the vacancy defects will induce the sawtooth-like oscillation of the PDOS and the specific
oscillation patterns depend on the concentration and the spatial distribution of the vacancies. In addition, it is verified that
the vacancy defects will cause the increase of the heat capacity because of the vacancy-induced low-frequency resonant
peak. Moreover, the influences of the vacancies on the free energy and the entropy are investigated.
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1. Introduction

Graphene, a two-dimensional crystalline material, is
formed via the σ bonds based on the sp2 orbital hybridiza-
tion of carbon atoms, and the π bonds deriving from the p
orbitals of carbons perpendicular to the graphene planar struc-
ture. It has become one of the most important research fields of
contemporary condensed-matter physics and material science
owing to its peculiar properties, such as the electronic,[1–6]

thermal,[7–10] and optical[11,12] properties. In the last few
years, most of the research on graphene mainly focused on
the electronic structures and properties. Recently, a great deal
of attention has been paid to the lattice vibration properties
of graphene. Yan et al.[13] and Saha et al.[14] investigated
the phonons of the few-layer and even many-layer graphene
systems based on the density-functional theory. The phonon
spectrum plays a key role in determining the phonon density of
states (PDOS), the lattice heat capacity, as well as the phonon
thermal conductivity. Ma et al.[15] studied the lattice vibration,
the heat capacity, and the thermal conductivity of graphene
under the influence of a strain. More recently, the phonon dis-
persions of the twisted bilayer graphene, as well as the effect
of different stacking orders and twisted angles on the phonon
dispersions, have also been reported.[16] What should be em-
phasized is that all the aforementioned researches are mainly
concentrated on the lattice vibrations of the perfect graphene
system.

Notably, however, it is almost impossible to fabricate per-
fect or flawless graphene in real graphene-based devices. Ac-
tually, many different structural defects and functional groups

form in the process of graphene growth or processing.[17–22]

As one of the most typical defects, the point defects should be
the simplest defect unit, which include vacancies, carbon iso-
topes, substitution, and adsorption. Jiang et al.[23] observed
an obvious anisotropic thermal conductance in a dimerite sys-
tem formed by adatom defects in graphene. Isotopic doping
in graphene and graphene nanoribbons (GNRs) would con-
siderably reduce their thermal conductivity.[24,25] But if the
isotopes were organized in small size clusters in graphene,
further reduction could be achieved.[26] The strong depen-
dence of PDOS and the thermal conductivity of graphene on
the vacancy concentration were investigated based on MD
simulations.[27,28] That the thermal conductance is very sen-
sitive to the position of the vacancy in GNR, while insensitive
to the position of the substitutional defects was also revealed
from first principles by Jiang.[29] In the work of Adamyan
et al.,[30] they studied the PDOS of graphene in the pres-
ence of point defects, where only the lattice–lattice interac-
tions between the nearest neighbors were taken into account.
Sgouros et al. investigated the PDOS of graphene with vari-
ous types of point defects using ab initio and MD simulations,
[31] where they focused on the phononic band gap in those
defect systems. These researches demonstrate that point de-
fects in graphene play a critical role in modulating the thermal
conductance of graphene and further studies on the lattice vi-
bration of the nonperfect graphene systems with defects are
expected.

Generally speaking, materials may have point, line, and
face defects. Among the point defects, the simplest and most
common one is the vacancy defect induced by the missing lat-
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tice atoms. Usually, as shown in Figs. 1(c)–1(f), according
to the number of the missing atoms at one vacancy position,
the vacancies can be classified into many kinds: the single va-
cancy (SV), the double vacancy (DV), the triple vacancy (TV),
the quadruple vacancy (QV), and so on. The SV graphene
shown in Fig. 1(c), observed experimentally by TEM[32,33] and
STM,[34] and verified theoretically by DFT,[35] contains a five-
member ring and a nine-member one, and thus can be labeled
by V1(5-9). In the same way, the DV, TV, and QV shown in
Figs. 1(d)–1(f) can be labeled as V2(5-8-5), V3(5-10-5), and
V4(555-9), respectively. Obviously, these vacancies will have

different influences on the PDOS. In this work, we make use
of the dynamical matrix method to calculate the PDOS of the
graphene systems with SV, DV, TV, and QV. To consider the
effect of the vacancy concentration, position, and distribution,
a large supercell is needed so as to change the number of the
vacancies in the supercell. In the very low vacancy concentra-
tion (less than 0.9%), the vacancy will significantly change the
PDOS and induce the appearance of the low-frequency reso-
nant peak, which will greatly affect the heat capacities, free
energy, and entropy of the graphene systems as discussed be-
low.
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Fig. 1. (a) Lattice structure of ideal graphene with the lattice constant a = 1.42 Å and the primitive vectors 𝑎1 and
𝑎2. The primitive cell contains two kinds of atoms labeled by A and B. (b) A supercell contains 112 atoms, with two
basis vectors 𝑏1 = 12a𝑖 and 𝑏2 = 7

√
3a𝑗 along the armchair and zigzag directions, respectively; (c) Single vacancy

V1(5-9); (d) Double vacancy V2(5-8-5). (e) Triple vacancy V3(5-10-5). (f) Quadruple vacancy V4(555-9). The
dashed lines and the open circles represent the missing bonds and carbon atoms, respectively.

The paper is organized as follow. In Section 2, we first
construct the graphene supercell composed of 112 carbon
atoms and then give the computational details. For clarity,
in Section 3, we analytically derive the lattice vibration fre-
quency equation for the graphene in the presence of defects. In
Section 4, the PDOS of the perfect graphene is calculated on
the basis of the supercell and also compared with that based on
the primitive cell including 2 atoms. In Section 5, the PDOS
of graphene with vacancy defects are considered and the corre-
sponding heat capacities are presented in Section 6. The free
energy and entropy are investigated in Section 7. Finally in
Section 8 we summarize our conclusions.

2. Model and method
To consider the PDOS of the single-layer graphene with

point defects, a supercell including more carbon atoms should
be constructed. Different from the unit cell with the ba-
sis vectors 𝑎1 = (3a/2,

√
3a/2) and 𝑎2 = (3a/2,−

√
3a/2)

in Fig. 1(a), the basis vectors of the supercell are chosen
to be 𝑏1 = 3ma𝑖 and 𝑏2 =

√
3na𝑗 along the armchair and

zigzag directions, respectively, as shown in Fig. 1(b). Here,
m and n are positive integers and the corresponding cell is
called supercell Smn, in which the carbon atom number is
Nmn = 2|𝑏1×𝑏2|/|𝑎1×𝑎2| = 4mn. Figure 1(b) shows a typi-
cal supercell S47 with N47 = 112 carbon atoms, and the corre-
sponding dynamical matrix is written as

𝐷(𝑘)=

∣∣∣∣∣∣∣∣∣
𝐷(𝑘;1,1) 𝐷(𝑘;1,2) · · · 𝐷(𝑘;1,112)
𝐷(𝑘;2,1) 𝐷(𝑘;2,2) · · · 𝐷(𝑘;2,112)
...

...
...

𝐷(𝑘;112,1) 𝐷(𝑘;112,2) · · · 𝐷(𝑘;112,112)

∣∣∣∣∣∣∣∣∣ ,
(1)

where each block 𝐷(𝑘;m,n) is a 3× 3 matrix as given in
Ref. [36]. By solving the secular equation of the 336× 336
dynamical matrix 𝐷(𝑘), we may obtain 3 acoustic (A) and
333 optical (O) phonon modes, indicating that the number of
the phonon modes will vary depending on the dimensions of
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the selected supercell. Therefore, we will pay our attention
to the PDOS, an invariant parameter independent of the su-
percell size. For the sake of comparison, the PDOS is also
renormalized to the reduced single-atom PDOS. To obtain the
results in accordance with the experimental results, the force
constants adopted here should be taken into account up to the
fourth nearest neighbors both in plane and out of plane. Ta-
ble 1 lists the force constants φ

(n)
r , φ

(n)
ti , and φ

(n)
to , which are the

force constants in the directions of the in-plane radial stretch-
ing, the in-plane bending, and the out-of-plane bending of the
n-th nearest neighbors, respectively.[36]

Table 1. The force constants of the monolayer ideal graphene in units
of 104 dyn/cm.

Radial Tangential

φ
(1)
r = 36.5 φ

(1)
ti = 24.5 φ

(1)
to = 9.82

φ
(2)
r = 8.80 φ

(2)
ti =−3.23 φ

(2)
to =−0.40

φ
(3)
r = 3.00 φ

(3)
ti =−5.25 φ

(3)
to = 0.15

φ
(4)
r =−1.92 φ

(4)
ti = 2.29 φ

(4)
to =−0.58

3. Frequency equation for graphene with defects

Before numerically calculating the PDOS, an analytical
derivation of the frequency equations of the lattice vibration
with defects is performed. The absence of an atom in perfect
graphene means the vanishing mass and the vanishing force
constants for the defect. In consequence, the original lattice
periodicity is destroyed and thus the corresponding acoustic
and optical modes of lattice vibrations are different from those
of the perfect graphene crystal qualitatively or quantitatively.
Now we consider a three-dimensional lattice structure includ-
ing N unit cells with s atoms per cell and the atom mass m.
The Hamiltonian of the system reads H = T +V , where the
kinetic energy T is written as T = 1

2 M ∑l,s 𝜇̇l(s) · 𝜇̇l(s), and
the potential energy V is

V =
1
2 ∑

l,s,α
∑

l′,s′,α ′
Φαα ′

(
l− l′

s,s′

)
µ

α
l (s)µ

α ′
l′ (s

′)

+
1
2 ∑
〈l0,s0〉

∑
α,α ′

∆Φαα ′

(
l0− l′0
s0,s′0

)
µ

α
l0 (s0)µ

α ′
l′0
(s′0). (2)

The second term in Eq. (2) stands for the variation of the
potential energy of the atom s′0 in cell l′0 caused by the
change of the force constants between it and the atom s0 in
cell l0, and α and α ′ take x,y,z, respectively. The bracket
〈l0,s0〉 means summing over those atoms interacting with
the impurity atom labelled by l′0,s

′
0. In this case, by using

the Fourier transform, the displacements can be written as
µα

l (s) =
1√
N ∑k,σ eα

kσ
(s)Qkσ e i𝑘·𝑅l , where k takes N quasi-

continuous values in the first Brillouin zone and σ denotes the
3s vibrational modes. The polarization vectors eα

kσ
(s) satisfy

the orthonormality condition ∑α,s[eα
kσ
(s)]∗[eα

kσ ′(s)] = δσσ ′ and

the completeness relation ∑σ ,s[eα
kσ
(s)]∗[eα ′

kσ
(s)] = δαα ′ . Thus

the Hamiltonian becomes

H =
1
2

M ∑
k,σ

Q̇kσ Q̇∗kσ +
1
2

M ∑
k,σ

ω
2
σ (𝑘)Q

∗
kσ Qkσ

+
1

2N ∑
〈l0,s0〉

∑
αα ′

∆Φαα ′

(
l0− l′0
s0,s′0

)
×∑

k,σ
∑

k′,σ ′
eα

kσ (s0)Qkσ e i𝑘·𝑅l0 eα ′
k′σ ′(s

′
0)Qk′σ ′ e

i𝑘′·𝑅l0
′
, (3)

where ωσ (𝑘) (σ = 1, . . . ,3s) are the eigenfrequencies of the
perfect lattice. According to the Hamiltonian canonical equa-
tion in the classical mechanics, the equation of motion can be
derived as

Q̈kσ +ω
2
σ (𝑘)Qkσ

=
1

2NM ∑
〈l0,s0〉

∑
αα ′

∆Φαα ′

(
l0− l′0
s0,s′0

)

×

{
[eα

kσ (s0)]
∗ e−i𝑘·𝑅l0 ∑

k′σ ′
eα ′

k′σ ′(s
′
0)Qk′σ ′ e

i𝑘′·𝑅l0
′

+[eα ′
kσ (s

′
0)]
∗ e−i𝑘·𝑅l0

′
∑
k′σ ′

eα

k′σ ′(s0)Qk′σ ′ e
i𝑘′·𝑅l0

}
, (4)

where

∆Φαα ′

(
l0− l′0
s0,s′0

)
≡Φαα ′

(
l0− l′0
s0,s′0

)
−Φ

′
αα ′

(
l0− l′0
s0,s′0

)
≡−ε

l0s0
αα ′ .

(5)
Finally, we can obtain the frequency equation

1 =
1

NM ∑
kσ

∑
αα ′

εαα ′χ
αα ′
kσ

ω2−ω2
kσ
(𝑘)

. (6)

Here we have defined εαα ′ ≡ ∑〈l0s0〉 ε
l0s0
αα ′ and χαα ′

kσ
≡

[eα
kσ
(s0)]

∗ · [eα ′
kσ
(s0)] for convenience. ωkσ (𝑘) denotes the vi-

bration eigenmodes of the perfect lattice, and the solutions ω

of Eq. (6) are the lattice vibration frequencies in the presence
of impurities. For the vacancy defect similar to that to be dis-
cussed below, the missing atom leads to

ε
l0s0
αα ′ =Φ

′
αα ′

(
l0− l′0
s0,s′0

)
−Φαα ′

(
l0− l′0
s0,s′0

)
= 0−Φαα ′

(
l0− l′0
s0,s′0

)
,

(7)
which corresponds to the lower bound of ε

l0s0
αα ′ . Furthermore,

this lower bound indicates the biggest influence of the term
εαα ′χ

αα ′
kσ

/[ω2−ω2
kσ
(𝑘)] on the lattice vibration. In another

limit of ε
l0s0
αα ′ = 0 corresponding to the perfect lattice, it would

be natural to obtain the unperturbed vibration frequencies of
the perfect lattice. Equation (6) is a universal result, which
remains valid even for the lattice with randomly distributed
impurities. For the periodically distributed multiple-impurity
case, where each unit cell has one impurity and the distance
between two impurities is so large that they have no direct
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connections, the corresponding frequency equation becomes

1 =
1
M ∑

kσ

∑
αα ′

εαα ′χ
αα ′
kσ

ω2−ω2
kσ
(𝑘)

. (8)

4. PDOS for perfect graphene
Now we turn to the dynamical matrix method based on

the Born–von Kámán force constant model to calculate the
PDOS of the perfect graphene by choosing the primitive cell
and the supercell S47, which are shown by the dashed and solid
curves in Fig. 2, respectively. It should be clearly pointed out
that the PDOS obtained by using the primitive cell is almost
the same as that given by Satio,[36] verifying the method used
in our calculation. Furthermore, the two PDOS curves calcu-
lated with the two different cells are in excellent agreement
with each other, indicating the equivalence of the two meth-
ods using the primitive cell and the supercell. Therefore, the
PDOS calculation using the supercell is completely credible,
which will be adopted in the following researches.
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Fig. 2. (color online) PDOS of the graphene obtained based on the
primitive cell (black dashed curve) and the supercell (red solid curve)
in units of states/1C-atom/cm−1.

The fourth-nearest force constants are enough to obtain a
more reasonable PDOS as pointed out in Ref. [36]. The main
features of the PDOS spectrum include Van-Hove peaks at
ω ' 460 cm−1, 670 cm−1, 775 cm−1, 860 cm−1, 1255 cm−1,
1410 cm−1, 1460 cm−1, and 1595 cm−1, which are all re-
lated to high-symmetry points of the crystal. The peaks at
860 cm−1 and 1595 cm−1 are slightly higher than the DFT re-
sults (890 cm−1)[37] and the experimental value (1587 cm−1)
obtained by inelastic x-ray scattering measurements,[38] orig-
inating from extrema in the phonon dispersion along the Γ –
M direction. The peaks at 460 cm−1, 670 cm−1, 775 cm−1,
1255 cm−1, and 1410 cm−1 are mainly from the phonons in
the vicinity of the M-point, whereas the peak at 1460 cm−1

results from K-point phonons. These results are in excel-
lent agreement with the previous studies[37,39] and available
experiments.[40,41]

5. PDOS for imperfect graphene
In this section, we will discuss how the point defects af-

fect the PDOS of the graphene. As a first step, we study the
effect of the single vacancy defect. The optimization of the
single vacancy graphene in Fig. 1(c) is performed by using the
first-principles method under the generalized gradient approx-
imation (GGA) of Perdew, Burke, and Ernzerhof (PBE).[42]

The distances between the three nearest neighboring atoms
are changed from 2.46 Å to 2.505 Å, 2.505Å, and 2.495 Å,
respectively, partially in agreement with those in Ref. [43],
where two distances are 2.505 Å and one distance is 2.02 Å.
This demonstrates that a weak covalent bond with bond length
2.495 Å is formed between two of them. Based on the opti-
mized structure, we make a modification of the force constants
according to the relation f ∝ L−6 between the force constant f
and the bond length L.[44] Then we show in Fig. 3 the PDOS
corresponding to the optimized and the non-optimized SV
graphene, as well as the pristine graphene. By comparing the
PDOS of the SV graphene with that of the pristine graphene,
we can find that the originally smooth PDOS curve evolves
into a sawtooth-like shape, indicating that the vacancy can in-
duce the sawtooth-like oscillations of the PDOS. Furthermore,
we can find that the sawtooth-like oscillation still exists even
for the optimized SV graphene. Moreover, it is shown that the
PDOS of the optimized SV graphene is almost aligned with
that of the non-optimized SV graphene except partial tiny dif-
ferences. This demonstrates that the structure optimization in
the SV case only has some quantitative effects on the PDOS of
the SV graphene. Therefore, in the low-density limit of vacan-
cies, it may be feasible and credible to infer the PDOS of the
optimized graphene from that of the non-optimized graphene.
Possibly this is a proper approximate approach that one can
resort to in observing the PDOS of graphene with the vacancy
defects because of the complexity in reconstruction for the va-
cancies with more than 2 atoms removed as pointed out by
Banhart, Kotakoski, and Krasheninnikov.[35]

0 200 400 600 800 1000 1200 1400 1600
0

1

2

3

4

5

6

7
pristine 
non-optimized SV
optimized SV

P
D

O
S
/
1
0

-
2

ω/cm-1

Fig. 3. (color online) PDOS of the pristine graphene (black dashed
curve), the non-optimized (blue dash-dotted curve), and the optimized
(red solid curve) SV graphenes.
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Then we study the effect of the vacancy concentration
on the PDOS. Figure 4(a) shows the PDOS curves for the
SV, DV, TV, and QV cases with the vacancy concentrations
0.90%, 1.79%, 2.68%, and 3.57%, respectively. As pointed
out before, the SV can make the originally smooth PDOS
curve evolve into the sawtooth-like shape, further verifying
that even the low-concentration vacancy can drastically affect
the graphene PDOS. Furthermore, we can observe one reso-
nant state peak near ω ≈ 0, similar to earlier reports in sodium
halides with Ag+ impurity.[45] The peculiar phenomenon is
also observed in a relatively high frequency in graphene with
2.5% vacancies by Adamyan.[30] Also, we can see that the typ-
ical Van-Hove peaks in the pristine graphene PDOS become
lower and wider when one SV vacancy exists. The cut-off fre-
quency has a redshift about 1.1 cm−1 induced by the SV. As
we all know, for a harmonic oscillator with ω =

√
k/m, re-

ducing the force constants would lower down the oscillation
frequencies. As a consequence, the vacancy will make the
low-frequency resonant state appear and the Van-Hove peak
heights become lower. Obviously, this is in agreement with
the predication of Eq. (6) that decreasing the force constants
will reduce the lattice vibration frequency, also consistent with
Ref. [29]. Moreover, as the vacancy concentration increases,
we can find by a careful data analysis that the cut-off fre-
quency is increased to 1.5 cm−1, 1.8 cm−1, and 2.0 cm−1,
respectively. The sawtooth-like oscillations in the PDOS be-
come a little sharper, and the original PDOS peaks are almost
immersed into the defect-induced oscillations. However, the
overall shape of the PDOS is still kept invariant except the van-
ishing of the characteristic peaks. This clearly demonstrates
the influences of the vacancy defects on the PDOS, which, on
one hand, induce the vanishing of the Van-Hove peaks and the
simultaneous appearing of the low-frequency resonant peak,
and on the other hand, strengthen the sawtooth-like oscilla-
tions along the PDOS curve of the pristine graphene.

What is more interesting is the resonant PDOS peak ap-
pearing at ω ≈ 0. Fundamentally speaking, this low frequency
peak originates from the acoustic modes, and is closely de-
pendent on the vacancy defects. As it is shown in Ref. [46],
a resonant peak can be observed at ω ∝ [ M

3(M′−M)
]1/2 with M

(M′) being the atom (impurity) mass. In the limit of M′→ ∞,
we have ω ≈ 0. In the present study, the vacancy can be
viewed equivalently as an impurity of infinite mass, thus lead-
ing to the zero frequency peak. Furthermore, we study the
vibration amplitudes of different lattice sites corresponding to
the different modes. As an example, we present the vibra-
tion amplitudes of the low-frequency acoustic mode (ω = 0
in Fig. 4(b)) and the highest optical mode (ω = 1599.9 cm−1,
1599.5 cm−1 in Fig. 4(c)) at the Γ point for the pristine and
QV graphenes. It is found that in comparision with the pris-
tine graphene, the vibration amplitudes for the low-frequency
acoustic modes become smaller for the sites that are localized

far away from the vacancy, while those for the high frequency
optical modes become larger, indicating different influences
of the vacancies on the vibrations of the optical and acoustic
modes. The localized modes around the vacancies, similar to
the edge-localized mode in GNRs observed,[29,47] are induced
by the symmetry breakdown of the lattice. On the other hand,
the sp2 bonds at the sites far away from the vacancies are stiffer
than the bonds at the sites around the vacancies due to missing
atoms. The stiffer bonds should be responsible for the high
optical frequency as reported in GNRs with vacancies[29] and
in graphene with Stone-Wales defects.[48]
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Fig. 4. (color online) (a) PDOS of the pristine graphene and the
graphene with different vacancy defects SV, DV, TV, and QV. For clar-
ity, the curves from up to down are shifted up by 0.045, 0.030, 0.015,
and 0, respetively. The filled and open circles stand for the atom vi-
bration amplitudes of the pristine and QV graphenes with respect to the
distance from the vacancies for (b) the low acoustic mode (ω = 0) and
(c) the highest optical mode (ω = 1599.9 cm−1, 1599.5 cm−1) at Γ

point.

To deeply understand how the vacancy defects affect the
PDOS, we will study the PDOS for different spatial distribu-
tions of the defects in graphene. For the SV graphene, the
PDOS with the SV at different sites show almost the same
PDOS because of the spatial translational symmetry. Then we
consider the PDOS of the DV case in Fig. 5 with different
intervacancy distances in the armchair direction. By compar-
ing the solid curves in Figs. 5(a) and 5(b) with the distances
of a and 3a, respectively, we can find that the amplitudes of
the sawtooth-like oscillation are strengthened when the dis-
tance is increased. This is because the fourth nearest distance
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√

7a is smaller than 3a and greater than a, which increases
the numbers of the zero force constants and atoms coupled to
the two vacancies, and thus affects the PDOS. However, as the
distances are increased further from 3a to 4a or even 6a, no
evident changes are caused by the increasing of the distance
except the specific patterns of the sawtooth-like oscillations.
This should be a reasonable consequence since the number of
the zero force constants is kept invariant when the distance is
increased further from 3a. In order to make much clearer the
effect of the vacancy distances, we also calculate the PDOS of
the graphene with the two vacancies at the second, the third,
and the fourth nearest-neighbor lattice positions, which are not
shown here. It is found that the heights of the resonant peaks
at ω ≈ 0 for the third and the fourth nearest-neighbor cases are
kept invariant in comparison with that of the second nearest-
neighbor case, however the specific sawtooth-like oscillations
are different from each other. Intuitively this should be rea-
sonable since the third-order and the fourth-order force con-
stants, generally smaller than the first-order and the second-
order force constants, will make much weaker modification
on the PDOS. So the coupled two vacancies can be regarded
as two isolated vacancies when the distance is larger than

√
3a.

This indicates that the distance between the two vacancies can
change the PDOS for the coupled DV graphene and the iso-
lated DV graphene in different ways. It is expected that these
results for the DV graphene should be the case even for the
graphene with more than 3 vacancies.
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Fig. 5. (color online) PDOS of the pristine graphene (dashed curve) and the
graphene (solid curve) with two vacancies separated by different distances
((a) a, (b) 3a, (c) 4a, and (d) 6a) along the armchair direction.

Figure 6 shows the PDOS of the graphene with the inter-
vacancy distance

√
3a along the different directions. Relative

to the x axis there are six azimuth angles α = ±π/6, ±π/2,
±5π/6, and four of them α = π/6, π/2, −π/2, −5π/6 are
chosen here. First, let us compare the PDOS curves with
α = π/6 and π/2. We can find that the sawtooth-like os-
cillations can be observed in both cases. However, the spe-
cific oscillation details are different from each other. This
clearly indicates that the azimuth of the double vacancies can
affect the specific PDOS pattern. Then we compare the PDOS
curves corresponding to α = π/6 and −5π/6, which shows
that the two PDOS curves exhibit the similar oscillation pat-
terns. This should be reasonable since the DV graphenes in

these two cases have the same geometry structure, and can be
verified again by comparing the PDOS curves of α = ±π/2.
Clearly this demonstrates that the azimuth angles will cause
the variations of the PDOS oscillation patterns for the finite
size graphene. Furthermore, it can be anticipated that the dif-
ference among all the PDOS of α will be inclined to become
small as the graphene size increases, and completely vanish in
the limit of infinite graphene size.
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Fig. 6. (color online)PDOS of the pristine graphene (dashed curve) and
the graphene (solid curve) with different azimuth angles ((a) π/6, (b) π/2,
(c) −5π/6, and (d) −π/2) between the direction along the line connecting
the double vacancies and the armchair direction.

Heat capacity C usually contains the contributions from
the phonon and the electron, and in graphene the dominant
contribution comes from the phonon.[9] Here, the heat capac-
ity can be calculated by

Cv = kB

∫
∞

0

(h̄ω/kBT )2 exp(h̄ω/kBT )
[exp(h̄ω/kBT )−1]2

g(ω)dω, (9)

where h̄, kB, and g(ω) are the Planck constant, the Boltz-
mann constant, and the PDOS, respectively. Obviously, it is
the PDOS that plays the deterministic role in calculating the
material heat capacity. According to Eq. (9), the heat capac-
ities for the graphene in the absence and the presence of va-
cancy defects are shown in Fig. 7. Due to the absence of the
experimental heat capacity of an isolated graphene, in the fol-
lowing we compare our results with the experimental results
obtained for graphite.[49] First we find that the heat capacity
of the pristine graphene shown by the dashed curve is in qual-
itative agreement with that of graphite. Specifically speaking,
it can be seen that the heat capacity increases from zero as the
temperature becomes high, which is caused by the fact that
more phonons are excited at high temperature. When the tem-
perature is high enough, the heat capacity approaches the limit
value of 24.9 J·mol−1·K−1, in agreement with the Dulong–
Peit law.[50] This indicates that in this case graphene begins to
exhibit the three-dimensional properties of graphite where all
six motion degrees of freedom are excited. Also, in the low-
temperature region the heat capacity of graphene is higher than
that of graphite, which is caused by the contribution of ZA
phonons. A similar behavior has been reported in experiments
of epitaxial graphene on metals[51,52] and theoretical studies
on thermal conductivity of graphene on insulators.[53]
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Firstly, we calculate the heat capacity of SV with non-
optimized and optimized PDOS and find the difference be-
tween them is fairly small, varying from −10−5 J·mol−1·K−1

to 10−3 J·mol−1·K−1 with the increase of temperature. As a
result, it is a reasonable approximation to calculate the heat ca-
pacity with non-optimized PDOS in the low vacancy concen-
tration case. Then we plot the heat capacities corresponding
to the SV, DV, TV, and QV graphene systems. It can be found
that the heat capacity of graphene with vacancies almost co-
incides with that of the pristine graphene, indicating that the
low defect concentration does not induce sharp variations in
the heat capacity. However, in the whole-temperature range, a
small increase of the heat capacity caused by the vacancies in
graphene can be clearly discerned in the inset of Fig. 7. This
increase in the heat capacity is attributed to the resonant states
observed in the low-frequency region of the PDOS caused by
the vacancies. Moreover, we can see that the heat capacity for
the SV graphene is almost the same as the QV graphene, and
that for the DV graphene is as that for the TV graphene. This
can be well understood according to the PDOS shown in Fig. 4
since, as pointed out before, the heat capacity is closely depen-
dent on the PDOS of the materials. It is clear that in the low
frequency region near ω ≈ 0, the PDOS for the SV graphene
is the same as that for the QV graphene, and the PDOS for the
DV graphene is the same as that for the TV graphene. The
same PDOS certainly will lead to the same heat capacity, as
it should be. This clearly demonstrates that the vacancy de-
fects present in graphene will be inclined to increase the heat
capacity.
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Fig. 7. (color online) Heat capacity of the pristine, SV, DV, TV, and QV
graphenes as a function of the temperature. The inset shows that the
low-temperature heat capacity of the pristine graphene is smaller than
those of the graphene with vacancy defects.

6. Free energy and entropy
Based on the PDOS, we further study the influences of

the vacancies on the free energy and the entropy in Fig. 8.
In comparison with the pristine graphene, the vacancies lead
to the suppression of the free energy, which is attributed to

the vacancy-induced downshift in frequency. At low enough
temperature, the free energy decreases with increasing va-
cancy density, while the free energy for the SV graphene be-
comes smaller than the DV and TV ones at high tempera-
ture. This transition should be caused by the competition be-
tween the frequency variations and the temperature. For the
entropy shown in Fig. 8(b), the vacancy makes the entropy
greater compared to that of the pristine graphene. The en-
tropy for the SV graphene is nearly the same as that for the
QV graphene, and that for the DV graphene is as that of the
TV graphene, which should be closely related to the PDOS
shown in Fig. 4(a).
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Fig. 8. (color online) (a) Free energy and (b) entropy of the pristine, SV,
DV, TV, and QV graphenes as a function of the temperature.

7. Conclusion
We adopt the dynamical matrix method to study the

PDOS and the thermodynamical properties of graphene with
vacancy defects. In order to understand how the defects affect
the PDOS more clearly and deeply, we first obtain the analyti-
cal frequency formula of the lattice vibration and then numer-
ically discuss the effect of the vacancy. It is demonstrated that
the vacancy defects will induce the sawtooth-like oscillations
in the PDOS curve, accompanied by the vanishing of the Van-
Hove peaks and the appearing of the low-frequency resonant
peak. Furthermore, we consider how the distances between
the vacancy defects and the azimuth of the defects affect the
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PDOS of graphene. Moreover, we find that the vacancy de-
fects will lead to the increase of the heat capacity, which orig-
inates from the low-frequency resonant peak induced by the
vacancies. Finally, it is demonstrated that the free energy and
the entropy are affected by the vacancies.
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