Chin. Phys. B Vol. 26, No. 3 (2017) 034204

Reflection and transmission of Laguerre Gaussian beam from
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Based on angular spectrum expansion and 4 x 4 matrix theory, the reflection and transmission characteristics of a
Laguerre Gaussian (LG) beam from uniaxial anisotropic multilayered media are studied. The reflected and transmitted beam
fields of an LG beam are derived. In the case where the principal coordinates of the uniaxial anisotropic media coincide
with the global coordinates, the reflected and transmitted beam intensities from a uniaxial anisotropic slab and three-layered
media are numerically simulated. It is shown that the reflected intensity components of the incident beam, especially the
TM polarized incident beam, are smaller than the transmitted intensity components. The distortion of the reflected intensity
component is more evident than that of the transmitted intensity component. The distortion of intensity distribution is
greatly affected by the dielectric tensor and the thickness of anisotropic media. We finally extend the application of the
method to general anisotropic multilayered media.
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1. Introduction

Since the Laguerre Gaussian (LG) vortex beam was
demonstrated to possess orbital angular momentum (OAM),!!]
light vortex beams carrying OAM have been attracting great
attention of many scholars. This kind of beam has vast poten-
tial applications in the fields of optical manipulation,?! quan-
tum and optical information,>*! optical detection,®! object
recognition,[G] marine remote sensing, [78] etc. Extensive re-
search results!”~'8) addressing the generation methods, propa-
gation characteristics and applications of the OAM light beams
have been presented in recent decades. LG beams are recog-
nized as the typical vortex beams.

As is well known, the propagation of beams in differ-
ent media is an important research topic. With the increases
of applications of anisotropic media in the optical signal
processing, the optical fiber designing, and the radar cross
section controlling, the interaction between anisotropic me-
dia and beam, especially the reflection and transmission of
Gaussian beam at an isotropic—uniaxial interface, ! uniaxial

(20231 and anisotropic multilayer structures!>*?>! have

slabs,
been intensively investigated. For an LG beam, its reflection
and transmission characteristics at a dielectric interface,[26-27]
as well as its propagations in a uniaxial crystal,[?8-3%! the non-

31,32

linear media,! I and the left-handed materials[®3! are also

studied in detail. However, if the anisotropic media are inho-
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mogeneous, the propagation properties of LG beam have not
been reported yet. Research on the effects of anisotropic media
on beam distortion may be applied to birefringent filter design,
thin-film analysis, ellipsometry, etc. Therefore, our goal here
is to study the reflection and transmission of LG beam from
uniaxial anisotropic multilayered media in which the input and
output regions are isotropic and have their own refraction in-
dices.

In order to use the relevant formula of plane wave in
the reflection and transmission of beam, the plane angu-
lar spectrum expansion method is always one of the best
choices. For the investigation of isotropic—isotropic inter-
face and isotropic multilayer medium, Snell’s law, Fresnel co-
efficient, generalized Fresnel coefficient of plane wave, and
one-dimensional angular spectrum expansion are used. Mean-
while, the 4 x 4 matrix theory of plane wave which was pre-

(341 and refined by other authors3-30]

sented by Berreman,
is usually used in both isotropic and anisotropic multilay-
ered media. However, considering the dielectric properties
of the anisotropic media, the two-dimensional angular spec-
trum expansion and corresponding extended 4 x 4 matrix the-
ory should be employed here.

In this work, the reflection and transmission character-
istics of an LG beam from uniaxial anisotropic multilayered
media are analyzed on the basis of angular spectrum expan-

sion and 4 x 4 matrix theory. The reflected and transmitted
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electric field expressions from uniaxial anisotropic media are
presented in Section 2. The numerical results on the distribu-
tion of the reflected and transmitted beam intensities from a
uniaxial slab and three-layered uniaxial anisotropic media, a
comparison between the intensities of both TE and TM polar-
ized LG beams, as well as a discussion on the applicability of
this method in general anisotropic media are provided in Sec-
tion 3. In Section 4 the main conclusions are drawn from the
present studies.

2. Reflected and transmitted fields of LG beam
from uniaxial anisotropic media

Considering an arbitrary linearly polarized LG beam inci-
dent on the interface of the uniaxial anisotropic N-layered me-
dia, the locations of global and local coordinates are shown in
Fig. 1. The x4—y¢ planes in the local coordinates (Xg, Yo, Za)s
o =1, r or t represent the transverse planes of the incident,
reflected and transmitted beams, respectively. The positive di-
rection of y axis is perpendicular to the surface outward, and
6; denotes the incident angle. The reflection and transmission
output planes are described by the angles 6, and 6.

‘ n'h layer

z

‘yt 2

Fig. 1. Schematic of Laguerre Gaussian beam incident on uniaxial
anisotropic N-multilayered media.

The input and the output regions are both assumed to be
isotropic, and their dielectric constants are & and &, respec-
tively. Providing that the principal coordinates of uniaxial
anisotropic media are coincident with the global coordinates
(x,3,2), the dielectric tensor €; of the j™ layer is

Ex,j 0 0
€= 0 &; O . (D)
0 0 8171'

The complex electric field amplitude of the TE or TM
polarized LG beam in the incident coordinate system is repre-

[7]
\/iri —riz Il 2ri2
—| exp|— L, —
wo wg wh

x exp (il¢), 2

sented as follows:

Ei(ri, 1,21 =0) = Ey

where Eg = +/2p!/n(p+1I])!/wo is the amplitude constant,

wo is the beam waist radius at z; =0, r; = xiz—i-yiz, o =

atan(y; /x;), L‘;'(-) is the associated Laguerre polynomial, p
and [ represent the radial index and the topological charge of
the LG mode, respectively. The time dependence factor of
exp(—ior) is omitted.

By using the plane angular spectrum expansion, the com-
plex amplitude function E(k;, ¢;) can be obtained by the two-
dimensional forward Fourier transform of Eq. (2) and be ex-

pressed as /2%
_ i wo 2 1 ki !
B (.0) = Eatexp i) (22 ) (-1 (2 f)
0
K\ K
e ( 4k%f2> b (2k%f2> ’ @

where k; is the transverse component of the wave vector k
in the incident coordinates, ¢; = atan(ky; /kyi), ko = |k| is the
wave number of the LG beam, and f = 1/kgwy is the natu-
ral expansion factor appearing in Ref. [37]. Using the inverse
Fourier transform, the input field is written as

1 oo 2T
Ei(ri, ¢,z =0) = E/o /0 E; (ki, )
X exp [ikil’i CcOoS (¢1 — (Pi)]kidkid(pi. (4)

Meanwhile, the electric fields in the reflected and trans-
mitted output planes can also be written as

E; (”n‘Pan = 0)

1 oo 2T _ .
= E/O /0 r(ke, ky)Ei (ki, @;) exp [ikery cos (¢ — ;)]
X exp [ikzr (Zl +ZZ)] ke dkrdq)ra ()
E(r,, ¢,z =0)

1 oo 2T ~ ‘
= E /O /0 t(k)mky)Ei (ki7 (Pl) exp [lktrt cos (¢t _ (Pt)]
x exp [i(kziz1 + kxz3)] kedked @y ©)

Here re = /o2 +37, ¢ = atan(ye/xc), 1o = /20 +37, ¢ =
atan(yi/x), @p = atan(kyr/ky), @ = atan(ky/kx), r(ks,ky),
and 1(ky, ky) are the total reflected and transmitted coefficients
of the multilayered anisotropic media, respectively. It should
be noticed that the two coefficients are defined in the global
coordinates. The k; and k; are the transverse components of
the wave vector in the reflected and transmitted coordinates.
The ki, k;r and k;; are the longitudinal components of the wave
vector in the local coordinates (xq,yq,2¢)- The z1, 22, and z3
are the distances between the center of the global coordinates
and the centers of the incident coordinates, the reflected coor-
dinates, and the transmitted coordinates.

Based on the 4 x 4 matrix theory, the transfer matrix
P;(h;) of the j™ layer which describes the propagation of
plane wave in the uniaxial anisotropic media, indicates that the
relationship between the transverse field components Y/ (z;_1)
and W/(z;_1 + h;) has the following expression: 3!

Pj(hj) = Bol — BiAj+ B AT — B A} %)
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The scalars 8; (j =0, {7273) are determined by the ex- ];zl = [611 _ (a% _az)l/Q] 1/2’
panded equations of exp(ikoky jh ), where h; is the thickness 2 o
of the j layer. I is a 4 x 4 unit matrix. Izzm,j = kym, j/ko(m = ]}d =4 [al + (a% — a2) ]/2} , (8)
1,2,3,4) represent the normalized longitudinal wave vector !
components and are expressed as>*! where
|
(et (B 48)) g (R 1 H) +2R R 8 — (B4R ) 8 (B 1 2)
ay = — = &, j, 2= po +&; O
28131' ’ Szﬁj ’

Substituting Eq. (1) into the differential expressions of Maxwell equations, the matrix A; in the 7" layer is deduced and

written as
- ]"6’2 .
0  J——
&,j
& — k%, 0
Aj _ X, ] V] o
0 B kxljky,j
€.j
L _kx,jkw 0

O ];XLJ V,J
Ez,j
ke ik, : 0
B i : (10)
0 Sy
ez,j
kf’ =& 0 ]

where I}XL,- =k j/ko, Iﬂcy_”,- =ky j/ko, & j =€, j/€0, &, j = & /€0, and & is the dielectric constant in vacuum.

In the input and output interfaces, the entrance and exit tangential field components are linked by the coefficient matrix as

follows: 24
cos(6y) —cos(6y) 0
Ve /8  \&/& 0
v, =
0 0 1
0 0

Therefore, for the uniaxial anisotropic N-layered media,
the incident, reflected, and transmitted fields can be related
by[34]

N
T=v"! [Hlpj(hj)] v, (12)
=
The matrix T represents the propagation characteristics
of the uniaxial N-layered media. The total reflected and trans-
mitted coefficients r(ky,ky) and #(ky, ky) are expressed by the
elements of the matrix 7. Substituting the reflected and trans-
mitted coefficients into Eqs. (5) and (6), the integrals can be
evaluated by the two-dimensional midpoint rule.

3. Numerical results and discussion

3.1. Reflected and transmitted beam intensities from uni-
axial anisotropic media

By using the theory presented in Section 2, the reflection
and transmission characteristics of an LG beam from uniaxial
anisotropic media are given in this section. In the simulation,
the beam waist radius is 10004, the incident angle is 30°, z;,
72, and z3 are all set to be 10 cm.

0
; Y
1 )

Y=1i or t

—\/&y/€cos(0y) /g /€cos(6y)

When an LG beam is incident on a uniaxial anisotropic
slab, numerical results of the reflected and transmitted beam
intensities are shown in Figs. 2-4, respectively. Each figure
includes 4 panels. Panels (a) and (c) represent the case of a TE
polarized incident beam; panels (b) and (d) correspond to the
results of a TM polarized incident beam. For Figs. 2 and 3, the
wavelength of incident beam is A = 0.6328 um, which is radi-
ated from a He—Ne laser. The elements of dielectric tensor for
a calcite slab are &, = 2.744 and &, = 2.207, and the thickness
of the slab is 4 = 0.2 mm.

In Fig. 2, the radial index and the topological charge of
the LG beam are p = 0 and [ = 1, respectively. It is illus-
trated in Fig. 2 that the reflected intensities of a TE polarized
LG beam and the transmitted intensities for both polarization
modes have similar contours to that of the incident LG beam,
whereas the intensity distribution is distorted and no longer
circularly symmetric. The reflected intensities of a TM polar-
ized incident beam in Fig. 2(b) are smaller and the distortion of
its counter is more notable than those in Fig. 2(a). Regarding
the two polarization modes of the incident beams, the intensity
of transmitted beam is larger than that of the reflected beam,
and most of the intensity transmits through the slab.
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Fig. 2. (color online) Reflected and transmitted beam intensities of LG
(p=0,1=1) beams incident on a uniaxial anisotropic slab, showing (a)
reflected beam intensities (TE polarized LG beam), (b) reflected beam
intensities (TM polarized LG beam), (c) transmitted beam intensities
(TE polarized LG beam), and (d) transmitted beam intensities (TM po-
larized LG beam).

In Fig. 3, except the radial index p = 1 of the incident
beam, other parameters are kept the same as those of Fig. 2. A
comparison between Fig. 3 and Fig. 2 indicates that as the ra-
dial index of the incident beam varies from O to 1, the contour
of intensity distribution increases a concentric circle, just like
the shape of the incident LG beam. Other features of intensity
distribution in Fig. 3 are similar to those in Fig. 2.

(a)

2¢/1073 m

-1 0 1
y:/107% m

Fig. 3. (color online) Reflected and transmitted beam intensities of LG
(p=1,1=1) beams incident on a uniaxial anisotropic slab, showing (a)
reflected beam intensities (TE polarized LG beam), (b) reflected beam
intensities (TM polarized LG beam), (c) transmitted beam intensities
(TE polarized LG beam), and (d) transmitted beam intensities (TM po-
larized LG beam).

In order to analyze the effects of both the beam and the
slab parameters on the distribution of intensities, the results are
given in Fig. 4, with the parameters set to be A = 0.5893 um
(which is radiated from a yellow laser), # = 0.2 mm, &, =
2.7502, and &, = 2.2094.

In Fig. 4, because of the changes of dielectric tensor and
the incident wavelength, the distortions of the reflected intensi-
ties for both polarization modes and the transmitted intensities

for the TE polarized incident LG beam are more visible than
the results of Fig. 2, and the contour of the reflected inten-
sity for a TM polarized incident beam does not keep a circular

shape.
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Fig. 4. (color online) Reflected and transmitted beam intensities of LG
(p =0, =1)beams incident on a uniaxial anisotropic slab, showing (a)
reflected beam intensities (TE polarized LG beam), (b) reflected beam
intensities (TM polarized LG beam), (c) transmitted beam intensities
(TE polarized LG beam), and (d) transmitted beam intensities (TM po-
larized LG beam).

In general, the combination of all the results of Figs. 24,
shows that the reflected intensity of an LG beam from the uni-
axial slab is smaller than the corresponding transmitted result,
especially for the intensity of the TM polarized incident beam.

To verify the practicability of the method in the analysis
of LG beam propagation in uniaxial anisotropic multilayered
media, figure 5 presents the reflected and transmitted intensi-
ties of LG beams from three-layered media. The wavelength
of the incident beam is A = 0.5893 pum. The thickness values
and dielectric tensors are given in Table 1.

Table 1. Thickness values and dielectric tensors of the three-layered
media.

Layer & g h

1 (Calcite) 2.7502 2.2094 2 mm
2 (Quartz) 2.3847 24129 3 mm
3 (Ice) 1.7135 1.7161 2 mm

In Figs. 5(a) and 5(b), in terms of the contour of re-
flected beam intensities, besides the circle at approximately
X = 0 mm, there are still two circular shapes at about x, =
—3 mm and x; = —4.25 mm. The intensity circle at approx-
imately x; = 0 mm is directly caused by the reflection of the
input interface; meanwhile, the other two circles come from
the reflections of the second and the third interfaces between
different anisotropic medium layers. It is indicated that the
shifts of centers of transmitted intensity profiles in Figs. 5(c)
and 5(d) are very distinguishable along the positive x; axis.
Actually, the centers of transmitted intensities are also offset
in Figs. 24, although the offsets are very small. Based on
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the propagation theory of light in media, the shifts are mainly
caused by the thickness and the dielectric tensor of the slab.
As the thickness of slab increases, the offset becomes greater.

Figures 5(c) and 5(d) show that the contour of transmitted in-
tensities still keeps a circular shape, and the offsets of circular
centers are 2.2 mm and 2.3 mm, respectively.

3.2. Discussion on the extension to the general anisotropic

10
20 . multilayered media
15 6 In this section, we give a discussion on the extension of
10 4 the method above to the propagation of LG beam in the general
5 ) anisotropic multilayered media. The key point is to solve the
reflected and transmitted coefficients of the general anisotropic
/10-5 *1/ 8 . multilayered media. The dielectric tensor €; of the 7™ layer
Y/107° m Yr/107° m . . .
which refers to three arbitrary orthogonal axes, can be written
200 200 as
o 150 Eoej  Ewyjo Bz
100 100 €= &xj &y, &zj (13)
Exj &y €zj
50 50

-1 0 1
y;/1073 m

-1 0 1
y¢/1073 m

Fig. 5. (color online) Reflected and transmitted beam intensities of LG
(p=0,1=1) beams incident on uniaxial anisotropic three-layered me-

In the 4 x 4 matrix method,?*! the longitudinal wave vec-
tor components Ky, j = kon j/ko (m = 1,2,3,4) should be ob-
tained by solving the equation

dia, showing (a) reflected beam intensities (TE polarized LG beam), det(A =k, j) =0, (14)
(b) reflected beam intensities (TM polarized LG beam), (c) transmit-
ted beam intensities (TE polarized LG beam), and (d) transmitted beam h
intensities (TM polarized LG beam). where
\
_ I = I - - _
ke j&x.j L K ke, j&zy.j ik j
€2z, &z €zz.j &
- £ —ky &y i g - - ky i€
= .72 X2,J & x,jexzj oz Szjx o &z,
Eurj — Ky PR z . SwiT g i +ky jky,j F
A i 22,] geey) 2Z,] 22,] (15)
/ k, & ky ik ky &y ; k2.
,Jj €zx. j ANLED Ky jCay.i v
€z,j &z €z,j &z,
o & T B . PRI ko B
A oz X, j €Yz, ] 2z 9y Sz
ke jky,j — &y j+ = E P ki j— &yt — P
L 22, ] 22, ] 22, ] zz,j
\ ~ . ~
- 20 Here &y, j = €nn,j/€. We can obtain the values of kg j by
15 solving a quartic equation, even though the expression of the
o root formula is complex. Then with a similar process to that
10 . . . . .
10 in Section 2, the elements of the matrix 71" can be obtained. Fi-
5 nally, we can simulate the distributions of reflected and trans-
mitted beam from a general anisotropic multilayered media
with the help of Egs. (5) and (6).
St 600 In most cases, we are more concerned about the charac-
400 2 400 teristics of light propagation along the principal axis of the
300 7 . . . . . .
& anisotropic media, so we just present numerical results for this
200 T . . .. . .
100 3 200 case. As is well known, in the principal axis, equation (13)
becomes
-2 0 2 -2 0 2
/1073 m ¥:/1073 m &; 0 0
Fig. 6. (color online) Reflected and transmitted beam intensities of LG (p =0, €j= 0 &yj 0 (16)
[ = 1) beams incident on an anisotropic slab with # = 2 mm, showing (a) re- 0 0 &j

flected beam intensities (TE polarized LG beam), (b) reflected beam intensi-
ties (TM polarized LG beam), (c) transmitted beam intensities (TE polarized
LG beam), and (d) transmitted beam intensities (TM polarized LG beam).

Assuming that the principal coordinates of anisotropic media
are coincident with the global coordinates, figure 6 presents
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the distributions of the reflected and transmitted beam in-
tensities from an anisotropic DAN(4-(N, N-dimethylamino)-
3-acetamid0nitrobenzene)[24] slab with & ; = 2.3013, &, ; =
2.6765, and &, ; = 2.3966.

It is shown in Fig. 6 that the distortion of intensity distri-
bution is notable, and the contours cannot keep a full circle,
but they still have a hollow shape which is similar to the be-
havior of incident beam.

4. Conclusions

With the angular spectrum expansion and the 4 x 4 ma-
trix theory, a method is provided to study the reflection and
transmission of LG beams from uniaxial anisotropic multi-
layered media. An extension of this method to the gen-
eral anisotropic media is also discussed. The reflected and
transmitted beam intensities of the LG beam from a uniaxial
anisotropic slab, three-layered uniaxial anisotropic media and
a biaxial anisotropic slab are simulated and discussed. It is
concluded that for the uniaxial anisotropic slab we used above,
the reflected intensity is smaller than the transmitted beam in-
tensity, the distortion of the reflected beam intensity contour
is more notable than that of the transmitted beam, and the re-
flected components for the TM polarized incident beam are
smaller than those of the TE polarized case. When the radial
index of the incident beam varies from m to n, the contour
of intensity distribution will increase (n—m) concentric circles.
For three-layered media, the contour of the reflected beam in-
tensities presents three circular rings which are caused by the
reflection from the three layers, whereas the contour of the
transmitted beam intensities is still one circular ring. Con-
sidering the biaxial anisotropic slab, the contours and distri-
butions of the reflected and transmitted beam intensities are
greatly influenced by thickness. This work can be applied to
the fields of vortex optical information, optical detection, ob-
ject recognition, and marine remote sensing.
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