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BaF radical: A promising candidate for laser cooling and
magneto-optical trapping∗
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Recently, there have been great interest and advancement in the field of laser cooling and magneto-optical trapping of
molecules. The rich internal structure of molecules naturally lends themselves to extensive and exciting applications. In this
paper, the radical 138Ba19F, as a promising candidate for laser cooling and magneto-optical trapping, is discussed in detail.
The highly diagonal Franck–Condon factors between the X2Σ

+
1/2 and A2Π1/2 states are first confirmed with three different

methods. Afterwards, with the effective Hamiltonian approach and irreducible tensor theory, the hyperfine structure of the
X2Σ

+
1/2 state is calculated accurately. A scheme for laser cooling is given clearly. Besides, the Zeeman effects of the upper

(A2Π1/2) and lower (X2Σ
+
1/2) levels are also studied, and their respective g factors are obtained under a weak magnetic field.

Its large g factor of the upper state A2Π1/2 is advantageous for magneto-optical trapping. Finally, by studying Stark effect
of BaF in the X2Σ

+
1/2, we investigate the dependence of the internal effective electric field on the applied electric field. It is

suggested that such a laser-cooled BaF is also a promising candidate for precision measurement of electron electric dipole
moment.
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1. Introduction
During the past three decades, studies of cold and ultra-

cold atoms have been developed into a very mature field with
tremendous achievements.[1,2] Now scientists are also eager
to produce cold molecule samples, owing to their rich inter-
nal degrees of freedom, large electric dipole moments, chem-
ical characteristics and so on, which atoms do not possess
inherently. Inspired by their fascinating applications, such
as the researches in the fields of cold reactive and inelas-
tic collisions, precision measurements, quantum simulations,
and so forth, cold molecules have become a very hot research
point.[3–5] A variety of methods have been invented to create
cold molecules. For instance, (ac) Stark decelerating[6–8] and
Zeeman slowing[9] have been developed to the slow molecu-
lar beam to be a few meters per second with ∼mK tempera-
ture, while velocity filtering[10] and buffer gas cooling[11] have
produced cold samples at tens of meters per second with ∼K
temperature. Photo dissociation[12,13] and Feshbach resonance
techniques[14,15] have also been successfully used to prepare
ultra-cold molecular samples, but their lifetime is general short
due to intermolecular collisions. Recently, the opto-electrical
coolings of polyatomic molecules CH3F and H2CO, as a new
technical route to sub-mK temperatures, have been reported
excitingly.[16]

As we all know, laser cooling and magneto-optical trap-

ping are central to modern atomic physics, which can bridge
the gap between cold and ultra-cold regime effectively. In
spite of numerous difficulties, these techniques can be still ex-
tended to molecular systems promisingly. Following the pro-
posal of Di Rosa,[17] if a certain molecule meets some crite-
ria, it could be a promising candidate for laser cooling and
magneto-optical trapping, like YO,[18] SrF,[19,20] CaF,[21,22]

MgF,[23] and AlCl,[24] even SrOH.[25] Recently, CaF and YO
radicals have been the laser cooled to near the capture veloc-
ity of magneto-optical trap (MOT), while SrF has been loaded
into an MOT. More recently, optical cycling in SrOH and its
transverse deflection have been demonstrated, which opens
an unprecedented door to realize laser cooling of polyatomic
molecules.

The reasons why we focus on the 138Ba19F radical, as
a candidate for laser cooling and trapping, are explained as
follows. Firstly, BaF is an important radical in astrophysical
observations.[26] Many experimental studies about this radical
provided some accurate and important spectroscopic data for
16 electronic states,[27–30] especially X2Σ

+
1/2 and A2Π1/2. Sec-

ondly, it has highly diagonal Franck–Condon factors (FCFs)
between X2Σ

+
1/2 and A2Π1/2. Three laser beams can guarantee

at least 104 photon scatterings. Thirdly, it possesses a simple
and special hyperfine structure (HFS) in X2Σ

+
1/2 and a short

lifetime τ ∼ 56.0 ns in the excited state A2Π1/2 (the sponta-
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neous decay rate Γ ≈ 2π×3 MHz),[31] leading to a relatively
large photon scattering rate. Fourthly, the Landé g factor of
BaF in A2Π1/2 is larger than that of YO, SrF, or CaF, which
will strengthen its trapping force in MOT. Also the molecule
BaF possesses a metastable state A′2∆ between the X2Σ

+
1/2 and

A2Π1/2 states.[27] This makes it possible to prepare a narrow
line MOT for BaF. Fifthly, it is a ground 2Σ molecule with
a free electron in its outermost orbital. When the electron
whizzes through the heavy nucleus 138Ba, the possible P- (par-
ity) and P,T- (time reversal) odd effects are enhanced relatively
by three orders of magnitude than those in atoms, which have
already been affirmed by many theoretical researches.[32–35]

As a paramagnetic molecule with a large permanent electric
dipole moment, it is easily polarized in small electric field.
This can improve the statistical limit and suppress electric-
field-induced systematic errors in electron electric dipole mo-
ment (eEDM) experiments,[36] and also provide the possibili-
ties of exploring long-range dipole-dipole interaction and cold
collisions controlled with an external electric field.[37]

Although BaF was previously suggested as being poten-
tially amenable to Doppler cooling by ab initio,[38] some key
problems still remain unsolved, such as accurate FCFs, HFS
of the X2Σ

+
1/2 state, the closure of rotational branching, the

feasibility of magneto-optical trapping, and so on. Hence, it is
necessary to precisely calculate the FCFs of BaF and the HFS
of the X2Σ

+
1/2 state, and to discuss the feasibility of laser cool-

ing and magneto-optical trapping of BaF. We thus accomplish
these researches and obtain some important new results.

Our article is organized as follows. In Section 2, a classi-
cal model for BaF is introduced for the following calculations.
In Section 3, the highly diagonal FCFs of the main transitions
are verified by three different methods, namely, a closed-form
approximation, Morse approximation, and Rydberg–Klein–
Rees (RKR) inversion. The probability of decay from the
A2Π1/2 to A′2∆ states is also evaluated. A scheme to form
a quasi-closed cycle of vibrational transitions is given clearly.
In Section 4, the HFS of lower X2Σ

+
1/2 is studied using the

effective Hamiltonian approach and irreducible tensor theory.
Section 5 deals with Zeeman effects of upper (A2Π1/2) and
lower (X2Σ

+
1/2) levels, and gives their accurate g-factors. In

Section 6, the Stark effect of BaF in X2Σ
+
1/2 state is calculated.

The molecular internal effective field as a function of the ap-
plied electric field is also studied. Some primary results and
conclusions are made in Section 7.

2. A model for BaF
Our model of BaF is composed of a barium nucleus, a

fluorine nucleus, and 65 electrons. According to the nonrela-
tivistic Born–Oppenheimer (BO) approximation (electrons or-
bit around almost motionless nuclei adiabatically),[39] there

are two freedom degrees for the relative motions of two nuclei,
namely free rotation and stretching vibration. Their Hamilto-
nians are described by

Ĥrot =−
}2

2mr2

[
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where }, r, and m are the Planck constant, the internuclear
distance, and the reduced mass of two nuclei, respectively.
Generally, for linear molecules, the Euler angles (φ ,θ ,χ = 0)
define a relative orientation of the molecule-fixed coordinates
with respect to the space-fixed coordinates, as shown in Fig. 1.
Thus, we can also give the electronic Hamiltonian of BaF in-
cluding the Coulomb repelling potential by
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where P′ and me denote the momentum operator and the mass
of an electron. The symbols e, ZBae, and ZFe describe the
electric charges of an electron, the barium nucleus, and the
fluorine nucleus, respectively. ri j denotes the relative position
of electrons i and j. rBai (rFi) presents the distance between
electron i and the barium nucleus (fluorine nucleus). ε0 is the
permittivity of vacuum.
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Fig. 1. (color online) The Euler angles (φ ,θ ,χ) define a relative ori-
entation of the molecule-fixed coordinates (x,y,z) with respect to the
space-fixed coordinates (X ,Y,Z) for BaF depicted as a bar bell. The
dotted blue line is the axis of nodes, which is the intersection of the XY
and xy planes. The rotation–vibration motions of BaF in polar coordi-
nates (r,φ ,θ ) is discussed. Also shown is an angular momenta coupling
diagram for Hund’s case (bβJ) in the state X2Σ

+
1/2.

In principle, an exact solution of the total Hamiltonian
should give all information about BaF. However, this pro-
cess is very cumbersome for this two-nuclei and super-multi-
electron system. Since there are very accurate and abundant
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spectroscopic data about this radical, the above BO approxi-
mation is an excellent choice for the following calculations.
Here we will employ Eqs. (2) and (3) to determine the FCFs
without considering nuclear rotations. Then the Hamiltonian
of Eq. (1) will be replaced with an effective Hamiltonian,
which will be used in the calculations of HFS, Zeeman shift,
and electric field polarization.

3. The Franck–Condon factors between the
X2Σ

+
1/2X2Σ
+
1/2X2Σ
+
1/2 and A2Π1/2A2Π1/2A2Π1/2 states

The molecular FCFs are proportional to the square of the
integral between the vibrational wave functions involved in
optical transitions, and represent the vibrational branching ra-
tios in molecular system. The Franck–Condon principle re-
minds us that 138Ba19F should be a good molecule for laser
cooling because of the small difference (∼ 0.022 angstrom (Å)
in equilibrium inter-nuclear distances between the states
X2Σ

+
1/2 and A2Π1/2.[40,41] Table 1 lists molecular parameters

of BaF in the states X2Σ
+
1/2and A2Π1/2 for the following calcu-

lations. We first employ a closed-form approximation to esti-
mate FCFs based solely on m, ωe, and re.[42] The key point for
calculating FCFs is the accuracy of the constructed potential
energy curves. The Morse potential

UMorse (r) = De

[
1− e−a(r−re)

]2
(4)

provides a good approximation for the potential energy curve
of the low vibrational levels, allowing an exact solution of
Eqs. (2) and (3).[43] Note that De is the bond energy in equi-
librium position re, rather than D0, the dissociation energy
above the zero-point energy. The constant a can be determined
from a measurement of ωe and ωeχe. The RKR inversion
uses WKB approximation to derive the classical turning point
from the measured vibration–rotation constants, with which
the whole potential energy curve can be then constructed point
by point.[44] The RKR procedure is a most frequently used
method and yields more exact results of FCFs.

Table 1. Molecular vibronic parameters for BaF in the X2Σ
+
1/2 and

A2Π1/2 states.

Molecular parameters X2Σ
+
1/2 A2Π1/2 References

Te/cm−1 0 11646.9 [27]
ωe/cm−1 469.41 435.5 [27]

ωeχe/cm−1 1.836 1.68 [27]
re/Å 2.161 2.183 [40], [41]
τ/ns − 56.0 [31]

We first discuss the electronic decay paths. The tran-
sition frequency between A and A′ is smaller than that for
the A–X transition: ωAX/ωAA′ ≈ 12.[27] The A–A′ transition
dipole moment is much smaller than that of the A–X transi-
tion: dAX/dAA′ ≈ 68.[38] Since the decay rate γ∝d2ω3, we can
estimate that γAA′/γAX ≈ 10−6. As such, the unwanted A–A′

leak is unlikely to limit the laser cooling process significantly.
Hence, we can choose the transition A2Π1/2 ← X2Σ

+
1/2 as a

cooling channel.
For the A–X transition, the results we calculated about

FCFs by three methods are in good agreement with each other.
Recently, Chen and others[45] also reported similar results
about FCFs, as shown in Table 2. This means that our calcu-
lations are accurate and reliable. Since the transitional wave-
lengths reported in Ref. [38] are significantly different from
the experimental values,[27] the potential curve calculated by
ab initio seems to be inaccurate. The sum of f00, f01, and f02

is very close to unity, greater than 0.9999, so with three lasers,
a BaF molecule can scatter about 104 photons before decay-
ing into the higher vibrational dark states (v ≥ 3) in X2Σ

+
1/2.

This is sufficient to laser cooling BaF beam from cryogenic
buffer-gas source. This Doppler cooling scheme has a main
cooling transition λ00 = 859.8 nm from X2Σ

+
1/2 (v = 0) to

A2Π1/2 (v′ = 0) because of its favorable FCFs ( f00 = 0.9371),
as shown in Fig. 2. Then the vibrational leakages can be
addressed by repumping the X2Σ

+
1/2 (v = 1) directly to the

A2Π1/2 (v′ = 1), also the (v = 2) to the (v′ = 1). The choice
of repumping X2Σ

+
1/2 (v = 1) through the same excited state

A2Π1/2 (v′ = 0) used on the main cycling transition is a matter
of convenience,[18,20,22] but there are some deleterious effects
in this case. According to the maximum scattering equation
max (Rsc) = Γ Ne/(Ng +Ne),[46] this Λ -system structure dou-
bles the number of ground states Ng coupled into the optical
cycle, reducing the maximum scattering rate to Γ /7 compared
with Γ /4 in ours (for each vibrational state, there are twelve
hyperfine levels of X and four hyperfine levels of A partici-
pating in cooling process). So such an alternate repumping
pathway would significantly reduce the required distance for
slowing. Thus the vibrational quasi-closed transitions have
been completed in principle. Fortunately, these transitional
wavelengths can be offered by semiconductor lasers.
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Fig. 2. (color online) The proposed scheme to create quasi-closed tran-
sitions for laser cooling of BaF. Solid black lines indicate the relevant
electronic and vibrational structures in BaF. Red upward lines denote
laser-driven transitions at the wavelengths λvv′ . Wavy lines represent
spontaneous decays from the A2Π1/2 state with FCFs fv′v. The leak-
ages from A2Π1/2 to A′2∆ (cyan) is described by the dotted blue line.
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Table 2. Our calculated FCFs fv′v of BaF in contrast with other results.
These transitions happen from the A2Π1/2 (v′) to X2Σ

+
1/2 (v) states.

Methods f00 f01 f02 f03 f10 f11

A closed-form
0.9473 0.0513 0.0014 0.0000 0.0513 0.8475

potential
Morse potential 0.9470 0.0514 0.0016 0.0000 0.0522 0.8450
RKR potential 0.9371 0.0605 0.0024 0.0000 0.0612 0.8182

Ref. [38] 0.9810 0.0189 0.000396 0.0000 0.0192 0.9400
Ref. [45] 0.9508 0.0476 0.0015 0.000027 0.0483 0.8539

4. Hyperfine structure of the 138138138Ba191919F radical
In this section, we will take into account rotational

HFS ladders in the ground states X2Σ
+
1/2, which play impor-

tant roles in eliminating dark states and implementing nearly
closed electric dipole transitions. In the eEDM experiment,
these ladders can be utilized to prepare a Ramsey interferome-
ter to acquire phase shifts.[47,48] Unlike vibrational states, the
transitions in the rotational HFS still follow strict angular mo-
mentum and parity selection rules, fortunately.

We begin by introducing the effective Hamiltonian,[49]

which describes all kinds of intercouplings of degrees of free-
dom in a molecular system. The effective Hamiltonian oper-
ates only within the levels (fine and hyperfine) of a given vibra-
tional state of the particular electronic state of interest, but it
can reproduce the eigenenergy of the full Hamiltonian, which
is more complicated than the sum of Eqs. (1)–(3). Actually, for
a typical heavy diatomic molecule, the effective Hamiltonian
can be described by

Ĥeff = T̂0 + ĤSO + ĤSS + ĤSR + ĤRot + ĤCD + ĤLD

+ ĤM + ĤQ + ĤStark + ĤZeeman + Ĥrelativity, (5)

where T̂0, ĤSO, ĤSS, ĤSR, ĤRot, ĤCD, ĤLD, ĤM, and ĤQ rep-
resent the vibronic energy, the electronic spin–orbit interac-
tion, the electronic spin–spin interaction, the electronic spin–
nuclear rotational interaction, the nuclear rigid rotation en-
ergy, the centrifugal distortion energy, Λ-doubling splitting,
the magnetic hyperfine interactions, and the nuclear electric
quadruple interaction, respectively. ĤStark and ĤZeeman are the
Hamiltonians of external field effects in the experiment. Be-
sides, 138Ba19F contains a highly electronegative element F
and a heavy element Ba with two valence electrons, in which
an unpaired electron will feel strong relativistic effects.[32]

Hence, the last term denotes the relativistic effect in this rad-
ical, often including the parity non-conservation (PNC) rele-
vant operators. In this section, we discuss the field-free HFS
only, and the last three terms will be treated in the following
sections.

The molecule 138Ba19F has the electronic ground state
X2Σ

+
1/2, which is near the Hund’s case (bβJ) limit[49,50] with

the approximately good intermediate quantum number J re-
sulting from coupling the rotational angular momentum N

with the electron spin angular momentum S, as depicted in
Fig. 1. The electron orbital angular momentum is labeled as
L. Its projection onto the internuclear z axis is described by
Λ while the end-over-end rotational angular momentum of
the nuclei and total angular momentum are labeled as R and
F respectively. Λ is coupled with R to form N; finally J is
coupled with I to form F , which corresponds to the basis set
|vΛN(S)J(I)FMF〉, therein v denotes the vibrational quantum
number and MF is the projective component of F in a space-
fixed Z axis. Here BaF has an unpaired electron with spin
S = 1/2 and the orbital projection Λ = 0, so we neglect spin–
spin coupling ĤSS and the terms about the electronic orbit, like
ĤSO, ĤLD. For a nucleus with spin I, the 2l-pole electrostatic
interaction is zero if l is greater than 2I.[49] From parity con-
siderations, l can only take an even integer. For this isotope,
138Ba19F, the nuclear spins of the barium nucleus and the fluo-
rine nucleus are IBa = 0 and IF = 1/2. For the electric quadru-
ple interaction, l = 2 is larger than 2IF = 1, so we take no ac-
count of this interaction. Meanwhile, for convenience, we take
T̂0 equal to zero in the detailed calculation. The spherical ten-
sor operators are very useful in dealing with angular momenta
problems, especially when combined with the Wigner–Eckart
theorem.[51] Matrix elements of operators can be reduced to
the product of two parts. One part expresses the geometry,
symmetry, and section rules of system, and the other part con-
tains the dynamics. Thus for this radical, the effective Hamil-
tonian of Frosch and Foley can be written as[52]

Ĥeff = BvN̂2−DvN̂4 + γvT 1 (Ŝ) ·T 1 (N̂)+bFvT 1 (Î) ·T 1 (Ŝ)
−
√

10gSµBgNµN (µ0/4π)T 1 (Ŝ,C2) ·T 1 (Î)
+CvNT 1 (Î) ·T 1 (N̂) , (6)

where Bv, Dv, γv, and bFv represent the molecular rota-
tional constant, the centrifugal distortion constant, the spin–
rotational coupling constant, and the Fermi contact interac-
tion constant, respectively, as shown in Table 3. The fifth
term specifies the dipole–dipole interaction between the elec-
tron spin and nuclear spin, therein gS, µB, gN, µN, and µ0

are free electron g factor, Bohr magneton, nuclear g factor,
nuclear Bohr magneton, and magnetic constants, respectively.
The last term describes the nuclear spin–rotational coupling,
which is often neglected. Based on the above basis set and the
effective Hamiltonian of Eq. (6), combined with the spherical
tensor algebra, we can obtain the five matrix representations in
Appendix B. Then we can obtain the field-free eigenvalues and
eigenvectors for the X2Σ

+
1/2 state by numerical diagonalization

of the effective Hamiltonian matrix representations. To check
the accuracy of the results we calculated, we compare them
with observed rotational microwave spectra[53] in Table 4. The
differences between them are less than the one-sixth of line
width of the upper state A2Π1/2, Γ ≈ (2π×3 MHz),[31] which
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nicely meet the requirement of laser cooling and trapping ex-
periments.

Table 3. Rotational and hyperfine structure parameters and electric dipole
moment for the X2Σ

+
1/2 (v = 0) state of 138Ba19F.[50]

Molecular parameters X2Σ
+
1/2

B0/cm−1 0.21594802

D0/cm−1 1.85×10−7

γ0/cm−1 2.6993×10−3

bF0/cm−1 2.209862×10−3

c0/cm−1 2.74323×10−4

µe/Debye 3.1702

Table 4. Hyperfine microwave transition frequencies for BaF in the v = 0,
X2Σ

+
1/2 ground state.

N→ N′ J→ J′ F → F ′ νobs/MHz[53] νcalc/MHz νobs–νcalc/MHz

0→ 1 1/2→ 3/2 0→ 1 13020.286 13020.787 −0.501

1→ 2 12988.110 12988.082 0.028

1→ 2 1/2→ 3/2 0→ 1 25865.572 25856.067

1→ 2 25854.434 25854.568 −0.134

1→ 2 3/2→ 5/2 1→ 2 25936.873 25936.747 0.126

2→ 3 25936.006 25936.002 0.004

As plotted in Fig. 3, due to the interaction of S = 1/2
and IF = 1/2, each rotational state N with the parity (−1)N

in X2Σ
+
1/2 splits into four hyperfine sublevels except the state

of N = 0. For the upper state A2Π1/2, it is best described by
Hund’s case (aβJ).[50] Each rotational J state has a pair of
Λ -doubling splitting with opposite parities, and levels with
parity (−1)J−1/2 or (−1)J+1/2 are defined as e or f . One can
choose a transition N = 1, X2Σ

+
1/2 → J′ = 1/2 (e), A2Π1/2

to avoid rotational branchings within each vibrational mani-
fold. On the basis of parity and angular momentum selection
rules ∆J = 0, ±1 and ∆F = 0, ±1 for electric dipole tran-
sitions. This scheme can keep the molecules always in the
rotational optical cycle. The complex internal degrees of free-
dom of molecules render the use of a Zeeman slower difficult.
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Fig. 3. (color online) The relevant rotational energy-level structure for
laser cooling BaF. According to selection rules of the electric dipole
transition, a J′ = 1/2 (e), (A2Π1/2)← N = 1, (X2Σ

+
1/2) cycle can be

chosen to avoid rotational branchings. The main cooling laser and other
repumping lasers should be modulated into four components to cover
HFS in X2Σ

+
1/2. The calculated HFS intervals are also shown.

A “white-light” approach can be utilized to cover the hyperfine
splitting and compensate the decreasing Doppler shifts, analo-
gous to the method for CaF.[21] An alternative approach which
would maintain fast photon-scattering rate is synchronously
chirped cooling, which was successfully implemented with
YO and CaF.[18,22] It is clear that those approaches can be used
to prepare a BaF MOT efficiently.

5. Zeeman effects for MOT

In this section, a term associated with magnetic field will
be added to Eq. (6) to study Zeeman effects of BaF because
they play important roles in MOT, where the magnetic field
gradient generates a space dependence of transitions, leading
to a restoring force from radiation pressure. For a molecular
system, the Zeeman interactions can be written as

ĤZeeman = −T 1(µ̂M)T 1
p=0(B̂)

= gSµBT 1(Ŝ)T 1
p=0(B̂)+gLµBT 1(L̂)T 1

p=0(B̂)

−grµBT 1(Ĵ− Ŝ− L̂)T 1
p=0(B̂)

−gNµNT 1(Î)T 1
p=0(B̂), (7)

which contains, in order, the electronic spin Zeeman effect, the
electronic orbital Zeeman effect, the nuclear rotational Zee-
man effect, and the nuclear spin Zeeman effect. The free elec-
tron g factor and electron orbital g factor are approximately
equal to 2.002 and 1, respectively. Because the projection Λ

of L onto the z axis is equal to zero and the molecule will pre-
cess around the external magnetic field, which is along the Z
direction (p = 0), the second term about orbital Zeeman effect
vanishes. Since gr is generally smaller than gs by four orders
of magnitude and µB/µN ≈ 1836, the first term makes a major
contribution to the Zeeman effect. Here the subscripts p and
q specify the components of tensors of rank 1 in the space-
and molecule-fixed coordinate systems, respectively.[49] We
can derive matrix elements of Zeeman Hamiltonians, as shown
in Appendix A.

Figure 4 shows the magnetic tuning of hyperfine levels of
N = 1 in X2Σ

+
1/2 for BaF. We can find that under weak mag-

netic field, the Landé g factors of four sublevels do not share
the same sign. The |J = 3/2,F = 1〉 and |J = 3/2,F = 2〉
states have positive magnetic g factors, while the g factor of
|J = 1/2,F = 1〉 is a negative value. Unlike atoms, there are
complex interactions of degrees of freedom in molecules, so
the ideal coupling model does not exist actually, resulting in
different magnetic g-factors. Table 5 gives the comparison of
effective g-factors in ideal and actual cases. From the per-
spective of the eigenvector, it can be found that the mixing of
different J states makes the g-factors of |J = 3/2,F = 1〉 and
|J = 1/2,F = 1〉 change, but the sum of both still equals 0.5.
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Table 5. The g factors of the X2Σ
+
1/2 (N = 1) manifolds |J,F〉 without

and with considering the mixing of J. These values are reliable only for
small magnetic fields.

g factor |3/2,2〉 |3/2,1〉 |1/2,0〉 |1/2,1〉
Ideal g 0.50 0.83 0.00 −0.33

Actual g 0.50 1.00 0.00 −0.50
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Fig. 4. (color online) Energy levels of the X2Σ
+
1/2 (v = 0, N = 1)

state versus the magnetic field. The relevant levels are labeled by their
MF values at zero field with MF = 2 (violet line), MF = 1 (blue line),
MF = 0 (black line), MF =−1 (green line), and MF =−2 (red line).

As for the rotational state J′= 1/2 (e) of the A2Π1/2 state,
its g factor is typically small in Hund’s case (aβJ) limit because
the magnetic moments associated with the electron orbital and
spin angular momentum are antiparallel on the internuclear
axis, that is, gLΛ +gsΣ≈ 0. Σ is the projection component of
the electronic spin angular momentum onto the internuclear z
axis. In reality, an A2Π1/2 is usually mixed by rotational and
spin–orbit interaction with nearby 2Σ

+
1/2. The most important

terms to the effective g factors about this mixing are the two
parity-dependent coefficients gl′ and ge ′

r . An estimate for them
is obtainable from the Curl relationship:[54]

gl′ = pΛ/(2B)ge ′
r =−qΛ/B, (8)

where pΛ and qΛ are the Λ -doubling parameters in the A2Π

manifold. The parity-dependent anisotropic g-factors for
A2Π1/2 can be approximated by

g± =±1
3

(
gl′ −ge ′

r

)
. (9)

Table 6 gives the effective g-factor of the J′ = 1/2 (e) of
several relevant radicals in A2Π1/2. For most atomic MOTs,
the main cooling cycle is a transition between lower and up-
per levels with angular momenta Fl and Fu = Fl + 1. This is
the type I of MOT.[19] Since there are no dark Zeeman lev-
els in this case, atoms feel a strong trapping force, and are
always in the MOT. However, the case is different from the
present molecular MOT. To implement the closure of rota-
tional ladders, we have to choose the transitions J = 1/2(−)
and J = 3/2(−), X2Σ

+
1/2→ J′= 1/2 (e), A2Π1/2, then FΠ≤FΣ

(type II).[19] According to Ref. [55], the magnitude of upper-g
factor determines the trapping and cooling force of MOT since
their lower-g factors have small differences. As shown in Ta-
ble 6, the A2Π1/2 g-factor of BaF is about twice that of SrF,
even larger than that of CaF by one order of magnitude. We
would expect its better performance in DC or RF MOT be-
cause the restoring force is nearly proportional to the upper-g
factor.[55,59] To prepare MOT for BaF, more scattering photons
should be required in further cooling step. Some dark states
must be remixed into the optical cycling with more repumping
lasers or microwaves, like YO experiment.[18]

Table 6. The g-factor of the J′ = 1/2 (e) of a few relevant molecules in
A2Π1/2.

Molecules B/cm−1 p
Λ
+2q

Λ
/cm−1 References ge

CaF 0.34748 −0.0439 [56] −0.0211
SrF 0.25135 −0.13291 [57] −0.088
YO 0.385785 −0.15061 [58] −0.065
BaF 0.21174 −0.25755 [50] −0.2027

6. Electric polarizability for the eEDM measure-
ment
Heavy atoms and molecules with unpaired spins provide a

suitable environment for eEDM measurement.[60] For atomic
systems, the external electric field linearly polarizes the elec-
tron cloud of atoms, so we can employ the enhancement fac-
tor R to describe this relativistic effect. However, in polar
molecules, the wave functions with opposite parities are nat-
urally mixed, resulting in a strong polarization along the in-
ternuclear axis. Certainly, there are also other P- and P, T–odd
interactions in this system. The effective Hamiltonians for BaF
are described by[32]

HPNC =WAkA𝑛×𝐼𝑆+(WSkS +Wdde)𝑆𝑛, (10)

where 𝑛 is an unit vector along the molecular bond. The
first term refers to the interaction of the anapole moment of
the nucleus kA with S, which will be neglected because this
isotope 138Ba has no nuclear spin. The last term describes
the scalar electron–nucleus interaction WSkS

[34] and the inter-
action of eEDM de with the effective electric field constant
Wd. Thereby the eEDM is not only the possible source of
a phase shift proportional to 𝑆 ·𝑛. However, following the
usual convention, the result is still interpreted entirely in terms
of an eEDM. However, the PNC parameter Wd cannot be mea-
sured directly. Its magnitude can be calculated by relativistic
electronic-structure methods, about −0.4×1025 Hz/e·cm.[32]

However, molecules are free to rotate in the three-
dimensional space, so Wd averages to zero, that is, 〈𝑆 ·𝑛〉= 0,
an external electric field is required to orientate molecular axis.
This interaction can be written as

ĤStark =−T 1
q=0 (µ̂e)T 1

p=0
(
Ê
)
, (11)
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where µe is the permanent electric dipole moment of BaF in
X2Σ

+
1/2. The electric field is also applied along the Z direction.

Its matrix representation is described in Appendix A. Because
the electric dipolar moment has the property of T-symmetry,
the states |F, MF〉〉 and |F,−MF〉 are always exactly degener-
ate under the whole electric field. Thus we can get the vari-
ation of Wd with the external electric E for BaF in the rovi-
brational ground levels N = 0, F = 1, MF = 1, which are the
quantum interference states in the eEDM experiment. For an
applied electric field at 10 kV/cm in the usual experiments,[47]

the effective field constant experienced by the valence elec-
tron in BaF is about−9.08 GV/cm, as depicted in Fig. 5. With
such a strong internal electric field, maybe this radical is also a
promising candidate for precision measurement of eEDM after
being laser cooled.

0 2 4 6 8

BaF(X2
S

+) (v=0, N=0, F=1, |MF|=1)

10

(10, -9.08)

Applied electric field/kVScm-1

12
-12

-10

-8W
d
/
G

V
Sc

m
-

1

-6

-4

-2

0

14 16 18 20

Fig. 5. The PNC constant Wd for BaF as a function of the applied elec-
tric field. The dashed line shows the available operating field 10 kV/cm
in the eEDM experiment. The negative sign indicates this effective field
points in the opposite direction to the molecular EDM.

7. Conclusions
In this paper, the Franck–Condon factors between the

X2Σ
+
1/2 and A2Π1/2 states have been calculated in the frame-

work of Born–Oppenheimer approximation. Results by three
different methods agree well with each other. With the ef-
fective Hamiltonian approach, we have studied the HFS of
X2Σ

+
1/2 and Zeeman effects of X2Σ

+
1/2 and A2Π1/2. It is found

that the g factor of the upper level is larger than that of SrF,
CaF, or YO. Our studies indicate that the 138Ba19F radical is
a promising candidate for laser cooling and magneto-optical
trapping. Finally, Stark effect of BaF in X2Σ

+
1/2 is investigated

and the dependence of the effective electric field in BaF on the
applied external electric field for the eEDM experiment is ob-
tained. Once the BaF molecules are laser cooled to near the
capture velocity of a MOT, their valuable applications can be
found in ultra-cold physics and precision measurement.

Appendix A: Spherical tensor algebra
Supposing that Â and B̂ are arbitrary vector operators with

their space-fixed components (ÂX , ÂY , ÂZ) and (B̂X , B̂Y , B̂Z)

and molecule-fixed components (Âx, Ây, Âz) and (B̂x, B̂y, B̂z),
the rank-1 irreducible spherical tensor operator T 1

(
Â
)

is given
by

T 1
p=1
(
Â
)
=− 1√

2

(
ÂX + iÂY

)
, T 1

p=0
(
Â
)
= ÂZ ,

T 1
p=−1

(
Â
)
=

1√
2

(
ÂX − iÂY

)
. (A1)

The scalar product of two rank-1 spherical tensor becomes

T 1 (Â) ·T 1 (B̂)= ∑
p=0,±1

(−1)pT 1
p
(
Â
)

T 1
−p
(
B̂
)
. (A2)

The transformation of a rank-1 spherical tensor from space (p)
to molecular (q) axes via the matrix elements of the Wigner D-
matrix, D(1)

p,q (φ ,θ ,χ) or D(1)
p,q (ω), and vice versa, are given by

T 1
q
(
Â
)
= ∑

p=0,±1
D(1)

p,q (ω)T 1
p
(
Â
)
,

T 1
p
(
Â
)
= ∑

q=0,±1
D(1)∗

p,q (ω)T 1
q
(
Â
)
. (A3)

The Wigner–Eckart theorem gives the matrix elements of the
spherical tensor operators,〈

j′,m′j
∣∣T 1

p
(
Â
)∣∣ j,m j

〉
= δ j′ j(−1) j′−m′j

(
j′ l j
−m′j p m j

)
〈 j′|
∣∣T 1(Â)

∣∣ | j〉, (A4)

where T 1
p
(
Â
)

operates on angular momentum ĵ and ĵ ’s
projective value onto the Z axis is described by m j.
〈 j′|
∣∣T 1
(
Â
)∣∣ | j〉, called reduced matrix element, is defined

as 〈 j′|
∣∣T 1
(

ĵ
)∣∣ | j〉 = δ j′ j

√
j ( j+1)(2 j+1). The Kronecker

delta function δi′i is defined as having the properties that
δi′i = 0 for i′ 6= i and δi′i = 1 for i′ = i. Hence, the matrix
element of rotational matrix is given by〈
j′,Ω ′j,m

′
j
∣∣D(1)∗

p,q (ω)
∣∣ j,Ω j,m j

〉
= δ j′ j(−1) j′−m′j

(
j′ 1 j
−m′j p m j

)〈
j′,Ω ′j

∣∣ ∣∣∣D(1)∗
q (ω)

∣∣∣ | j,Ω〉 .
(A5)

Here the reduced matrix element is given by〈
j′,Ω ′j

∣∣ ∣∣∣D(1)∗
.q (ω)

∣∣∣ | j,Ω〉
= (−1) j′−Ω ′j

(
j′

−Ω ′j

1
q

j
Ω j

)√
(2 j′+1)(2 j+1), (A6)

where Ω is the projective quantum number of ĵ along the z di-
rection. For matrix element of a scalar product, we can obtain〈

j′1, j′2, j′12,m
′
j12

∣∣T 1 (Â1
)
·T 1 (B̂2

)∣∣ j1, j2, j12,m j12

〉
= δ j′12 j12

δm′j12
m j12

(−1) j1+ j′12+ j′2

{
j2
j′1

j1
j′2

j′12
k

}
×
〈

j′1
∣∣ ∣∣T 1 (Â1

)∣∣ | j1〉〈 j′2
∣∣ ∣∣T 1 (B̂2

)∣∣ | j2〉 , (A7)
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where T 1
(
Â1
)

and T 1
(
B̂2
)

operate on angular momentum ĵ1
and ĵ2 respectively. For a single operator in a coupled scheme,
we then obtain〈

j′1, j′2, j′12
∣∣ ∣∣T 1 (Â1

)∣∣ | j1, j2, j12〉

= δ j′2 j2 (−1) j12+ j′1+ j′2+1
√(

2 j′12 +1
)
(2 j12 +1)

×
{

j1
j′12

j12
j′1

j′2
1

}〈
j′1
∣∣ ∣∣T 1 (Â1

)∣∣ | j1〉 . (A8)

Similarly, for the matrix element of T 1
(
B̂2
)
, we have〈

j′1, j′2, j′12
∣∣ ∣∣T 1 (B̂2

)∣∣ | j1, j2, j12〉

= δ j′1 j1 (−1) j′12+ j′1+ j2+1
√(

2 j′12 +1
)
(2 j12 +1)

×
{

j2
j′12

j12
j′2

j′1
1

}〈
j′2
∣∣ ∣∣T 1 (B̂2

)∣∣ | j2〉 . (A9)

Appendix B: Matrix representations for the ef-
fective Hamiltonian

For this BaF radical, we have chosen a Hund’s case (bβ j)
basis |vΛN (S)J (I)FMF〉 to obtain matrix representations for
the effective Hamiltonian, as follows:

(i) Molecular rotation〈
v′Λ′N′ (S)J′ (I)F ′M′F

∣∣BvN̂2−Dν N̂4 |vΛN (S)J (I)FMF〉
= δv′vδΛ′ΛδN′NδJ′JδF ′F δM′F MF

N (N +1)

× [Bν −Dν N (N +1)] . (B1)

(ii) Spin–molecular rotation coupling〈
v′Λ′N′ (S)J′ (I)F ′M′F

∣∣γν T 1 (Ŝ) ·T 1 (N̂) |vΛN (S)J (I)FMF〉
= δv′vδΛ′ΛδN′NδJ′JδF ′F δM′F MF

γν (−1)N+J+S

× [S (S+1)(2S+1)]1/2 [N (N +1)(2N +1)]1/2

×
{

S
N

N
S

J
1

}
. (B2)

(iii) Magnetic hyperfine interaction (I)〈
v′Λ′N′ (S)J′ (I)F ′M′F

∣∣bFν T 1 (Î) ·T 1 (Ŝ) |vΛN (S)J (I)FMF〉

= δv′vδΛ′ΛδN′NδF ′F δM′F MF
bFν (−1)J′+F+I+J+N+1+S

×
[(

2J′+1
)
(2J+1)S (S+1)(2S+1)

]1/2

× [I (I +1)(2I +1)]1/2
{

I
J

J′

I
F
1

}{
J
S

S
J′

N
1

}
.

(B3)

(iv) Magnetic hyperfine interaction (II)〈
v′Λ′N′ (S)J′ (I)F ′M′F

∣∣−√10gSµBgN µN (µ0/4π)T 1 (Ŝ,C2)
× T 1 (Î) |vΛN (S)J (I)FMF〉

= δv′vδΛ′ΛδN′NδF ′F δM′F MF

(
−
√

30/3
)

cν (−1)J′+F+I+N

×
[(

2J′+1
)
(2J+1)S (S+1)(2S+1)

]1/2

× [I (I +1)(2I +1)]1/2 (2N +1)

×
(

N
0

2
0

N
0

) J
N
S

J′

N
S

1
2
1


{

I
J

J′

I
F
1

}
, (B4)

where cν characterizes the dipole–dipole interaction between
S and I.

(v) Magnetic hyperfine interaction (III)〈
v′Λ′N′ (S)J′ (I)F ′M′F

∣∣CνNT 1 (Î)
× T 1 (N̂) |vΛN (S)J (I)FMF〉
= δv′vδΛ′ΛδN′NδF ′F δM′F MF

CνN

× (−1)2J+F ′+I+N′+1+S [N (N +1)(2N +1)]1/2

×
[(

2J′+1
)
(2J+1) I (I +1)(2I +1)

]1/2

×
{

I
J′

J
I

F ′

1

}{
N
J′

J
N′

S
1

}
. (B5)

(vi) Electronic spin Zeeman effect〈
v′Λ′N′ (S)J′ (I)F ′M′F

∣∣gSµBT 1 (Ŝ)
× T 1

p=0
(
B̂
)
|vΛN (S)J (I)FMF〉

= δv′vδΛ′ΛδN′NδM′F MF
gSµBBZ

× (−1)F−MF+F ′+2J+I+N+S [(2J+1)
(
2J′+1

)
S (S+1)

]1/2

×
[
(2S+1)(2F +1)

(
2F ′+1

)]1/2
{

J
S

S
J′

N
1

}
×
{

F
J′

J
F ′

I
1

}(
F
−MF

1
0

F ′

MF

)
. (B6)

(vii) Nuclear spin Zeeman effect〈
v′Λ′N′ (S)J′ (I)F ′M′F

∣∣−gN µNT 1 (Î)
× T 1

p=0
(
B̂
)
|vΛN (S)J (I)FMF〉

= δv′vδΛ′ΛδN′NδM′F MF
gN µNBZ

× (−1)F−MF+F+J+I [(2F +1)
(
2F ′+1

)]1/2

× [I (I +1)(2I +1)]1/2

×
{

F
I

I
F ′

J
1

}(
F
−MF

1
0

F ′

MF

)
. (B7)

(viii) Stark effect〈
v′Λ′N′ (S)J′ (I)F ′M′F

∣∣−T 1
q=0 (µ̂e)

× T 1
p=0
(
Ê
)
|vΛN (S)J (I)FMF〉

= δv′vδΛ′ΛδM′F MF
µeEZ (−1)F ′+F+1−MF+J+I+J′+S+N

×
[
(2N +1)

(
2N′+1

)
(2J+1)

]1/2

×
[(

2J′+1
)
(2F +1)

(
2F ′+1

)]1/2

×
(

N
0

1
0

N′

0

){
J
N′

N
J′

S
1

}
×
{

F
J′

J
F ′

I
1

}(
F
−MF

1
0

F ′

MF

)
. (B8)
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