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Positronium (Ps) formation for positron impact on metastable hydrogen in 2s state has been studied by using the two-
channel, two-center eikonal final state-continuum initial distorted wave (EFS-CDW) method. The differential, integrated,
and total cross sections for Ps formation in different states have been calculated from each channel opening thresholds to
high energy region. The results are compared with other theoretical calculations available in the literature. For Ps formation
in s-state at intermediate and high energies, our results are in good agreement with the prediction of distorted wave theory.
Those formed in p-states and the total Ps formation cross sections are reported for the first time. It is shown that the total
Ps formation cross sections for positron scattering from H(2s) state are significantly larger at relatively low energies, while
smaller at high energies, compared with those obtained from hydrogen in ground state.
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1. Introduction

Positronium (Ps) formation is one of the most fundamen-
tal charge rearrangement processes in positron scattering from
atoms, molecules, and solid materials, and it plays important
roles in many aspects of researches and applications.!'™! For
Ps formation from the ground state of atoms by positron im-
pact, it has been extensively investigated by various theoret-
ical methods as well as experimental measurements over the
past few decades.!>%! However, for target atoms in excited
metastable state, it has rarely been reported in the literature.
It is the same situation even for the most simplest target, hy-
drogen atom. In recent years, the excitation and ionization
processes of metastable hydrogen in 2s state by positron im-
pact and many other scattering processes by electron, proton,
and anti-proton impact have attracted considerable interests

7-10] The Ps formation

and abundant phenomena were found.!
process of the metastable hydrogen has not been extensively
investigated so far.

For positron scattering from the 2s metastable state of
H, Ps formation channel is open starting from zero collision
energy (—3.4 eV) which is a great challenge for theoretical
considerations. The pioneering work on the Ps formation of
positron-H(2s) scattering was performed by Fojén et al.!l'11?]
using the Coulomb Born approximation (CBA). Only the for-
mation of Ps in ground state was investigated and it has been
shown that the integrated cross sections for H(2s) is signif-
icantly larger than those for H(1s) at low energies. How-
ever, their results increase significantly as the incident energy
approaches to the threshold from higher energies. Recently,

Ghoshal and Mandal!'3! successfully developed a distorted-
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wave theory (DWT) in the momentum space and applied it
together with the first Born approximation (FBA) to study Ps
formation in an arbitrary s-state from an arbitrary s-state of
hydrogen atom by positron impact. Both differential and inte-
grated cross sections were reported for intermediate- and high-
energy regions. The interests of Ps formation for metastable
hydrogen atoms in weakly coupled and dense quantum plas-
mas were discussed by Nayek and Ghoshal,l'*3] and it is
realized that the accuracy of the cross section in plasma en-
vironment depends on its value in pure Coulomb situation.
Another interesting metastable target that is worth to be men-
tioned here is the helium atom in 1s2s3S state for which the
Ps formation threshold is also negative (—2.06 eV). A four-
body version of the continuum distorted wave-final state (CD-
WES) model by Hanssen ef al.'®! and the two-center conver-
gent close-coupling (CCC) method by Utamuratov et al.!'”]
have been applied to such target. It is generally concluded
by these authors that the cross sections for positron scattering
from this metastable state of helium are significantly larger
than those obtained for the ground state, a similar trend as pre-
dicted for hydrogen atom. To the best of our knowledge, no
direct measurement of the Ps formation for positron impact on
metastable state of either H or He is reported up to now.

In our previous work, 8201 we have developed the two-
center, two-channel eikonal final state continuum initial dis-
torted wave (EFS-CDW) method proposed originally by Macri
et al.>1?2! to study the Ps formation in arbitrary final states
for neutral hydrogen atom and hydrogen-like ions by positron
impact from low to high energies. All our previous work
were done for targets in their ground states and the calculated
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results compare nicely with experimental measurements and
other state-of-art theoretical methods available in the litera-
ture. Great advantages of this method are, e.g., it can be used
to calculate Ps formation into arbitrary final states for both
neutral and ionized targets and it is more accurate than other
perturbation-based theoretical methods at low energies while
keeping its simplicity and straightforwardness. In this work,
we apply the EFS-CDW method to study the Ps formation
process from the metastable hydrogen in 2s state by positron
impact. Differential, integrated, and total Ps formation cross
sections will be calculated and compared with other theoreti-
cal calculations in detail.

Our paper is organized as follows. In Section 2, we briefly
outline the EFS-CDW method with special emphasis on its re-
lationship with the Born expansion series. The differential and
integrated cross sections for Ps(n = 1-4) in s- and p-state and
the total Ps formation cross sections are shown and compared
with other theoretical predictions in Section 3. Section 4 gives
a summary of the present work. Atomic units (a.u.) are used
throughout the work unless otherwise stated.

2. Theoretical details

A detailed description of the EFS-CDW model to study
the Ps formation in arbitrary states by positron scattering from
atoms or ions can be found in our previous work.[!8-01 Here,
we briefly review the essential features of the method. Un-
like the process in other distorted-wave formalisms where a
distortion potential is constructed initially and from which the
distorted wave can be obtained, we firstly define the initial and
final states of the scattering system by continuum distorted and
eikonal wave functions, respectively, to approximately repre-
sent the distortion effects of the Coulomb potentials in both
the entry and exit channels,

2PV = 0 (Rp,rr)F) (ap, — vy, 7p)
x F&)(a;, v, R)u 1, M
pES — B (Ry,1p)EC) (ar, vr, r1)EC) (ar, vp, R), (2)

where v; ; are the incoming positron and outgoing Ps veloci-
ties and @ff are the unperturbed initial and final states. F )
and E(-) are the continuum distorted and eikonal phase fac-
tors, respectively. u is the reduced mass of the positron to
electron. (rt, Rp), (rp, Rr) and (R, r) are three pairs of Ja-
cobi coordinates for the present three-body systems (see, for
example, Ref [22]). In the continuum distorted wave function
of Eq. (1), the long-range Coulomb interactions of the target
atoms or ions and the incident positron can be naturally taken
into account at all asymptotic domains of coordinate space and
momentum space. 23.24]

Once the wave functions in both channels are determined,

the use of either post or prior form makes no differences in

calculation. Here we use the prior form to construct the tran-
sition matrix. The distortion potential W; for the initial wave

function PV can be derived from the system Hamiltonian
analytically,
(H—E)y PV — Wiy COW
1

1 1
—V, Vp——V, -V
(Mp PR TR

1
— =V Vs )xFDW, A3)
m

where Mp, m, and M are the positron, electron and nucleus
mass, respectively. The perturbation W; can be considered
as the difference between the exact initial-state interaction
among all three particles and the approximate scattering po-
tential used to calculate xiCDw

The prior form of the exact transition matrix element is

given by the two-potential formulal®!
TEFS—CDW _ < EFS|W |X CDW>
fi - i

+)CDW
@BV Wil ). @

where the channel interaction for final state (pr is

1 1

Vi=—=——. 5
TR )

The following steps to calculate the differential and integrated
cross sections are straightforward.

The EFS-CDW method has close relationship with the
Born approximation due to the fact that it includes the entire
first- and second- and partial three- and higher-orders of Born
expansion series. It is useful to rewrite the transition matrix
element Eq. (4) to

+)CDW
TEFS -CDW _ >

= (@F V("

g (~)EFS

0 P,

- op |W|7C (6)

The first amplitude corresponds to the B-CDW model intro-
duced by Bransden et al.’! and the second term contains all
remaining corrections due to the final state. Reminding the
multiple scattering theory of Dewangan and Khadkikar, >l it
can be derived that the first term can be constructed as?8]

(@PIV 1Y) = T+ TR A T T )
where
(@P|V]|@F) = (DF|(Ver+Ver)T|@P), (8
= (@P|V/ G} vi|oP)
= (@P|( eT+VpT)*G(+’(Vpe+VpT)I¢?>, ©)
(DF V(GG Ve GG Vpe
+Gy VG i) | 0B, (10)

7B0)

B = (@I 0] [Gy Ve ®PIIG, Ve @P]). (1)
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The Coulomb potentials Vyr, Vpe, and Ver describe the
positron—nucleus, positron—electron, and electron—nucleus in-

teractions and G(()H

is the free Green’s function of the sys-
tem satisfying the outgoing boundary condition. It is there-
fore concluded that various multiple-scattering processes, es-

29,30

pecially the Thomas double-scattering,?%-3%! appear naturally

in the present model.

3. Results and discussions
3.1. Differential cross sections

The differential cross sections provide more details of the
scattering mechanism than the integrated ones in investigating
the Ps formation process. In Fig. 1, differential Ps(1s—4s) for-
mation cross sections for H(2s) by positron impact at 50 eV
are displayed separately and compared with the DWT calcula-

tions of Ghoshal and Mandal!'3! where they are available. It is
clearly seen that the present results are in good agreement with
those obtained by DWT at both small and large angles except
that, at intermediate angles about 30°-60°, the DWT results
show a deep minimum around 40° (the DWT result for Ps(4s)
formation at 40° is zero in Ref. [13] and it cannot be shown
in log scale) while the present EFS-CDW model has a more
complicated structure. In our calculations a multi-dimensional
integration in computing the transition matrix (Eq. (4)) is the
only step performed numerically (all remaining are analyti-
cal, for details see Ref. [18]), we have increased the integra-
tion points from 2 x 107 to 5 x 107 for all scattering angles to
avoid any numerical errors. These two calculations are indis-
tinguishable in the present scale, as we can see from Fig. 1,
which implies the oscillation structure is an intrinsic character

under the present approximation.
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Fig. 1. (color online) Differential (a) Ps(1s), (b) Ps(2s), (c) Ps(3s), and (d) Ps(4s) formation cross sections for positron impact on H(2s)
at 50 eV. The results of DWT method by Ghoshal and Mandal!'*! are shown for comparison.

It is well known that the minimum in DWT method is
formed due to the destructive interference of the higher angu-
lar momentum states of the scattered waves, if a partial-wave
expansion of the transition matrix is performed. 3! Such struc-
ture exists extensively in all kinds of distorted wave methods
as well as the first-order Born approximation. In the present
EFS-CDW model, the complicated structure at about 45° cor-
responds entirely on the multiple-scattering mechanism in-
cluding the Thomas double-scattering, which is a natural re-

sult of the second- and higher-orders of Born expansion series.

The relationship between the present EFS-CDW method and
the Born expansions has been discussed above. Details of the
scattering mechanism of Thomas double-scattering in either
quantum or classical pictures are available everywhere!!%-2%-30]
and will not be discussed here. Another quite interesting
phenomenon is the increasing of oscillation characters of the
Thomas peak when Ps is formed in higher s-states. It should
be attributed to the radial distributions of the Ps atom in dif-
ferent s-states where multi-shell structures exist. Very similar

structures as those in Fig. 1 are also obtained for the differen-
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tial cross sections of Ps(1s—4s) formation for positron impact
on H in ground state (results are not shown here).

It should be mentioned here that although our results dif-
fer significantly from the calculations of DWT at intermediate
angles, the integrated cross sections are generally the same due
to the forward character of the Ps formation process. The dif-
ferential cross sections are highly peaked at 0° and fall rapidly
at large angles. Although the calculation of Ps differential
cross sections makes no further difficulties in various theoret-
ical methods, there are enormous difficulties in experimental
measurements of such quantity. It is just recently available that
the first absolute differential Ps formation cross sections are
measured for several noble gas atoms and small molecules. 3]
It is highly expected that the differential Ps formation cross
sections for H might be available in the near future.

3.2. Integrated cross sections

The integrated cross sections are readily obtained by in-
tegrating the differential cross sections. In Fig. 2, we dis-
play the Ps(1s—4s) formation cross sections from each thresh-
olds to 1000 eV. Both FBA and DWT results of Ghoshal and
Mandal!3! are included for comparison. Similar DWT cal-
culations were performed by Nayek and Ghoshal,[!*!3] how-
ever, mostly for plasma screening environment. Here we only
include their results in pure Coulomb situation. The pioneer-
ing calculation of Fojén et al.!'1?! for Ps(1s) formation was

also included in Fig. 2. The CBA results generally follow the

same trend as the prediction of DWT and FBA in high en-
ergy region while they are much closer to our EFS-CDW cal-
culations at relatively low energies. It is surprisingly found
that the CBA results continuously increase as the incident en-
ergy approaches to the threshold (see also Fig. 2 of Ref. [12]).
Reminding the fact that, for many targets in either ground or
metastable states such as the alkali-metal atoms!*>33! and He
atom in 1s2s(S) state,!”! their Ps formation thresholds are
all negative and their cross sections would always decrease
when the positron incident energy approaches to zero. In our
present calculation of Ps(1s) formation, the cross sections start
to decrease at about 10 eV. For all Ps(1s—4s) formations, our
results agree reasonably well with the predictions of DWT ex-
cept that, for energies larger than 100 eV, ours are generally
smaller in magnitude. In such relatively high energy range,
the DWT method reduces to FBA method due to the Born
transition term dominates the scattering amplitudes. For the
present EFS-CDW method, the continuum distorted factor in
the initial scattering wave function contributes small at higher
energies, while the Eikonal phase factor in the exit channel still
has significant suppression on the Ps formation cross sections.
This can be seen in Ref. [21] where the B-CDW method fol-
lows the same trend as the FBA method in high energy range.
However, it is known that the inclusion of Eikonal phase factor
in exit channel is responsible to produce the correct behavior
at low energies. Such factor may overestimate the distortion
effect in high energy scattering.

Py 10t T T 3 10t T T £
§ L (a) e*+H(2s)> Ps(1s)+-H* 7 I,(‘D) et +H(2s)—> Ps(2s)+H" ]
& E E
7 107! 1 10'F o 1
= 3 E
§ 10-3 1 103k
2 ' 1 3
= -5
g 107 —¥— present (EFS-CDW) 107°F
e ¥ —— Fojon et al. (CBA) E
g 10-7 B Ghoshal and Mandal (FBA) 10-7
Z *  ® Choshal and Mandal (DWT) : £
- 3 & Nayek and Ghoshal (DWT) 1 3
A& 109 L L § 10-9 L L i
100 10! 10? 103 100 10! 102 102
. 101 T T £ 101 T T E
”§ L () et+H(2s)—> Ps(3s)+H* ] L(d) et +H(2s)—> Ps(4s)+HT 4
101k o 1 10-'F o 3
= E
.2 3 3 E
8 E
g 1073F 10-3F 3
) 3
Q 3 3 3
55 3
o 10-5F 10-°F 1
9 E E ':
= 3
< E
E 107F 10-7F E
"‘3 3 E é
[ —9 Y 9 §
10 1 1 ) 9 1 1 )
100 10! 102 103 10 100 10! 102 103

Positron incident energy/eV

Positron incident energy/eV

Fig. 2. (color online) Integrated (a) Ps(1s), (b) Ps(2s), (c) Ps(3s), and (d) Ps(4s) formation cross sections for positron impact on H(2s).
The results of CBA model by Foj6 er al.,[':'>) FBA and DWT methods by Ghoshal and Mandal!'3! and Nayek and Ghoshal!'+13! are

shown for comparison.
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We show in Fig. 3 the Ps(2p—5p) formation cross sections
where there are no other calculations available in the litera-
ture. The Ps(np) formation cross sections exhibit almost the
same pattern as the Ps(ns) ones. For energies between 10 eV-
20 eV, there exist low-lying flat structures in both the Ps(np)
and Ps(ns) (n > 2) cross sections. Possible reasons will be dis-
cussed later. It has been several years that Charlton3*! has pro-
posed a wave vector matching model which implies a fact that
the Ps formation cross sections are largest when the positron

incident energy is in the vicinity of twice the relevant threshold
energy. It is based on the simple hypothesis that Ps forms most
likely when the wave vectors of the incoming positron and the
outgoing Ps atom are matched. Our recent work shows that
such criterion works very well for various positronium forma-
tion process of H and H-like ions in their ground states. The
present Ps(2s) and Ps(2p) formation cross sections both locate
a maximum at about 3.5 eV, which is almost twice of the cor-
responding threshold (1.7 eV).
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Fig. 3. Same as Fig. 2 but for Ps(2p—5p) formations.

Making summations over all s- and p-state Ps formations,
the Ps(n) formation cross sections are obtained approximately
and they are displayed in Fig. 4. The Ps(3d, 4d, and 4f) are
relatively small in our calculations and they are negligible in
the summations. Also shown in Fig. 4 are those for H in
ground state by the present method which are in good agree-
ment with other state-of-art calculations and experiment re-
sults (for details, see Ref. [18]). It is surprisingly found that,
at relatively low impact energies, Ps formation occurs mostly
when the electron is captured into n = 2 shell. At relatively
high energies, our calculation shows that the Ps(n) formation
cross sections follow the n~> scaling law very well, as those
for H(1s). From Fig. 4 it is also clear that the low-lying flat
structures mentioned above at 10 eV=20 eV is due to the com-
petition effects of Ps formation in different final states. At
about 10 eV, Ps(1s) formation achieves its maximum and the
possibilities of Ps formation into other states would be some-
what fewer. The distinct behavior for Ps(n) formation cross

sections for position scattering with H(1s) and H(2s) states are
related to the channel opening thresholds. For positron-H(1s)
scattering, all Ps formation channels are opening at positive
energies. The maximum positions predicted by present and
other theoretical methods (see Ref. [18]) are almost twice the
thresholds which can be well explained by the wave-vector

1.134 The maximum positions shift to higher

matching mode
energies for higher Ps(n) states. For positron-H(2s) scattering,
the Ps(1s) channel threshold energy is negative, while higher
Ps(n) thresholds are larger than zero. At present there is no
such empirical law for predicting the maximum position of
Ps formation for atoms with negative threshold energy. For
Ps(n = 2, 3, and 4) formations where the channel opening
thresholds are positive, their maximum positions are almost
twice the corresponding threshold energies which are in good

agreement with the wave-vector matching model.
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Fig. 4. (color online) Ps(n = 1-4) formation cross sections. Full lines
with solid symbols and dash lines with hollow symbols are for positron
impact on H(2s) and H(1s), respectively.

3.3. Total cross sections

We sum all the Ps(n = 1-4) formation cross sections as
the total Ps formation cross sections because those for Ps(n)
(n > 5) are expected to be very small due to the n~ scaling
law. The total cross sections for positron impact on H in the
ground state by the present method are also shown in Fig. 5 for
comparison with the ability of the present method to reproduce
the experimental results and other state-of-art theoretical cal-
culations demonstrated in the inset. Both the results of CBA
by Fojon et al.'"'>l and DWA by Ghoshal et al.l'>~15] are
for Ps formations in s-state only and, furthermore, at relatively
high energies. Their results are not proper to be compared with
in the present figure scale. However, for the DWT method,
a clue can be drawn from the inset that their predictions for
H(ls) target overestimate the Ps formation cross sections at
low impact energies.
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Fig. 5. (color online) Total Ps formation cross sections for positron im-
pact on H(2s) and H(1s). Also shown in the inset are the comparison of
the Ps formation cross sections of H(1s) with other theoretical calcula-
tions and experimental measurements. For details of the references, see
Fig. 7 of Ref. [18].

From Fig. 5, it is generally concluded that the total Ps for-
mation cross sections for positron scattering from H(2s) state
are significantly larger at low energies, while smaller at inter-

mediate and high energies, compared with those from hydro-
gen in ground state. The maximum position is located at about
4 eV due to the largest contribution is attributed to the Ps for-
mation into n = 2 shell. The largest value of the cross section is
almost 3 times larger than that for H(1s). An interesting com-
parison has also been made by Utamuratov et al.!'”! for the Ps
formation by positron impact on metastable helium in 1s2s3S
state, where the cross sections are also much larger than those
for He target in ground state and its maximum position is also
shifted to extremely low energies.

4. Conclusions

In this work, we have applied the EFS-CDW model to
investigate the differential, integrated, and total Ps formation
cross sections for positron scattering from metastable H in 2s
state. Our results are compared with other theoretical calcula-
tions available in the literature such as CBA, FBA and DWT
methods. The calculated differential cross sections agree well
with the DWT predictions, however, with a multi-scattering
structure appearing at about 45° which is an intrinsic feature
of the present model. The integrated cross sections for Ps(1s)
formation generally have a similar trend as other calculations
at relatively high energies except that, at low energies, our re-
sults decrease rapidly while CBA increase continuously when
the positron energy approaches to the threshold. More calcu-
lations are warranted to shed light on this energy range. In our
calculations, Ps(n = 2) formations dominate the total Ps for-
mation cross sections for energies below 10 eV and, in higher-
energy ranges, the n=> scaling law is well kept. Comparison
with the Ps formation process for H in ground state shows that
the total Ps formation cross sections for positron scattering
from H(2s) state are significantly larger at relatively low en-
ergies, while smaller at high energies. We expect our work
could provide useful informations for further studies.
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